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The purpose of this study is to investigate whether students really understand the teachers’ language in classroom or not. We entered an eighth-grade classroom to capture the teacher’s mathematical sentences, and administered questionnaires with these sentences and other meaningless sentences that were composed by changing mathematical objects, reordering the positions of mathematical objects, and isolating clauses from the original sentences. The results showed that many students regarded both meaningful and meaningless sentences as understandable and proper. These students could not have really understood the denotative meaning and the relational meaning in the teacher’s original words.

Introduction
Mathematics language is an important medium which mathematics teachers use to convey mathematical thinking in the classroom. Teachers use it to state mathematical properties, to explain reasons of mathematical theories, to describe mathematical concepts, and to solve mathematical problems. Almost everything teachers do in the classroom requires the assistance of mathematics language. Therefore, students’ understanding of mathematics language is an essential factor to their successful learning of mathematical concepts. But do students really understand the mathematics language that the teachers use? Do they really receive the thinking that the teachers try to convey by the language?

There have been a lot of researchers who devoted to study students’ understanding of mathematics language and many of them observed that students lacked comprehension (Corte & Verschaffel, 1991; Carter & Dean, 2006; Warren, 2006). However, what are the reasons that cause students’ inability to understand mathematics language? 

According to Perth and Melbourne (1996), semantic structure has far more influence on students’ understanding mathematical language than any other factors. Their conclusion is also confirmed by other researchers. Many researchers gave their efforts on certain elements; they observed students’ learning and using of mathematics terms and found that students have problems comprehending mathematical terms (Hackett & Wilson, 1995; Schwarz, 1999; Blessman & Myszczak, 2001; Raiker, 2002; Carter & Dean, 2006). Corte’s study (1984) also concluded that semantic structure is an important factor of the effects on students’ understanding. His study showed that rewording the problem to make semantic structure more explicit could help students construct their mental representation. Corte & Verschaffel (1991) addressed that word problems, which could be solved by using the same operations, with different semantic structure were of different degrees of difficulty for students to solve. Barton (2000) analyzed students’ mathematics language understanding from another point of view. He thought that not only mathematical terms used in the sentence but also mathematics syntax has influenced students’ understanding mathematics language. He mentioned that the way words were put together in mathematics sentences made students feel hard to read and to comprehend the meaning. 

Why do mathematical sentences bring such difficult semantic structures? Schell (1982) thought that the ways mathematical sentences were stated were influential. Mathematics language has its own features which are very different from the language used in other areas. Each mathematical sentence usually contains many concepts. Barton (2000) also mentioned that mathematical sentences often use complex structures to compose terms. As the researches revealed, when students encounter a mathematical sentence, they may have difficulty in understanding mathematical terms of the sentence, they may be bothered by so many mathematical concepts the sentence contains, and they may be confused by the complex sentence structure. No wonder they have semantic problems. But while the researchers probed into students’ understanding of mathematical language, many of them chose word problem statements to be the content. When students read this kind of statements in order to solve the problem, they have time to read the sentences again and again to figure out the meaning. Even in this case, researchers observed that students had so many problems in understanding. How could we expect that students to understand the mathematical sentences which were used to state new mathematical concepts in the textbooks or by the teachers during the class? 
There were some researches focused on the students’ understanding of the mathematical language during the class. Raiker (2002) observed teachers’ and students’ mathematical language used in the classroom. He found that students and their teacher had different descriptions of the meaning of the same words or phrases. Herbel-Eisenmann (2002) went into classrooms to observe the discussion of students and their teachers. He found that students and their teachers used different kinds of language when they were talking, and students did not use precise mathematics language automatically. From these researches, we can see that students think of the meanings of mathematical words or phrases in a very different way from their teachers. Based on this, we can't help but to wonder how the students understand the teachers' whole sentences during the math class.
However, what does it mean to understand teachers’ language? Leech (1974) said, “Semantics (as the study of meaning) is central to the study of communication”. If we agree with the idea that the teachers’ statement for mathematical theories and concepts is a kind of communications in the classroom, then we have to analyse the teachers’ language from a semantic point of view, and explore the students’ understanding. Leech proposed that denotative meaning, the most basic of all seven kinds of meaning types, is a very important factor in exploring semantics. Summarizations of real-world objects, or abstraction of countless things in the same category, such as the animal “goat” or the concept “operation”, is one kind of denotative meaning. Cruse also addressed a similar concept and he used the terminology “descriptive meaning” to describe it. In mathematical language, whether a term refers to mathematical objects or describes mathematical properties, the meaning is usually of this kind. If we want to know how the students understand the teachers’ whole sentences, we must explore their understanding of this kind of meaning. Moreover, when Leech analysed the semantic structure of sentences, he pointed out that changing the combination order of words or constituents in a sentences would make a great difference to the meaning. According to this, in mathematical language, if we make this kind of changes to a sentence, can students perceive the differences and judge whether it is proper?
Students need to learn through understanding mathematical language. Then, does such understanding require teaching for students to acquire? 

After the teacher introduces some mathematical language, the students’ understanding is especially important.
In order to figure out whether students understand the teachers’ language or not, this study explores whether students:
1. understand the denotative meaning and relational meaning of the mathematical language which the teacher uses and introduces in the classroom;

2. Can evaluate sentences that are meaningless but are similar to the ones that are meaningful and proper, which are used by the teachers.
Theoretical Framework
Understanding the denotative meaning
All mathematical concepts are abstract. A term for a concept never refers to a single concrete object only, but it refers to objects with some common features. Understanding these terms is considered as understanding of denotative meaning. For example, “perpendicular,” in the denotative sense, means any two lines or segments intersect at a right angle. According to this, the term has to be used in the context of lines or segments to form a meaningful sentence. For example, “lines L and M are perpendicular to each other”, or “line L is perpendicular to line M”. If the word is used in the context of points, such as “Point A is perpendicular to point B” or “Point A is perpendicular to line L”, these sentences, though grammatically correct, are meaningless.

Understanding the Relational meaning
In mathematical sentences, terms and object names are somehow connected and arranged to form a meaningful sentence. The understanding of the relationships among the objects in a sentence is considered as the understanding of relational meaning. For example, the sentence “the perpendicular bisector of 
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, L” consists segment AB and line L. To the segment AB, L is the perpendicular bisector. In this phrase, the relationship between  and perpendicular bisector does not indicate the meaning “
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 is a perpendicular bisector”. 
Framework 
This study does not put emphasis on probing whether students understand the mathematical concepts which certain mathematical terms represent. Instead, this study puts emphasis on the function and status of mathematical language in teaching. Meanwhile, the emphasis is also put on the practical use of the results, so it is on manipulating the language to explore whether students really understand the language which teachers use and introduce in the classroom.

Research Design

This study is a descriptive research that utilizes natural inquiry. The researchers went into the mathematic classrooms to observe and collect mathematical sentences used by the teachers. Researchers also gave out questionnaires, according to the teaching processes and the contents taught, to reveal students’ understandings to the mathematical terms and sentences introduced by the teacher. This study chose a teacher who taught at least two eighth-grade classes and has 18 years of teaching experience. One of his classes was used for pilot observation, which the teacher’s language in lesson was recorded and the students were administered pilot questionnaires to see if any modification of the questionnaires was necessary. The second class was used for formal observation and questionnaire administration. This class had 39 students, whose mathematical levels are slightly better than the average Taiwanese students. Formal observation and administration took four lessons in four days. There were ten questionnaires being administrated in total. Students were given 5 to 10 minutes to complete each questionnaire. Since questionnaires were administered in different lessons at different times, the number of participants varied from 37 to 39.

According to the spirit of natural inquiry, this study did not manipulate the teaching, so that the teacher was not restricted to certain mathematical terms or sentences. Therefore, before the teacher began teaching, the researchers interviewed the teacher to find what mathematical terms he wanted to introduce. The researchers also went to the pilot observation class to collect teacher’s words for that particular content. The teacher said his use of mathematical terms or sentences would be exactly identical to those in the textbook. However, in the classroom, not for all the sentences the teacher introduced exactly identical to the textbook. Nevertheless, the differences were very small. For example, “L is perpendicular to and bisects the segment between symmetric points” and “L is perpendicular to and bisects the segment between two symmetric points”. Thus, for the “same” terms or sentences, this study only took one to study.
This study chose nine sentences formally introduced by the teacher. Among them are one sentence for each of the concepts of “perpendicular”, “bisect”, “parallel”, “perpendicular to and bisect” and “line of symmetry”, two for ruler and compass construction, and two for the property of perpendicular bisector. This study could not give too many questions because it might interfere with the planned progress of teaching, also, not every sentence was suitable for this research. Thus this study arranged the sentences into different research themes to explore according to their features.
Research Findings
Teacher’s Use of Mathematics Language
When a teacher teaches mathematical terms, the most important aspect might be the understanding of denotative meaning. In Taiwan, sentences used to describe mathematical concepts, relations or principles are usually complicated. However, sometimes simple sentences arise when teachers introduce terms in basic concepts. Teachers in Taiwan do not feel the need to specifically teach these simple sentences when they appear. For instance, when explaining that line L is perpendicular to M or 
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 bisects 
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, teachers often believe that they only need to draw the corresponding figures when introducing the mathematics terms or sentences, then students should be able to understand both the concepts and the denotative meaning of the terms or sentences. The teacher in this study also taught in this manner with the terms of “perpendicular”, “bisect”, “parallel”, “perpendicular and bisect”. Under the condition of not informing students that these terms have just been taught by the teacher, this study explored whether students thought they understood the terms and the terms were properly used. The results show that most students believed they understood the terms and the terms were properly used. The percentages are shown in Table 1. 

	Teacher’s use of words
	Percentage of understandable
	Percentage of properly used

	Line L is perpendicular to line M
	89.7%
	89.7%

	
[image: image6.wmf]AB

 bisects 
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	79.5%
	84.6%

	Line L is parallel to line M
	92.3%
	97.4%
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is perpendicular to and bisects 
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	76.9%
	84.6%

	The line of symmetry is perpendicular to and bisects the segment between symmetric points
	86.5%
	81.1%


Table 1: Percentages regarding sentences as understandable and properly used
Changing the Mathematical Objects

This study changed the mathematical objects in the teachers’ original sentences, producing two kinds of sentences. One was composed of proper objects such that the sentences were still correct. For example, we changed “line L is perpendicular to line M” to “line L is perpendicular to
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”. Another was composed of improper objects such that the sentences were no longer correct. For example, we changed the previous sentence to “point A is perpendicular to point B”, or changed “
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is perpendicular to and bisects 
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” to “
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 is perpendicular to and bisects 
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Ð

”. This study explored whether students still believed that they understood the sentences and that the terms were properly used.
When students believe they understand some mathematical terms and they are properly used, does it mean that the teaching is successful? When this study changed original objects in the teacher’s sentences and made new meaningful sentences, the results show that most students believed that they still understood them and that the sentences were proper. However, when the students were given the incorrect statements, many of them still thought that they understood the sentences and that they were proper. The lowest percentage of these is “point A bisects 
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” (10.3%) and “
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 bisects 
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” (10.3%), while the highest is “the line of symmetry is perpendicular to and bisects the segment between symmetric points” (56.8%). The results show that for some “easy” sentences, a lot of students could not detect the meaningless of the sentences. For example, there are 61.5% students thought they understood “point A is perpendicular to point B” and 51.3% students thought it was proper. Another example is that there are 61.5% students thought they understood “point A is perpendicular to line L” and 46.2% students thought it was proper. The high percentages of these examples reveal a phenomenon that many students do not understand the scope of what objects could be used in accordance with some mathematical terms. Many students even thought they understood both the meaningful and meaningless sentences, and both of them were proper. These students could not have really understood the denotative meaning in teachers’ original words. We believe that only when students know what objects could be properly used with the mathematical terms can they really understand the denotative meaning of the sentences, from the viewpoints of mathematics and language. According to this view, students’ understanding of denotative meaning is quite low. Refer to Figure 1.
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As we mentioned above, the teacher observed in this study often draw the figures to accompany the introduction of the mathematics terms or sentences. This is most serious when simple mathematical terms appear, such as “perpendicular”, “bisect”, “parallel”, “perpendicular and bisect” and “line of symmetry”. The results of this study show that teachers have to be more doubtful when students say they understand something, since it may not always be the case.

Reordering the Positions of Mathematical Objects

This study chose two of the teacher’s original sentences and reordered the terms in them such that the semantic structure of the original sentence has been changed. The reordered sentences looked similar to the original ones on the surface, the grammatical structure was identical, but the relations among the mathematical objects were changed so that the new statements were not correct. Can students find the reordered sentences meaningless?

	Teacher’s sentences
	Percentage of proper
	Reordered sentences
	Percentage of proper
	Percentage of both proper

	The line of symmetry is perpendicular to and bisects the segment between symmetric points.
	81.1%
	The segment between symmetric points is perpendicular to and bisects the line of symmetry.
	56.8%
	48.6%

	Use point A as the center, and segment AB as the radius to draw a circle.
	82.1%
	Use the center as point A, and the radius as segment AB to draw a circle.
	76.9%
	71.8%


Table 2: Percentages regarding sentences as properly used

This study found that the percentages of students regarding the original sentences to be proper are over 80, which are very high. However, the percentages for the two new sentences are also pretty high. After reordering, the relations among the objects were changed, which made the sentences mathematically incorrect or improper, but many students could not sense this. One possible reason is the high similarity between the original and reordered sentences. The students might feel that since one of them is proper then the other, having identical grammar structure and similar appearance, must also be proper. Another reason for the very high percentage of the second sentence in Table 2 is that, although it does not properly describe the construction of drawing a circle, but when actually performing the construction with the words the students will still be able to follow the same steps. So they think the sentences are proper. For the first sentence about the line of symmetry, such a high percentage is a real concern for mathematics teaching. If the sentence is not mathematical, but something such as “the brother of Steven is tired of and dislikes the dispute between their parents”, then the students would never consider the reordered sentence, “the dispute between their parents is tired of and dislikes the brother of Steven” as a proper sentence.

Moreover, this study took the sentence “Use a radius greater than half of 
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”, which the teacher used in the class, to explore whether students sensed that the relational meaning was altered after reordering. When asked which statements have the same meaning as the sentence mentioned above, 45.9% of them thought “
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 is greater than half of the radius” was the one that had the same meaning. Although both were correct as a sentence describing the objects in construction, the objects themselves – “half of 
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” and “radius” in the first, and “
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” and “half of the radius” in the second – are different. The relational meaning in the sentences was altered accordingly.

Isolating phrases or Clauses

The research selects three sentences that are commonly used by teachers. Phrases or clauses of the sentences are isolated; the isolated parts either have different meanings than the original sentences or do not have meanings at all. Students were asked to identify whether the isolated parts are meaningful phrases derived from the original sentences. The research has shown that different percentages result from different sentences. Among the selections, sentences such as “the distances from P to A, B are the same”, use the parallel structure "A, B" for the purpose of simplicity, which is a common use in Taiwan’s mathematical lessons and textbooks. The phrase “the distance from A, B are the same” does not consist any meaning. However, as much as 59.5% of the students believe it is meaningful (refer to table 3). 
	Original sentences
	Isolated phrases
	Percentage

	Use (a length) greater than half of 
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 as the radius.
	half of 
[image: image24.wmf]AB

 as the radius
	27%

	The distances from P to A, B are the same.
	the distance from A, B are the same
	70.3%

	On
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’s perpendicular bisector L, the distances from any point P to A, B are the same.

	the distance from A, B are the same
	59.5%


Table 3: Percentages of students who believe the isolated parts are meaningful phrases derived from the original sentences.
Conclusion
For many mathematically incorrect sentences, there was such a large portion of students believed they understood them. Then when students say they understand the teacher’s words, how can we be sure they really understand them? The teacher in this study used a great amount of questions and answers in teaching, so he used a lot of mathematical terms and sentences. Compared to the following paragraph taken from a lesson transcript, does the mathematical language chosen in this study seem rather easy?

“…Perpendicular bisector. L is the perpendicular bisector of AB, so AB is perpendicular to L. Similarly, D is the symmetric point of C, so the line of symmetry L is the perpendicular bisector of the segment between the symmetric points. L is the perpendicular bisector of CD, that is, CD is perpendicular to L. Now according to the definition of parallel lines, if two lines are perpendicular to the same lines, what happens to those two lines? What happens to those two lines?”
Although teachers may use a great number of questions and answers to help students understand mathematical concepts or properties, when teachers introduce formal mathematical terms in the process of concept formation or property learning, they often think the teaching activities is finished. This study shows that in fact, students do not have good understanding toward the language used in those concepts or properties. Therefore, we suggest that there should be real teaching activities for the formal and refined mathematical terms and sentences, to help students’ understanding, and it would be better if students’ understanding can be actually confirmed.
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� In order to prevent students making errors just by reading the sentences carelessly, we arranged the original and new sentences as two options in the same problem for the sake of contrast.


� This is the way in Chinese wording.
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