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Communication in the teaching of mathematics is distinguished by using various systems of semiotic representation. Their usage is often given by customs or conventions in mathematics. The acquirement of rules how to form, interpret, and use them properly plays an important role in communication and cognitive processes. The problems in communication tend to be caused by not only different mathematical images or communication contexts but also non-accepting of conventional mathematical writing by the pupils or insufficient acquaintance of the pupils with rules of their usage. Some cases of pupils’ inventional representations are presented and analysed.

Introduction

Usage of various semiotic systems is not only characteristic for mathematics but also necessary for it enables us to communicate and cognize mathematical laws. Signs help us to grasp and understand abstract mathematical objects and relationships among them. In this context, signs mean not only mathematical symbols but rather everything used to represent (i.e. substitute) objects and relationships in mathematics, thus also words, figures, graphs, etc. In didactics of mathematics, it is common to speak of representations (although the meaning of this concept is wider). For communication in mathematical classes, it is important to acquaint the pupils not only with various forms of mathematical knowledge representation, but also with the rules how to form, interpret, and use them properly (compare Ferrari, 2006).

It is stated in curriculum documents that mathematical training leads the pupils to accurate and concise expressing themselves by using the mathematical language including symbolism, by performing analyses and writing statements in problem solving, and to perfecting their graphical expression. It may seem that pupils achieve this level of communication competences by applying the courses mentioned automatically. However, practical experience shows that if the mathematical language is not developed on all of its levels and if analyses and writing of problem solutions are performed formally only, numerous problems appear in the communication between the teacher and the pupil.

In this paper, we described some cases of usage of mathematical symbols in pupils’ writings that is not in accord with prevalent customs.

Theoretical framework

Bertrand (1993) indicated that the majority of pupils with problems in mathematics at the elementary school do not develop any type of representations of problems set. The pupils do not gain the impression of understanding from the teacher’s explanation but based on transformation performed by the pupil when listening to the teacher. Duval (2006) added that understanding in mathematics implies coordination of at least two semiotic representations.

The difference of images (mental representations) and contexts tends to be one of the most frequent causes of misunderstanding in the communication between the teacher and the pupil. Difference of images of the teacher and the pupil is entirely natural; it namely stems from different level of their knowledge. Therefore, it is especially up to the teacher to take this fact into account during communication, and to eliminate the misunderstanding by choosing suitable language means. Speech of the teacher should be characterized by the sociometric nature, i.e. by orientation at mental structures of the pupil (to say things in such a manner so that the pupil understands the teacher). The teacher may make understanding of the pupils and creating of adequate knowledge structures more difficult precisely by the way of communicating with them. When the teacher’s expressions are exact technically but not understandable for the pupils, mutual communication is disabled. A common language in which the concepts used have a very close content for the teacher and the pupils, and in which the words connotate similar meanings in their minds, is very important for the communication. Sometimes, a part of the language needs to be delimited, explained to each other, and agreed upon.

In communication, we rely on knowledge adopted as correct. We seek to incorporate our knowledge in the existing knowledge structure. When two pieces of knowledge are not compatible, tension is formed, and the given individual seeks to eliminate it by changing one of the pieces of knowledge or by integration of both. An important role in communication between the teacher and the pupil is played by pupils’ preconceptions, i.e. the pupils’ concepts characterized by certain immaturity, imperfection, preliminarity, provisionality. When explaining a new subject, the existing preconceptions do not disappear but rather form certain symbiosis with the new subject matter.

A significant role in words and symbols interpretation is played by the communication context, i.e. the framework within which the communication takes place. The context is determined by images of the pupil and the teacher that affect their understanding and usage of communication means, by the social environment, and cultural customs. The context plays an important role in intrepreting the sign; for example, the sign “N” may denote the set of natural numbers (symbol) or vertex of a geometrical figure (index) or it can be viewed as figure symmetrical with respect to a central point (icon). And also the meaning of some mathematical concepts is given by the context in which they are used.

The phenomenon when the pupil uses an expression that does not correspond with the communication context or when the pupil uses such an expression in two different semantic contexts is called the communication confusion. When confusion in communication is caused e.g. by usage of an improper term and if the semantic context is not lost by doing so, the communication is not usually threatened markedly. Confusion caused by non-uniformity or ambiguity of the context tends to be more serious as it leads to communication dissonance if prolonged. Context non-uniformity of the communicants arises from sudden or repeated change of the context not registered by the other party or by using an expression interpreted differently by the teacher and the pupil. Communication dissonance is a phenomenon caused by communication confusion that leads to discordance or disagreement between the communicants. The source of dissonance is usually hidden and not realized by the communicants.

It is evident that the process of representation and understanding of concepts is purely individual. The need to communicate and make understood led to establishing of social conventions for the use of representation means. Representations as social conventions are expressions of intersubjectivity. Thompson (2002) defines the term intersubjectivity as the state where each participant in a socially-ongoing interaction feels assured that others involved in the interaction think pretty much as does he or she. We meet at pupils in the mathematics classroom with the conventional representation systems which are proposed to them by teacher and also with the pupils’ individual representation means, so called inventional representation.  

Methodology

During The semiotic approach is one of approaches used in investigation of communication in mathematics education (see Hoffmann, 2003, Presmeg, 2006, Steinbring, 2006). The main reason why the semiotic approach finds its use in didactics research relates probably to the relation between semiosis and communication. Semiotics is used as an analytic tool for the didactics of mathematics which is applicable in the cognitive, the social or the cultural level of investigation (Winsløw, 2004). In our methodology we use the triadic model of a sign: the sign is interpreted as a relationship between a sign vehicle and an object that it stands for in some way (Presmeg, 2006),
 and the triadic, relational view of communicatin (Ongstad, 2006): any communication will have a structural (form), referential (content), and an addressive (use).
During analysis of pupils’ work or statements, we seldom work with an integrated representation system. We usually deal with individual elements of such a system. This fact has led me to delimiting of the concept of the representative (Roubíček, 2006). This term denotes an element of the semiotic representation system or partial product of the representation process. Representative is a triad formed by three components: representing, represented, and representational.
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The representing component or the vehicle is what represents the represented object. A mark, line, item, sound etc. can be the representation vehicle. The represented component or the object is what is represented. In mathematical training, the representation object usually means a mathematical concept. The representing component and the represented component of the representative correspond with the indicating and the indicated in de Saussure’s diadic conception of the sign.

The relationship of representation between the vehicle and the object is determined by the representational component of the representative that includes (1) a qualitative property of the vehicle identical with the object property; (2) context accompanying the representation process and delimiting the represented object; (3) impact of the vehicle-object relation on the interpreter. The type of effect of the vehicle-object relation on the interpreter is affected by the interpreter’s experience and achieved knowledge. In his triadic semiotic concept, Peirce uses the term interpretans to denote this component.

The representative is not only a key concept of the theoretic framework of the representations problems exploration but also an important methodological starting point. The semiotic analysis method is based precisely on identification of representatives and on observing of relationships among them. Representing components of the representatives and their mutual relationships, the so called syntax, are explored on the syntactic level of the semiotic analysis. The vehicle-object relations, i.e. meaning of the representatives, are analysed on the semantic level. Pragmatic level of the semiotic analysis is focused on exploring the representative component of the representatives, i.e. the representatives usage.

Exploring of the representatives is one of the ways how to diagnose the pupils’ understanding of mathematical concepts. Representatives that appear in the pupils’ communication when describing mathematical situations provide represent means of perceptible representation of mathematical objects. However, at the same time, they provide certain information on mental representation of these objects (i.e. on ideas created about them by the pupils). Based on these indicators, the level of the pupils’ understanding of mathematical concepts can be assumed.

Some results

The following text includes a summary of partial results of a number of observations of communication at mathematical classes at an elementary school (10-15 years old pupils), as well as of didactic experiments focused on the communication processes exploration.

The phenomena as a communication confusion and a communication dissonance appear in oral as well as written communication. While the communication dissonance can be eliminated by clarifying the context in a discussion or possibly by using other means of representation, in the written communication the teacher stems from the pupil’s writing, usually without having an opportunity to clarify the semantic context. Writing of problem solutions tends to be the source of numerous communication problems. For example, wrong statements of equality are seen in written solutions of calculation of an expression value using multiple operations, in which cases the pupil gradually adds parts of the expression to a partial result and uses the equal sign irrespective of the actual value of the expressions. For example:

2(3 + 4) – 5 = 7 x 2 = 14 – 5 = 9
2(3 + 4) – 5 ≠ 7 x 2 ≠ 14 – 5 = 9
2(3 + 4) – 5 ═►7 x 2  ═►14 – 5 = 9

3 + 4 = 7

2 x 7 = 14

14 – 5 = 9
It follows from the analysis of further situations that the equal sign is a multifunctional symbol for many pupils, that denotes almost any relationship among the data. For example, the following statements appear in the pupils’ solutions:


3 kg = CZK 24

…cost


1/2 = CZK 250

…be


1 cm = 2 km 

…correspond


cube = 5 cm
 
…have

Errors of this type the reeducation of which is usually not an easy task are caused in a certain extent by the teachers’ approach. Pupils acquainting themselves with a certain semiotic system are not usually aware of their mistake, and it is therefore up to the teacher to correct the pupil in using the system. If not doing so, the teacher indicates to the pupil that the pupil’s usage of the system is correct which may mean improper acquisition of the semiotic system rules as a consequence.

Another problem that can be seen in solving of verbal tasks is represented by senseless usage of the unknown variable x in written statements. The letter x is used to denote an unknown datum, although not appearing in the calculation at all, or it denotes several different unknown variables or partial results. For example:


Width ...  5 m



Length ... 14 m


Area ... x



S = a x b



S = 5 x 14 = 70 m2 


By 1/10 more


CZK 350 per m2


Total ... CZK x

x = 70 : 10 = 7 m2



x = 70 + 7 = 77 m2

x = 77 x 350 = CZK 26 950

The mistake can be found on part of the teachers again who have not acquainted the pupils with these forms of written statements. It must be realized that the exemplary statement or the solution course using an unknown variable, provided in the textbook, is not always the only correct one, that other possibilities exist, as well, and it is up to the teacher to acquaint the pupils with them. Verbal tasks can be solved not only by means of an equation but also by means of judgment, by listing of the elements (table), in the graphical form (graph, scheme). No unknown variable may thus appear in the writing. However, it should be apparent from the writing what and how the pupil has calculated (or how the pupil has thought) and to what solution the pupil has come.

Conclusions

Functional communication in the class represents an important precondition of an effective teaching process. It is apparent that it is never possible to arrive at complete agreement in communication between the teacher and the pupil for their knowledge of mathematics is different. It shows in some class situations that the pupils communicate on a given mathematical problem more easily among themselves than with the teacher. The teacher namely attends to the formal aspect of the communication while the pupils use also unconventional expressions in mutual communication, vague from the teacher’s point of view, however, understandable for the pupils. Communication in the mathematics classes is thus about seeking for a common language in a certain extent. 

The occurrence of inventional representations in pupils’ mathematical writing is natural and frequent in particular at non-conforming and inventive pupils. Some of these deviations from prevalent forms of communication in the teaching of mathematics are inconsiderable, another ones present a didactical problem because they conflict with mathematical laws or procedures. In these cases it is necessary to intervene in due time for that reason the postponed rectification or reeducation is an exacting and lengthy process.    

Practical experience from the classes shows that precisely the mathematical terminology and symbolism tends to represent an obstacle for some pupils in understanding mathematics. The problem does not usually consist in terms and symbols themselves but in ways in which they are introduced and used in mathematical classes. When introducing the symbolism of mathematics, it is necessary to acquaint the pupils not only with the form of individual symbols but also with the rules to create admissible combinations of the symbols, their meaning and usage in various contexts. If the pupils do not know such rules, statements written using the symbols become a formal matter for them in the better case, or a communication and cognitive obstacle in the worst.
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