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This paper outlines the theoretical model of Teaching for Abstraction developed by the authors over the last ten years. We begin with the seminal work of Richard Skemp and then trace out developments through research into rates of change and derivative, angles, and percentages as a multiplicative relationship. The paper concludes with a discussion of future directions of the theory in light of professional development models and other theoretical perspectives.

Mitchelmore and White (2004a, 2004b) outline an approach to teaching based on the fact that most elementary mathematical ideas are abstractions from experience. Emphasised is the importance of empirical abstraction in mathematics learning, focusing on an abstract concept as “the end-product of ... an activity by which we become aware of similarities ... among our experiences” (Skemp, 1986, p. 21). Skemp’s conception can be called empirical abstraction because it is based on experience. But it is much deeper that the empirical abstraction described by Piaget, where the term denotes the extraction of common properties of objects and extensional generalisations such as colour and weight 

The similarity Skemp talks about is not in terms of superficial appearances but of underlying structure. Moreover, similarity recognition is not some random haphazard identification of things which look alike but is usually occasioned by purposefully directed selective attention.  In the mathematics classroom, the direction would usually come from the teacher. Hence, the embodiment of the similarity (often called reification) is a constructive process based on generalising purposefully identified similarities. 

The approach can be argued to be consistent with Cassirer’s idea that “an abstract concept then is not so much a reproduction of reality, but actually establishes a point of view that guides our thinking” (cited in Van Oers & Poland, 2007, p. 13). The point of view or directed selective attention determines the underlying mathematical similarities identified.

Often contrasted to empirical abstraction is the idea of theoretical abstraction. Its genesis owes a great deal to Soviet psychologists, especially Vygotsky and Davydov. In essence, theoretical abstraction consists of the creation of concepts to fit into some theory. An example to clarify the difference between empirical or theoretical abstraction is this: How do children learn the basic geometrical concept of a line? According to empirical abstraction theory, children recognise an underlying similarity between real objects that are only roughly linear and have been produced by a variety of means (folding, pulling, planing, etc.). According to theoretical abstraction theory, theoretical ideas of points and lines are needed to express generalisations arising from spatial investigations (e.g., two lines meet at a point). There is little conclusive empirical evidence as to which is the more effective method of learning mathematics, so research goes on.

Rates of Change

Our interest in the abstraction process dates back to the early nineties with a presentation at the annual conference of the Mathematics Education Research Group of Australasia (where, by chance, Richard Skemp was a keynote speaker). This research, later reported in White and Mitchelmore (1996) looked at first year university students’ ability to solve contextual problems involving rates of change and derivative. The items used had four versions which involved the same mathematics involving the use derivatives, but varied in the degree of contextual versus symbolic information given. The results showed, not surprisingly, that the students were very capable in solving the symbolic forms of the items but not the identical contextual forms and very often did not even realise they had been attempting identical items.

We concluded that the symbolic focus of students was a result of the traditional mathematics teaching which follows what we have called the ABC Method (Mitchelmore & White, 2000b): Abstract concepts and procedures are taught Before Concrete examples and applications. The theory is that “knowledge acquired in ‘context-free’ circumstances is supposed to be available for general application in all contexts” (Lave, 1988, p. 9), but in practice this does not happen. The ABC method proceeds in the opposite direction to the abstraction process which begins with appropriate context, generalises underlying constructs and then finishes with the abstract concept. Looking at these two ways of viewing abstract concepts led us to differentiate between knowledge which is context-free, calling it is abstract-apart (Mitchelmore & White, 1995; White & Mitchelmore, 2002). Our concern is that students often learn concepts in isolation, without engaging in an abstraction process, and so replicate the episodes we saw with the calculus students. Such abstract-apart concepts are usually poorly understood, easily forgotten, and rarely applicable. Concepts can only be readily applied if they are abstract-general, that is, if they represent that which is general to the variety of situations from which they arise.

Teaching for Abstraction: Angles
Embracing the notions of empirical abstraction led us to investigate a mathematical concept which manifests itself in many different forms but has the same underlying general principle―angles. Specifically, we looked at children’s understanding of an angle as “the amount of turning of two lines joined at a point”.
We proposed that young children initially recognize superficial similarities between physical situations and abstract everyday concepts such as junction, door, and roof. Gradually, they recognize deeper similarities between these objects and form restricted angle concepts such as corner, turn, and slope. A general abstract angle concept emerges as children recognise the even deeper similarity between these restricted angle concepts.  At this point, students can interpret a wide variety of situations in terms of angles because they recognise them as consisting of two linear parts that meet at a point and realise that the relative inclination of these two parts has a crucial significance.

Mitchelmore and White (2000a) showed empirically that the major difficulty in learning to identify a physical angle situation lies in identifying the two linear parts of the angle. They found that children can identify so-called 2-line angles (e.g., corners of a room, road intersections, pairs of scissors), where both arms of the angle are visible, as early as Grade 2. On the other hand, 1-line angles (e.g., doors, windscreen wipers, ramps) are more difficult to understand, and even by Grade 6 many students cannot interpret 0-line angles (e.g., doorknobs, pirouettes, wheels) in terms of angles. For 1- and 0-line angles, one or both linear parts have to be imagined or remembered. 

Mitchelmore and White (2000b), incorporating the ideas of Sfard (1991), advanced a method of teaching angles called Teaching for Abstraction, based on the following four principles:

· Familiarity. Students should first become familiar with a variety of angle situations.

· Similarity. Teaching should then focus on helping students recognise the similarities between these situations.

· Reification. Activities should be undertaken whereby the recognised similarity becomes abstracted to an angle concept that can be operated on in its own right.
· Application. Students then consolidate the concept by using it in new situations.
Following exploratory research on this model using one-to-one and small-group teaching, a sequence of lessons was designed and tested in the field with a pilot in 2001 and follow up in 2002. 

The 2002 angles teaching sequence was tested in a total of 25 Grades 3 and 4 classrooms. All the teachers (20 female and 5 male) attended two one-day workshops, one before and one after teaching about 8 lessons selected from the sequence. Grade 3 teachers taught mainly lessons on 2-line angles, whereas Grade 4 teachers taught both 2-line and 1-line angles. Each teacher identified a target group of 8 students in her or his class (a total of 200 students) and administered them a pre and post assessment interview designed by the researchers. Work samples from 130 students were also analysed.

As a result of the teaching, the percentage of responses to the question, “What is an angle?” which indicated an awareness of at least the two arms and vertex of an angle increased from 5% to 54%. The percentage of vague responses fell off dramatically. The results confirmed the significance of familiarity, similarity, reification and application in learning the angle concept. The importance of familiarity with individual contexts in establishing essential pre-requisite knowledge or necessary understanding of angle situations was shown to be fundamental to the learning process. The data also showed that similarity recognition can be taught and that the emphasis on similarity recognition and reification in the teaching model resulted in many students developing a quite sophisticated concept of angle as early as age 10. 
The results from this study resulted in the publication of a curriculum document distributed to all New South Wales government schools (New South Wales Department of Education and Training, 2003). This direct impact on the school curriculum was seen as closure on our research into Teaching for Abstraction with angles. The next step was to expand this theoretical model to other areas of the mathematics curriculum.
Teaching for Abstraction: Percentages
A cursory look at the school mathematics curriculum demonstrates that multiplicative relationships (proportionality) underpin almost all number-related concepts (e.g., fractions, percentages, ratio, rates, similarity, trigonometry, rates of change). Percentage is one multiplicative relationship which causes students particular difficulties. A detailed analysis of the concept by Parker and Leinhardt (1995) highlighted the multiplicative–additive confusion. They demonstrated that the concise, abstract language of percentages often uses misleading additive terminology with a multiplicative meaning. Their review of research into teaching percentages showed that a method which linked the development of calculation procedures closely to percentage contexts was likely to be more effective than one in which procedures were taught abstractly and then applied. Hence, percentages and proportional reasoning in general were selected as areas deserving research using the Teaching for Abstraction model. 

As with angles, consecutive teaching units based on the four stages of the model were designed (White & Mitchelmore, 2005; White, Wilson, Faragher, & Mitchelmore, 2007. In the units, students investigated a variety of situations where it was or was not appropriate to use percentages. Much more emphasis was put on why percentages are used than the current curriculum, which tends to emphasis percentages as numbers (e.g., 5% = 
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 = 0.05). A strong focus was still given to calculating with percentages as earlier work had shown an inability to calculate hindered attempts to interpret within a context.

Participants were students and teachers of five Year 6 classes. In each class, five students were selected as a representative “target group” for closer study. An 8-lesson unit was devised based on the first study. It fell into two parts:
· The first three lessons focused on calculation, where 10% is first calculated and then used as a base for other percentages. Only one context (sharing jelly beans) and one representation (a bar model) were used.

· The next four lessons explored a variety of everyday situations involving percentages (including fixed and percentage discounts, comparing discounts, and taxation). An emphasis was placed on investigating when to use additive strategies and when to use multiplicative strategies. In the final lesson, students constructed their own percentage problems. 

The unit materials specified a particular lesson structure: A problem was first posed for whole class discussion; students were then given tasks to investigate similar problems in small groups; the class then discussed and explained their findings and looked for generalisations.

The four phases of the theoretical framework for Teaching for Abstraction were embedded in the unit as follows:

· Familiarisation. Students became familiar with a small number of percentage contexts as well as the calculations that commonly arise in such contexts.

· Recognition. Activities required students to use percentages within individual contexts and then compare across different contexts. 

· Reification. Students were asked to make and explain generalisations. 

· Application. Students created new problems where percentages were used.

As with the angles research, a one-day orientation workshop was held before and after teaching in which particular attention was given to the need to leave time in each lesson for discussion and generalisation. Sources of data were a written pre- and post-test administered to all students, a 15-minute interview before and after the unit with the five target students in each class, worksheets completed by the target students, observations of classes, and teachers’ evaluations of each lesson and of the unit.

After the teaching, the number of students who could both calculate with appropriate percentages and use these percentages in context doubled. The scoring criteria included correct explanations, in particular identifying percentage as a relative comparison and correct choice of “percentage of what”. The improvement in the students’ explanation was striking and transcended what could be expected from either memory of questions or currency of the concepts following teaching. The move from inappropriate additive strategies was particularly encouraging. The overwhelming response by teachers was that the extended discussion generated by the lesson materials was a great success and promoted student engagement and learning. One teacher comment was: The high point of the whole thing was that they did have to nut things out, discuss. It could be argued that the positive outcomes were simply the result of establishing interactive classrooms. However, we claim that the true cause was the context-based learning resulting from the theoretical underpinning of Teaching for Abstraction. 
Apart from showing that the approach taken has the potential to benefit student engagement, learning, and attitudes for both students and teachers, it was clear that this approach is radically different from that which students and teachers are accustomed to. In particular, teachers had an inclination to reorder lessons to provide the general principle before immersion in the contexts, which showed a lack of comfort with or understanding of the Teaching for Abstraction approach. Our conclusion, therefore, is that the theoretical model (even if it was not followed rigorously) resulted in new directions for teachers and improved learning for students. The teachers involved were extremely positive about the approach, and have asked for more. The challenges for teachers, though, are clear: addressing and assessing generalisations and when to introduce them into a lesson, accepting multiple answers and methods of doing calculations, and coping with a lack of confidence in working with new ideas. Teachers need more support in terms of both content and pedagogy.
Conclusions and Future Directions
The model adopted so far has involved the researchers developing materials and inducting teachers into their use. Hence, teachers have been consumers. The interest generated among teachers and students supports this approach but the associated challenges also points to a weakness. A project where teachers are stakeholders who are assisted to develop their own materials following the Teaching for Abstraction model would seem an appropriate next step. The focus would be more on professional development models than student cognition. Such a project, Teacher professional learning about Teaching for Abstraction, is now in progress.
The Nested RBC Model of Abstraction originally described in Hershkowitz, Schwarz, and Dreyfus (2001) has received considerable attention in the last few years. The abstraction process in the RBC model appears quite different from empirical abstraction, fitting more with theoretical abstraction. However, the RBC idea of recognizing a mathematical idea and working with it to lead to the construction of new ideas is not totally unlike the process of empirical abstraction where contexts are recognised, worked with in comparing similarities with other contexts, leading to new ideas being constructed. The difference between the two appears to be that whereas empirical abstraction arises from looking for deep similarities between a number of contexts, in the RBC model and in Davidov the abstraction seems to arise from looking closely at one situation and trying to understand it. Whether the two approaches have commonality of not, it seems reasonable that an abstract-general approach to theoretical abstraction can be employed in the same way as in teaching for empirical abstraction. In this case, the emphasis is on theoretical similarities (mathematical contexts and their underlying structure) rather than empirical similarities (observable features).

Further discussion of the significance of empirical and theoretical abstraction in the learning of mathematics can be found in Mitchelmore & White (2007). 
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