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Visualization enables us to imagine geometric objects and manipulate them in an abstract way that permits us to develop diagrams as semiotic entities.  This process requires mental images to be handled dynamically. Looked at in this way, visualization needs a previous model as reference (a prototype) in order to constitute the diagram.  From the distinctions between concept and object on one hand, and between drawing and figure on the other, this work analyzes the nature and role of prototypes in the learning of geometry, as well as how prototypes are used despite having different representatives in the same category, in processes we have already  identified as Filiation, Situational, Familiarity and Epistemological.  Finally, we make reference to the use of prototypes using a computer.

Introduction

Visualization is a necessary process in mathematics.  In this work we will understand it as planted by Duval (2003, p. 48) from the act of visualization itself:

"To visualize is to produce a representation which, in the absence of any visual perception of the represented objects, allows looking at them as if they were really in front of the eyes. Visualization must thus make it possible to distinguish and identify, either with the first sight (apprehension lived as immediate) or with just one sight (simultaneous apprehension) what is represented."
"To visualize is to produce a representation which, in the absence of any visual perception of the represented objects, allows to look at them as if they were really in front of the eyes. Visualization must thus make it possible to distinguish and identify, either with the first sight (apprehension lived as immediate) or with just one sight (simultaneous apprehension) what is represented.""To visualize is to produce a representation which, in the absence of any visual perception of the represented objects, allows to look at them as if they were really in front of the eyes. Visualization must thus make it possible to distinguish and identify, either with the first sight (apprehension lived as immediate) or with just one sight (simultaneous apprehension) what is represented."
This process lets us imagine geometric objects and manipulate them in an abstract way.  In terms of learning geometry, this manipulation process is indispensable because of the nature of mathematical objects which can be accessed by the symbols that represent them.  In other words, it is possible to create pictorial representations that by the use of mental operations are transformed into what Dörfler (2005, p. 58) calls diagrams:

It is very likely the most important point thereby that a diagram lends itself to highly specific operations (like transformations, combinations, constructions) according to conventional rules. Thus, in this context, diagrams are not just static structures that only have to be perceived, but the objects of operations. And it is the latter that determine the meaning of the diagrams. One might therefore think of a diagram as a (type of) inscription together with a system of operations on it. Inscriptions plus system of operations present the core of the respective mathematical concept.

In this sense, Dörfler suggests that the possibility of using diagrams relating to the objects and mathematical notions allows us to make sense of mathematical objects,  making it possible to bring objects, which are by nature abstract, “down to earth” and manipulate them through symbols, although this is not always possible: “A main thesis is that an intrinsic lack of diagrams related to a mathematical notion poses what can be called an epistemological obstacle to learning that notion” (p. 66).

We would like to share two reflections on what was stated above: on one hand, it is indispensable that the individual has access to a representation (a sign or group of signs) of an object which serves as a prototypical model so that the mathematical object can be visualized in order to generate diagrams.  On the other hand, it forces a distinction to be made between the natural characteristics of said drawings and the mathematical object itself, especially in the learning of geometry. 

PROTOTYPES, STEREOTYPED REPRESENTATIONS, FIGURES AND DRAWINGS

As mentioned above, the diagrammatic reasoning to which Dörfler refers can be seen to be hindered by a thought typified by the lack of ability to apply spatial operations to graphic representations of geometric objects, and related to the use of a certain kind of prototype representation, which constitutes the phenomenon known as geometrical rigidity.  

Scaglia and Moriena (2005) make a point of differentiating what they call the stereotypical graphic representation and the prototype, responding to the difference between mental image and representation. 

As they suggest, this precision in the denomination and, therefore, the language is necessary for the investigation, but the arguments which state that: “graphic representations are more often presented (repetition), which lead to the belief that this presentation is indispensable for the recognition of the geometrical figure” (p.115) leave aside the Typicality phenomenon in the learning process, according to which, some elements in a category are “better” than others (Mesquita, 1998), and, therefore, preferred.  

These authors establish a relationship between the excessive use of stereotypical graphic representations and geometrical rigidity since the prototype, as a mental image, tends to show similar characteristics in all cases including some more figurative properties (Fischbein, 1993), such as position and orientation.

From our point of view, geometrical rigidity should be thought of as the individual’s incapacity to mentally handle or recognize a geometric figure when this does not coincide with stereotypical representations (or is not in a standard position) or when an isometry or deformation is applied to it which partially or totally changes its position (see, for example, Larios, 2003).

This type of construction perceives a preponderance of figurative aspects over conceptual that make it difficult for students to identify and manipulate geometric objects and so the observation of these properties is limited.  Indeed, using standard drawings limits the options for exploring possibilities and the range of properties which can be observed.

The tensions generated between both aspects make the job of observation difficult and leads to inconsistencies, and the object represented can be easily confused with the representation.  As for the figurative aspects, students hardly ever consider orientation as a relevant property when they are asked directly, but it does appear in their drawings (Larios, 2005).

Although we consider that prototypes are not forcibly linked with processes of geometrical rigidity, the formation of prototypes is encouraged in, for example, the case of an equilateral triangle of side 1 used to find the values of the trigonometric functions of 90°, 30° and 45° angles.  The prototype, in this case, acts as a reminder.

The use of prototypes would seem necessary since in the same way as mental images represent a class of geometric objects (Scaglia & Moriena, 2005), they can be made into a tool which permits the management and recognition of mathematical objects, as long as a task is done which allows a meaning to be finally assigned to the geometric object (the figure) which is different from the mere drawing (in the sense of Laborde & Capponi, 1994); as a representation it takes the role of an experimental environment and permits an heuristic treatment of the figure. 

The use of stereotypical graphic representations, along with the necessity for known patterns leads students to seek, utilize and build “satisfactory” drawings which, in the words of Mirko Maracci (2001), are those which meet the following conditions:

·  “A drawing should represent ‘correctly’ the geometrical situation described in the problem, that means that the student understands of a given situation and her interpretation of the produced drawing should be consistent.

· “A drawing ought to be recognized as sufficiently generic (...).

· “A drawing should possess a good gestalt; it should satisfy the fundamental laws which control the basic processes of perception” (p. 481).

Prototypes intervene in students’ learning processes in different ways; in fact, it is possible that even though they know and handle a more or less extensive range of distinct representations, students prefer prototypes and make use of them under certain circumstances, taking advantage of their coherence and familiarity.

Below we characterize four processes where students make use of prototypes in spite of their knowledge of the figures used.  The processes described reveal that the prototypes, influenced by the laws of the Gestalt theory of visual perception, lie beneath students’ awareness, especially in the younger ones, and have been called Filiation, Situational, Familiarity and Epistemological.  They are described below:

1.    Filiation to a “suitable” idea; an image that is socially and personally fitting is sought; standard images are the most helpful but can be modified in order to obtain something closer to what is known and desirable. This process has a personal motivation.

For example, during an investigation with 15 year old students doing geometry exercises with Cabri-Geometry software, reported by Larios (2005), pairs of students were given a file with a scalene triangle (DEF) with none of its sides parallel to the screen border.  They were given the task of constructing a triangle (ABC) where the mid-points of its sides coincided with the vertices of the given triangle.  One pair of students, Celene and Marissa, modified the given triangle and gave it an apparently more comfortable and correct shape: one side horizontal and almost isosceles:
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Figure  1  Example of process of filiation .

Besides not utilizing parallelism properties needed for the construction, the students used the drag function of the software as a tool for accommodating, the drawing thus obtaining a satisfactory figure from which to work.  In this case the drag function does not fulfill its role as a means to explore invariant geometric properties and is an example of how this dynamic feature of the software is not automated by the individual and requires a progressive construction which involves student interaction with the software (Larios, 2006). To use the dragging with this purpose is not a product of teaching but a student adaptation of an available tool

2. 
Situational.  This type of process presents itself when students are already handling geometric definitions and concepts adequately.  Nevertheless, under certain conditions they are omitted.  Outside this situation the student performs appropriately.

One example is reported in Acuña (2002) when undergraduate students are asked to mark the graph of the straight line with equal ordinate as the origin of the original straight line in the graph on the left.  The results clearly showed that the most widely accepted solution is that which appears on the far right.
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Original straight line 
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Figure 2 Example of Situational process.

The majority preferred a straight line with a different ordinate to the original, but where the relative composition between the straight line and the axes is the same. 

2. Familiarity.  This type of process requires the recognition of familiar pictorial structures; the use of prototypes is supported by the recognition of representations or parts of them.  These can be well identified and serve as a base for the answers. This process has an institutional motivation as scholar or cultural devices. 
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Figure 3 Example of process of Familiarity.

There is a very well known example of this process which deals with the confusion created in many students who recognize the square as a rhombus when it is positioned so that the diagonals are oriented horizontally and vertically to the page.  Modifying the position is equivalent to the assignation or not of a name or its respective properties.

For example, (see Figure 3) in Acuña (2006) 3 different undergraduate student samples were asked to draw a straight line with positive abscissas and the majority answer was as follows: one (in this plane).  Students who responded to the question in this way did so by using only the marks which appeared on the axis of the abscissas.  The use of the prototype in this case shows that the mark identifies the point; only in this way, from their point of view, does the point exist at all. The idea to tie the marks on the axis with the points on the graph is very popular among teachers, who prefer whole coordinates for plotting points.
4. Epistemological.  This process is present in some very young students where there is no conservation of form.  In fact, these students only consider the parts they believe are relevant when two figures, although identical, are presented in different positions (Palomo, 2007):

10 pairs of 2nd grade elementary students (7 and 8 years of age) were asked to compare the following figures:

	Question:

Are the figures equal?
	Answer: no (Comparison of the size of horizontal or vertical sides).
	Answer: no (They consider the position but do not distinguish the equality)
	Answer: yes (They identify the form in spite of the position)

	Exercise 1. 
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	Pairs 1, 2, 3, 7, 8 and 10
	 Pairs  4, 5 and 9
	6

	Exercise 2
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	Pairs 1, 2, 3, 4, 5, 7, 8, 9 and 10
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Figure 4  Example of process of nature epistemological  (rectangles).

And this other 

	Question

Are the figures equal?
	Answers: no Incorrect comparison due to size/form 
	Answers: no Incorrect comparison due to position


	Answers:  yes Correct comparison in form in spite of position

	Exercise 4 a
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	Pairs 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10


Figure 5   Example of process of epistemological nature (triangles).

In the previous case, the idea of the prototype formed by the longest part of the figure in juxtaposition to the shortest inhibits the possibility of imagining the figure in another position; students compare the horizontal and vertical sides.  We can see in Figure 5 that this situation is different in the case of triangles which present a gestalt oriented by a vertex which allows the identification of form and position.

Visualization and Dragging in Dynamic Geometry Environments

In computer assisted geometry learning, we want to see the relevance of the description of the processes of typicality and the use of prototypes.  In principle, although the tools which computers provide perform feats that are impossible with “paper and pencil”, as dragging is, for example, other processes are also triggered such as those already described, and which we explain below. 

Dragging is a tool of Dynamic Geometry software (DGS) which has become its main feature, permitting the direct manipulation, using the mouse, of the representatives of geometric objects and in this way strongly emphasizes the difference between figure and drawing notions (Hölzl, 1995, p. 118).  The influence of this operation is decisive, therefore, in the visualization of geometric objects when the software is used.   

Regarding this we would like to address two main phenomena which hinder adequate visualization: photo-dragging (Olivero, 2003) and dragging used as an external tool (Larios, 2005).

The first phenomenon, called photo-dragging by Olivero or discrete dragging by Acuña and Larios (published in Larios, 2005), arises when constructions are modified by dragging and students are incapable of visualizing all the intermediate moments of the transformation or considering them to be particular instances of the figure or construction.  Students were only able to consider two instances:  the construction made before the modification by dragging, and that obtained when the mouse had stopped moving; intermediate instances appear not to have been considered as other possible instances of the same construction, but as intermediate diagrams which do not have the same geometric status as the initial and final constructions, perhaps because they are provisional and in some way disappear after the process.  This phenomenon can be considered another form of geometrical rigidity, since up to now we have only considered the incapacity to imagine figures in motion, while this case deals with the inability to imagine each intermediate point of the moving figure as a discrete position; an option that is hidden by the sensation of the figure in continuous movement.

It is interesting to consider that, theoretically, geometric objects function through representations which we can consider discreet, since they are not transferred continuously in themselves (which only happens when a computer is used to study geometry), but in an isometry two geometric objects are related as an object is to its image.

Furthermore, in DGS, dragging a point (taken to be the luminous sign on the computer screen) using the mouse modifies its position, and it is expected that the moving figure itself is the significance obtained, modifying the perception held of geometric objects to the degree that expressions such as “we moved the square,” “the point is flying,” etc. are heard.  Despite this, this factor should have no major effect on our work with the software.

The second phenomenon is related to the internalization of the tool (the software) and the capacity of the user to give it a meaning congruent with that given to it originally by the software designers which, in turn, has mathematical coherence.  For this internalization to take place it must be assumed that in the individual the figurative attributes reach a certain degree of identification and fusion with the conceptual attributes.

Nevertheless, in Larios (2005) it was reported that some students who had been unable to achieve said fusion use the drag as an external or internal tool (Vygotski, 1979) that permits the “free-hand” drawing of a construction or the “adjustment” of its elements so that the result on the screen visually complies with the requirements.  This shows a lack of cognitive development, which would permit the differentiation between figure and drawing, to the degree that the drawings on the screen are considered to the exclusion of the figures themselves.  

In the first place, if the drag is used to “adjust” the elements of the construction it is very likely that the drawing obtained will produce useless, inexact or unexpected results that may bear no relation to the task assigned.  Secondly, the dynamic nature of the software which would ultimately further cognitive development and permit the observation of the invariant properties of the constructions is not fully grasped.

Nevertheless, it is possible that students resort to this practice not because they consider it the only way to make the constructions, but because they cannot build them using geometric properties (since they cannot identify them), and so this procedure becomes for them the only way to carry out the task requested by the teacher.

One situation that exemplifies these comments appears in Larios (2005), when two students, during a construction, have to make point C the midpoint of a segment (note that in the figure point C does not belong to the straight line on the right): 
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Figure 6 Example of  process of filiation in DGS  

This dialog ensued:

Prof.:
Look, C isn’t even on that side, did you realize?  It’s slightly off, isn’t it? 

Luis:
Well then, there...

Prof.:
Well, does it have to be the mid point?

Luis:
It was the mid point but we moved it and then it wasn’t any more.

Prof.:
It wasn’t the mid point any more, so what would you do to make it the mid point?

Fernando:
Put it in the middle.

Prof.:
Okay, think about how.  Every time you move the small one will you have to adjust the big one? 

Fernando: 
Aha!

The students here are developing a process of filiation, which we mentioned earlier.  Through the conversation we can say that adjusting the drawing is seen as a “necessary evil” but obligatory for the solution of the problem.  It appears that the underlying prototypes related to the achievement of an image with a “good shape” make it difficult to observe properties in the drawing which are not its own and, consequently, the formation of a diagrammatic-type thought where representations are operated on based on the geometric properties of the objects in question.

ConcluSions

As we mentioned earlier, the construction of diagrams requires a dynamic process from the individual in the treatment of the figurative and conceptual information of a geometric object.  To that end the use of DGS can be exploited, however, this does not happen automatically but through a delicate relationship between the prototype as a “grounded” model and example of the category that at the same time opens the door to any other object in the same category distinct from itself.  

We can point out that the development of diagrams is not linear and can be complicated by the excessive use of stereotypical graphic representations.  This cognitive obstacle may be latent, due to the fact that the process of construction of the diagrams goes through the development of a prototype as a mental image, but must not stop there.

During the diagram construction process, and geometry learning in general, students use prototypes for reasons ranging from ignorance of the properties dominating the familiarity of the drawing, to the use of instruments which enable the development of diagrams associated with geometric thought.  The processes, therefore, which trigger the use of a prototype refer to situations which go from the unexpected among students that do not show geometrical rigidity, to those who have little visual resource to solve the problems they face; the reasons for its use are related to the situation, familiarity and filiation that even have, with management, epistemological motivations related to their own cognitive development.
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Point P has coordinates (-2, 3)


Draw a point of equal ordinate and lower abscissa and call it A.


How many points with these characteristics can you find on the plane?   One  (in this plane)


If there is more than one, mark them on the graph.








� In our translation 





