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The present study aims to investigate the performance of Grade 5 to 8 students in two aspects of fraction addition understanding: flexibility in multiple representations and problem solving ability. The results suggest that flexibility in multiple representations constitutes a multifaceted construct. Students’ performance in problem solving and multiple representation flexibility tasks is found to improve within the same educational level (Grade 5 to 6, Grade 7 to 8), while it remains the same or it is even reduced as they move to secondary education (Grade 6 to 7). As the findings reveal flexibility in multiple representations is a significant predictor of problem solving. This relationship varies as a function of the problem’s modes of representation and required cognitive processes.  
INTRODUCTION

Mathematics is a specialized language with its own contexts, metaphors, symbol systems and purposes (Pimm, 1995). From an epistemological point of view there is a basic difference between mathematics and other domains of scientific knowledge as the only way to access mathematical objects and deal with them is by using signs and semiotic representations (Duval, 2006). The need for a variety of semiotic representations in the teaching and learning of mathematics is usually explained through reference to the cost of processing, the limited representation affordances for each domain of symbolism and the ability to transfer knowledge from one representation to another (Duval, 1987). 
An issue that has received major attention from the education community over the last years refers to the students’ difficulties when moving from elementary to secondary school and to the discontinuities in the curriculum requirements, the use of teaching approaches, aids and methods. According to Schumacher (1998) the transition to secondary school is accompanied by intellectual, moral, social, emotional and physical changes. The students’ difficulty to adjust to the new schooling environment is evident in their performance in mathematics (Mullins & Irvin, 2000). The findings of the Deliyianni, Elia, Panaoura and Gagatsis’s (2007) study suggest that there is a noteworthy difference between elementary and secondary education in Cyprus concerning the representations used in mathematics textbooks on fractions. There are also differences in the functions the various representations in the school textbooks fulfil. A reasonable and important question that arises is whether changing domains of symbolism for different concepts from elementary to secondary school influences students’ learning outcomes and their attempt to overcome cognitive obstacles and solve mathematical problems.

This study investigated Grade 5 to 8 students’ performance differences, in two aspects of similar and dissimilar fraction addition understanding: flexibility in multiple representations and problem solving ability. 
THEORETICAL BACKGROUND

Nowadays the importance of different types of external representation (or inscriptions, according to Roth, 2003) in teaching and learning mathematics seems to become widely acknowledged. The representational systems are fundamental for conceptual learning and determine, to a significant extent, what is learnt (Cheng, 2000). Besides, the NCTM’s Principles and Standards for School Mathematics (2000) document includes a new process standard that addresses representations and stresses the importance of the use of multiple representations in mathematical learning. 

Recognizing the same concept in multiple systems of representations, the ability to manipulate the concept within these representations as well as the ability to convert flexibly the concept from one system of representation to another are necessary for the acquisition of the concept (Lesh, Post, & Behr, 1987) and allow students to see rich relationships (Even, 1998). Moving a step forward, Hitt (1998) identified different levels in the construction of a concept, which are strongly linked with its semiotic representations. The particular levels are as follow: 1) incoherent mixture of different representations of the concept, 2) identification of different representations of a concept, 3) conversion with preservation of meaning from one system of representation to another, 4) coherent articulation between two systems of representations, 5) coherent articulation between two systems of representations in the solution of a problem. However, other researchers (e.g. Presmeg & Nenduradu, 2005) cast doubt on the theoretical assumption that students who can move fluently amongst various inscriptions representing the same concept have necessarily attained conceptual knowledge of the relationships involved.  
Although many researchers (e.g. Lesh et al., 1987) stress the important role multiple representations play in problem solving and understanding mathematical concepts, there are still some gaps in the field. Previous studies used a single dimension of flexibility in multiple representations, like recognition (e.g. Niemi, 1996) or conversion (e.g. Gagatsis & Shiakalli, 2004), in order to investigate the specific relationship. Furthermore, the influence of multiple representation flexibility in problem solving when the students are at a point of transition within and between elementary and secondary education grades hasn’t been examined extensively yet. In this study we incorporated a synthesis of the ideas articulated in previous studies on learning with multiple representations to capture students’ processes in multiple representations tasks. This may enable us, firstly to gain a more comprehensive picture of students’ multiple representation flexibility; secondly, to understand its relationship with problem solving ability in a more coherent way; and thirdly, to find out more meaningful differences in students’ representational thinking and problem solving ability within and between the two educational levels. In particular, three hypotheses were tested: a) flexibility in multiple representations constitutes a multifaceted construct in which other variables in addition to functions of representations (recognition, treatment, conversion, according to Lesh et al., 1987) are involved, b) there is an improvement of the students’ performance in multiple representations and problem solving tasks during their transition within the same educational level, while their performance in these tasks remains the same as they move to secondary education  and c) the extent to which students’ performance in problem solving tasks is predicted by their performance in multiple representation flexibility tasks, varies as a function of the problem’s modes of representation and required cognitive processes. 
METHOD

The study was conducted among 1701 students aged 10 to 14 belonging to eighty three classes of elementary (Grade 5 and 6) and secondary (Grade 7 and 8) schools in Cyprus (414 in Grade 5, 415 in Grade 6, 406 in Grade 7, 466 in Grade 8). The test that was constructed in order to examine the hypotheses of this study included the following items:

1. Recognition tasks in which the pupils are asked to identify similar (REfLa, REfCa, REfRa, REfLb, REfRb) and dissimilar (REfLc, REfRc, REfCc) fraction addition in number line, rectangular and circular area diagrams. An example of recognition task is the following:
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 (REfLa)
                              
(REfCa)                                    (REfRa)

2. Symbolic treatment tasks of similar (TRfSa, TRfSd) and dissimilar (TRfSb, TRfSc) fraction addition. An example of a treatment task is the following: 
Solve the following equation: 1/6 + 4/12 = …..  (TRfSb)
3. Conversion tasks having the diagrammatic and the symbolic representation as the initial and the target representation, respectively. Similar fraction additions are presented in number line (COfLSs) and circular area diagram (COfCSs), whereas dissimilar fraction additions are presented in number line (COfLSd) and rectangular area diagram (COfRSd).  An example is:
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Write the fraction equation that corresponds to the shaded part of the following diagram:




     Equation: ............................... (COfRSd)
4. Conversion tasks having the symbolic and the diagrammatic representation as the initial and the target representation, respectively. Pupils are asked to present the similar fraction addition in circular area diagram (COfSCs) and in number line (COfSLs), whereas they are asked to present the dissimilar fraction additions in number line (COfSLd) and rectangular area diagram (COfSRd). An example is:
Present the following equation on the diagram:
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1/12 + 7/12=….




                                          (COfSLs)
5. Verbal problem that is accompanied with auxiliary diagrammatic representation and the unknown quantity is the summands (PfVD). 
A juice factory produces the following kinds of natural juice: 

· 1/4 of the production is grapefruit juice. 

· 5/18 of the production is orange juice.
· 3/36 of the production is tomato juice.

· 2/9 of the production is peach juice.

· 1/18 of the production is grapes juice.

· 4/36 of the production is apple juice. 
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Which four kinds of juice make up 1/2 of the production?

6. Verbal problem whose solution requires not only fraction addition but also the knowledge of the ratio meaning of fraction (PfV).
The manager of a circus is preparing the performance that will be given in a few days. He wrote the duration of each program in his notes:   

Clowns: 
1/2 hour
Acrobats: 
1/6 hour 

Dancers: 
1/3 hour
Jugglers: 
2/1 hour 

Animals:
1 hour

Write as a fraction, what part of the total duration of the performance corresponds to the jugglers’ program (Evapmib, 2007).
7. Justification task that is presented verbally and is related with similar or dissimilar fraction addition (JfV). 
In the addition of two fractions whose numerator is smaller than the denominator, the sum may be bigger than the unit. Do you agree with this view? Explain.
8. Diagrammatic addition problem in which the unknown quantity is the summands (PfD).  
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Each kind of flower is planted in a part of the rectangular garden as it appears in the diagram below: 
Which three kinds of flowers are planted in the 3/4 of the garden?  

It should be noted, that not any diagrammatic representation treatment tasks are included in the test since the students’ ability to manipulate diagrammatic representations is examined through conversion tasks in which the target representation is a diagram. Furthermore, the inclusion of diagrams in problem solving tasks acknowledges that visualization is a key component in problem solving (e.g. Arcavi, 2003). Particularly, the inherent properties of diagrammatic representation accompanying the verbal problem with auxiliary diagrammatic representation help to overcome the interpretation constraints of the verbal representation, according to Ainsworth’s (1999) functional taxonomy of multiple external representations. 
RESULTS

In order to identify indirectly observable constructs that explain observed correlations among problem solving and multiple representation flexibility tasks, exploratory factor analysis is used. Particularly, principal component analysis so as to extract factors from correlation matrix and varimax orthogonal rotation, are carried out.  
According to the results of factor analysis concerning the multiple representation flexibility tasks, which are presented in Table 1, five factors which interpreted 53.96% of the total variance, were extracted. To be specific, factor 1 (F1) refers to conversion tasks in which the initial representation of similar and dissimilar fraction addition is a diagrammatic representation and the target representation is a symbolic equation, factor 2 (F2) to dissimilar fraction addition recognition tasks, factor 3 (F3) to similar fraction addition recognition tasks, factor 4 (F4) to conversion tasks in which the initial and the target representation is similar and dissimilar fraction equation and diagrammatic representation, respectively, and factor 5 (F5) to similar and dissimilar fraction addition treatment tasks. The task of identifying the addition of similar fractions on a number line (REfLa), with which F3 is also loaded, and the task of identifying the addition of similar fractions on a circular surface (REfCa), are exceptions in F1. The inclusion of the specific tasks in F1 and their handling as conversion tasks are justified since in the three similar fraction addition recognition tasks which are included in F3 the number of subdivision is double that of the denominator. Thus, knowledge of fraction equivalence in order to solve them is required. 
	Tasks
	F1
	F2
	F3
	F4
	F5
	h²

	COfLSs
	0.76
	
	
	
	
	0.64

	COfLSd
	0.71
	
	
	
	
	0.58

	REfLa
	0.63
	
	0.43
	
	
	0.60

	REfCa
	0.60
	
	
	
	
	0.40

	COfCSs
	0.49
	
	
	
	
	0.40

	COfRSd
	0.45
	
	
	
	
	0.33

	REfLc
	
	0.88
	
	
	
	0.82

	REfRc
	
	0.73
	
	
	
	0.56

	REfCc
	
	0.57
	
	
	
	0.40

	REfRb
	
	
	0.78
	
	
	0.68

	REfLb
	
	
	0.68
	
	
	0.54

	REfRa
	
	
	0.68
	
	
	0.50

	COfSCs
	
	
	
	0.82
	
	0.67

	COfSRd
	
	
	
	0.63
	
	0.62

	COfSLs
	
	
	
	0.62
	
	0.48

	TRfSdr
	
	
	
	
	0.69
	0.48

	TRfSbr
	
	
	
	
	0.66
	0.60

	TRfScr
	
	
	
	
	0.63
	0.57

	TRfSar
	
	
	
	
	0.57
	0.38

	Eigenvalues
	4.83
	1.69
	1.36
	1.22
	1.15
	

	Percentage of variance 
	25.44
	8.91
	7.14
	6.42
	6.05
	

	Cumulative percentage
	25.44
	34.35
	41.49
	47.91
	53.96
	


Table 1: Factor analysis results in multiple representation flexibility tasks

Factor analysis results reveal that flexibility in multiple representations of similar and dissimilar fraction addition constitutes a multifaceted construct in which relations between: a) representations (symbolic, diagrammatic), b) functions (recognition, treatment, conversion) that representations fulfill and c) relative concepts (similar and dissimilar fraction addition) arose. Particularly, in the conversion tasks, the factors are formed according to the initial representation (symbolic or diagrammatic), while in the recognition tasks the factors are formed according to the concept involved (similar or dissimilar fraction addition).     

Table 2 presents factor analysis results in problem solving tasks. These results confirm that a single problem solving factor (PS) is extracted, which explains 53.35% of the total variance. The extraction of a single factor regarding problem solving is also justified by the eigenvalues ratio of the first two factors (2.13/ 0.75).

	Tasks
	F1
	F2
	h²

	JfV
	0.32
	0.66
	0.53

	PfVa
	
	0.88
	0.78

	PfVDa
	0.86
	
	0.79

	PfDa
	0.86
	
	0.78

	Eigenvalues
	2.13
	0.75
	

	Percentage of variance 
	53.35
	18.72
	

	Cumulative percentage
	53.35
	72.06
	


Table 2: Factor analysis results in problem solving tasks 
Then a multivariate analysis of variance was carried out in order to compare Grade 5 to 8 students’ mean performance in the five dimensions of flexibility in multiple representations (F1 to F5) and problem solving (PS). 

	Constructs
	Sum of squares
	df
	Mean square
	F
	p

	F1
	5.68
	3
	1.89
	19.57
	0.001

	F2
	2.04
	3
	0.68
	4.72
	0.003

	F3
	7.09
	3
	2.36
	18.42
	0.001

	F4
	2.98
	3
	0.99
	7.21
	0.001

	F5
	4.11
	3
	1.37
	23.27
	0.001

	PS
	4.48
	3
	2.49
	27.71
	0.001


Table 4: Multivariate analysis of variance results in multiple representation flexibility and problem solving constructs

The results of the multivariate analysis, which are presented in Table 4, show that statistically significant differences among Grade 5 to 8 students’ performance in multiple representation flexibility and problem solving tasks arose (Pillai’s F(10.054)= 0,103, df=18, p<0,001). Scheffe analysis results in Table 5 point out the grades in which students’ performance in multiple representation flexibility and problem solving dimensions differ significantly (p< 0.05). 
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	Grade 6
	0.48
	0.59
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0.86
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0.42

	Grade 7
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0.46
	0.51
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0.75
	0.27

	Grade 8
	0.51
	0.61
	0.55
	0.58
	0.88
	0.37


     p< 0.05 arrows represent the significant mean differences between different grades
Table 5: Students’ mean performance in multiple representation flexibility and problem solving constructs
To be specific, the mean performance in the conversion tasks having the diagrammatic and the symbolic representation as the initial and the target representation, respectively (F1), is taken as example. The Grade 5 students’ mean performance in the specific tasks differs significantly from the other grades students’ mean performance. The Grade 6 students’ mean performance in the conversion tasks from diagrammatic to symbolic representation does not differ significantly from the respective performance at Grade 7 and Grade 8. However, the Grade 8 students’ mean performance is significantly higher than the Grade 7 students’ mean performance in the conversion tasks from diagrammatic to symbolic representation. 
The results in Table 5 show that the students’ performance in the majority of multiple representation flexibility and problem solving tasks improves as they move from Grade 5 to Grade 6 and from Grade 7 to Grade 8. Specifically, the Grade 6 students’ mean performance is significantly higher than the respective Grade 5 students’ performance in the case of the conversion from diagrammatic to symbolic representation (F1), the recognition of similar fraction addition (F3), the conversion from symbolic to diagrammatic representation (F4) and problem solving (PS) tasks. At the same time, the Grade 8 students’ mean performance is significantly higher than the Grade 7 students’ mean performance in the case of the conversion tasks from diagrammatic to symbolic representation (F1), the recognition of similar (F3) and dissimilar (F2) fraction addition, the fraction addition treatment (F5) and problem solving (PS) tasks. 
However, not any statistically significant differences are observed from Grade 6 to Grade 7 concerning students’ mean performance in the conversion from diagrammatic to symbolic representation (F1), the recognition of dissimilar fraction addition (F2) and the conversion from symbolic to diagrammatic representation (F4) tasks. Students’ mean performance is even reduced in the recognition of similar fraction addition (F3), the fraction addition treatment (F5) and the problem solving (PS) tasks during this transition.   
According to multiple regression analysis, the five dimensions of flexibility in multiple representations explain 40.5% (F=232.083, adjusted R2 = 0.405, p=0.001) of Grade 5 to 8 students’ performance in fraction addition problem solving observed variation. The corresponding equation is: 
PS= – 0.174 + 0.258F1 + 0.223F5+ 0.149F4 + 0.134F2 + 0.104F3  

A multiple regression analysis with the five dimensions of flexibility in multiple fraction addition representations as independent variables and each kind of fraction addition problems as dependent variable was also used in order to find out the extent to which Grade 5 to 8 students’ performance in fraction addition problem solving tasks that differ as a function of the problem’s modes of representation and required cognitive processes, can be predicted using flexibility in multiple fraction addition representations.  

According to the results of the specific analysis, 28.2% of the students’ performance in the verbal problem accompanied with auxiliary diagrammatic representation observed variation is explained by students’ performance in the conversion from diagrammatic to symbolic representation, the treatment, the conversion from symbolic to diagrammatic representation and the recognition of dissimilar fraction addition tasks (F= 134.309, adjusted R2 =0.283, p=0.001). The ability to convert from diagrammatic to symbolic representation and vice versa and the ability to identify similar and dissimilar fraction addition explain 14.5% of the observed students’ performance in the verbal problem solving task variation (F=58.835, adjusted R2 = 0.145, p=0.001), while the students’ performance in the five dimensions of flexibility in multiple representations explains 18.8% of the observed students’ performance in the justification task variation (F=79.667, adjusted R2 = 0.188, p=0.001). On the other hand, the five dimensions of flexibility in multiple representations explain 27.6% of the students’ performance observed variation in the diagrammatic problem solving task (F= 130.789, adjusted R2= 0.276, p=0.001). 
The corresponding equations are the following:
PfVDa= – 0.222 + 0.383 F1 + 0.342 F5 + 0.199 F4 + 0.212 F2

PfVa= – 0.137 + 0.216 F1 + 0.150 F3 + 0.142 F4 + 0.060 F2 

JfV= – 0.06 + 0.131 F1 – 0.097 F4 – 0.090 F5 –0.074 F3 – 0.073 F2 

PfDa= – 0.276 + 0.389 F5 + 0.301 F1 + 0.191 F2 + 0.159 F3 + 0.158 F4

Thus flexibility in multiple representations accounts for the Grade 5 to 8 students’ performance in various problem solving tasks to a different extent. In the verbal tasks in which justification is required and the ratio meaning of fraction addition is involved, the proportion of variation that is explained by flexibility in multiple representations dimensions is limited. In contrast flexibility in multiple representations accounts far more for the students’ performance in the diagrammatic problem or the verbal problem accompanied with an auxiliary diagrammatic representation. Despite their varied contribution to the prediction of the performance in problem solving tasks, the dimensions of flexibility in multiple representations are found to predict students’ performance in problem solving. It is also worth mentioning that students’ performance in both conversion dimensions constitutes predictors of students’ performance in all problem solving tasks. 
CONCLUSIONS     

In the present research report, Grade 5 to 8 students’ performance in two constructs regarding the addition of fractions understanding, flexibility in multiple representations and the ability to solve problems, were investigated. According to the results flexibility in multiple representations as far as the addition of similar and dissimilar fractions is concerned constitutes a multifaceted construct in which representations, functions of representations and concepts are involved. Particularly, flexibility in multiple representations is identified in five dimensions: a) the conversion from a diagrammatic to a symbolic similar and dissimilar fraction addition representation, b) the conversion from a symbolic to a diagrammatic similar and dissimilar fraction addition representation, c) the recognition of dissimilar fraction addition diagrammatic representations, d) the recognition of similar fraction addition diagrammatic representations and e) the symbolic treatment of similar and dissimilar fraction additions. The findings suggest that the students’ performance in each of the dimensions of flexibility in multiple representations and problem solving ability improves within the same educational level. However, it remains the same or it is even reduced during the transition from elementary to secondary education. 

A possible explanation for the lack of improvement observed are the differences regarding the representations and their functions in mathematics textbooks used in elementary and secondary education in Cyprus (Deliyianni et al., 2007). Furthermore, the students in elementary education may not have consolidated various modes of fraction addition representations manipulation and their connections in a way that promotes understanding of this concept. As a result, the students forget most of representational knowledge they have learnt by the time they meet the same concept again in secondary education. Thus, it seems that the teaching of the fraction addition concept in secondary education does not help the students to improve their performance concerning multiple representation flexibility and problem solving ability at Grade 8. Instead, it brings them to the same point they were at Grade 6. These results confirm that learning to understand and be competent in the handling of multiple representations can be a long-winded, context dependent, nonlinear and even tortuous process for students (e.g. Schoenfeld, Smith, & Arcavi, 1993). 
Besides, flexibility in multiple representations of fraction addition is found to predict Grade 5 to 8 students’ performance in problem solving tasks which were used for the purposes of the present research report. Particularly, the dimensions regarding conversion from a diagrammatic to a symbolic representation and vice versa constitute predictors of all problem solving tasks. Thus, the findings reveal the importance of conversions in mathematical learning and problem solving, as Lesh et al. (1987) and Hitt (1998) stressed. Duval (2006) also pointed out that changing modes of representation is the threshold of mathematical comprehension for learners at each stage of the curriculum. 
However, flexibility in multiple representations predicts students’ performance in problem solving tasks to a different extent as a function of the problem’s mode of representation and required cognitive processes. Particularly, flexibility in multiple representations is found to account to a smaller extent for students’ performance in the justification and the verbal problem solving task in which knowledge of the rate meaning of fraction is required. In contrast, the extent to which students’ performance in the diagrammatic and the verbal problem accompanied by auxiliary diagrammatic representation can be predicted using flexibility in multiple representation tasks is higher. These results confirm that there are many factors involved in problem solving (e.g. Gagatsis & Shiakalli, 2004), as task, subject and environment variables. Flexibility in multiple representations is one of these factors. However, the modes of representation refer only to the context characteristics of the problem. Other task variables like structure (e.g. Elia, Gagatsis, & Demetriou, in press), content and syntax are involved, as well.
It seems that there is a need for further investigation into the subject with the inclusion of a more extended qualitative and quantitative analysis. In the future, it is interesting to compare the strategies and modes of representations Grade 5 to 8 students used in order to solve the problems. Besides, longitudinal performance investigation in multiple representation flexibility tasks for specific groups of students (e.g. low achievers) as they move from elementary to secondary education should be carried out.   
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