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This paper constitutes part of wider study on the teaching and the learning of school algebra. In our study we used an approach to beginning algebra based on function representations in order to teach basic mathematical concepts, such as equation and inequality. In this paper we are interested with the inequality concept. Our aim in this work is to investigate if and how a functional approach can facilitate students’ comprehension of inequalities and solution of problems related to the inequality concept.¶ In order to examine these questions we analyze students’ answers given during their problem solving processes at individual interviews. Results are encouraging and show that students who were taught these concepts via this approach can use function representations as problem solving strategies and they appear to prefer mainly the graphs (and the values tables) and secondly the symbolic representations in problem solving. Students could use one representation in order to minimize a disadvantage of another.¶ In addition, students gave, through the problem context, meaning to symbols and developed important actions of inequality comprehension.¶ 
¶¶INTRODUCTION AND THEORETICAL FRAMEWORK
Inequalities 
Equations and inequalities play an important role in mathematics. This paper deals mainly with inequalities which is a difficult subject for students and a subject scarcely considered till now by researchers in mathematics education (Boero and Bazzini, 2004). While there is enough research on equations, the same does not happen with inequalities (Sokolowski, 2000).¶ In most countries (Greece included), inequalities are taught in secondary school as a subordinate subject (in relationship with equations), dealt with in a purely algorithmic manner. This approach implies a ‘trivialisation’ of the subject, resulting in a sequence of routine procedures, which are not easy for students to understand, interpret and control. As a consequence of this approach, students are unable to manage inequalities which do not fit the learned schemas (Boero & Bazzini, 2004; Tsamir, Almog & Tirosh, 1998). According to Sackur (2004, p 151) an important and indeed crucial question is the apparent similarity among finding the solutions of equations and of inequalities. Emphasis is given to formal algebraic methods and generally graphic heuristics are not exploited; and algebraic transformations are performed without care for the constraints derived from the fact that the inequality sign (>) does not behave like the equality sign (=) (Tsamir & Almog, 1999; Sackur, 2004). The NCTM Standards recommends that all students should learn to represent situations that involve (equations and) inequalities, and that they should understand the meaning of equivalent forms of expressions, equations and inequalities and solve them fluently (NCTM, 2000). To put into practice these recommendations it is crucial to analyze students’ ways of understanding of the concepts of equations and inequalities after a concrete didactical approach. 
Representations  

As many teachers and researchers point out, the presentation of algebra almost exclusively as the study of expressions and equations can pose serious obstacles in the process of effective and meaningful learning (Kieran, 1992). As a result, mathematics educators recommend that students use various representations from the very beginning of learning algebra (NCTM 2000). The use of verbal, numerical, graphical and algebraic representations has the potential of making the process of learning algebra meaningful and effective (Friedlander & Tabach, 2001, p 173). Although each representation has its disadvantages, their combined use can cancel them out and prove them to be an effective tool (Kaput, 1992). Ainsworth, Bibby and Wood (1998) mention two ways that multiple representations can promote learning; (a) it is highly probable that different representations express different aspects more clearly and that, hence, the information gained from combining representations will be greater than that which can be gained from a single representation, (b) multiple representations constrain each other, so that the space of permissible operators becomes smaller. Similarly, Duval (2002) suggests that a representation cannot describe fully a mathematical concept and each representation has different advantages, so the use of various representations for the same concept is at the core of mathematical understanding. But, Friedlander and Tabach (2001) point out, we cannot expect the ability to work with a variety of representations to develop spontaneously, therefore, when students are learning algebra, their awareness of and ability to use various representations must be promoted actively and systematically. In addition, Kieran (2004) points out “the positive role that graphical representations can play in helping students to better conceptualize the symbolic form of inequalities, as well as the pitfalls involved in attempting to apply to the solving of inequalities some of the transformational techniques employed with equations”.

Functional approach in a problem solving context
Klein (1945), from the beginning of 20th century, had strongly supported the idea of introducing functions early in the secondary school as a basis for the development of mathematics. Klein advocated the introduction of the notion of function “not as a new abstract discipline but as an organic part of the total instruction, staring slowly … with simple and concrete examples”. Also, Thorpe (1989) supports that functions should be the epicentre of teaching algebra, and ¶Schwartz & Yerushalmy (1993) point out that the concept of function is central in mathematics¶ and it ought to be present with a variety of representations in teaching and learning of algebra from the beginning. Functions are important in the development of mathematical knowledge as well as knowledge in other subject areas in school curriculum. This notion can be taught early in the secondary school as a synthesis of many topics traditionally learned separately in elementary school. The research (Bednarz, Kieran & Lee, 1996; Stacey, Chick & Kendal, 2004) proposes various approaches in school algebra; between these, the one that uses the multiple representations and extends the meaning of algebraic thinking is the functional approach. A functional approach assumes the function to be a central concept around which school algebra can be meaningfully organized. This means that representations of relationships can be expressed in suitable modes for functions and that the letter-symbolic expressions are one of those modes. Thus, algebraic thinking can be defined as the use of a variety of representations in order to handle quantitative situations in a relational way (Kieran 1996, p.275). 
In this paper this paperth¶we research students’ understanding of inequality concept and its relation with equation concept, and more specifically we try to answer the following questions: which ways s¶¶tudents, who were introduced to algebra via a functional approach in a problem solving context, (a) realized the conceptual transition from equation to inequality? ¶(b) used multiple representations for problem solving strategies? (c) used multiple representations in order to control their solutions? ¶ 

Method

We planned a research project which concerned the teaching fundamental concepts of mathematics, as function, equation and inequality for novice students to secondary school. We can say that we made a reconceptualizing of school algebra, as we started with the notion of function and continued with a functional approach of the concepts of equation and inequality, in a problem solving context. Our instructional design is constituted by (a) planning of activities; (b) realisation in a real conditions class (23 students), grade 8, in a public school of Athens (a course of 26 lessons); and (c) its evaluation; (see Farmaki, Klaoudatos, Verikios, 2005; Verikios, Farmaki, 2006). The goals of our wider research were to examine if and in which level, students were capable to: ¶develop a conceptual comprehension of variable, function, equation and inequality; connect those concepts; mathematize a situation using function representations and use these representations for the solution of problems of linear equations and inequalities. ¶
In the Greek curriculum for the second class of 13+-year-old students in junior high school, equations precede the functions and in the students’ textbook they are found in two different chapters. The solution of equations ax+b=c and ax+b=cx+d is presented in a typical way, concentrating on symbol manipulations, while, as a final paragraph, the solution of the inequalities ax+b<c and ax+b<cx+d follows as a subordinate subject (in relationship with equations). In functions’ chapter the linear one of the form y=ax+b is the main subject. So the students are taught to solve equation only with the typical algebraic way. The inequality is solved in a similar way as happens for the equation.  

Our course replaced the course on equations and the one on functions in the curriculum. Initially, we taught intuitively the concept of function relating it with real-world phenomena and giving emphasis to graphic representations. While there was not formal teaching of definition of function, function notation (e.g. y=3x-2) and the notion of a relationship between a dependent and an independent variable was used. Algebraic letters stood primarily for variables and we restricted ourselves to use representations more as mathematical tools (and less as means of communication). Generally we viewed function from a coordinated perspective (Monoyiou and Gagatsis, 2007), that combines the algebraic and the graphical approach. The teaching was almost all set in the context of real world problems which were familiar to the students (Freudenthal, 1991), because   young children understand the notion of a contingency relationship between two quantitative variables when they see this relationship demonstrated in a concrete, physical context (Piaget, Grize, Szeminska, & Bang, 1968). Moreover students who were working with context problems are helped to ‘relate things and to produce answers which make sense’ (Bardini, Pierce & Stacey, 2004). The functional orientation enabled us to connect various problem situations to graphs, tables and letter-symbolic representations as well as to connect these representations to the notions of equation and inequality. In contrary to traditional course that focuses on algebraic solutions of equations and inequalities, our algebra courses focused on ‘ways to solve a problem’ rather than ‘the way to solve a problem’ so as to equip students with multiple solution strategies.The ¶ 
An approach to algebra emphasising on multiple representations of function in a problem solving context is radically different from the traditional methods in which symbolic algebra is emphasized and the concepts are studied separately from one another. Thus, a major challenge associated with reforming school algebra and this study is, among others, to help teachers to implement reformed algebra in their classrooms.

In order to evaluate our research project we selected data in three different ways: from class observations, from students’ works and tests and mainly from interviews. Concretely, eight students were interviewed individually (four interviews for each student) during their problem solving processes of four different problems covering essentially all the subjects taught in the course. The interviews were audiotaped and the protocols were analyzed to document student conceptions. 

Students’ tasks
¶The tasks that the interviewer (2nd author) gave to the students during the interviews were the following: 

Taxi problem: When we use a taxi we pay a standard charge 0.80€ and 0.30€ per kilometer. Questions: 1. If we pay y€ for a route of x kilometers, express y as a function of x. Describe how you can construct the graph of this function. 2. Two friends, George and Tom, are in the center of Athens, in Omonia square. George takes a taxi for his house. He pays for this route 3.5€.  How many kilometers is his house from Omonia square? 3. Tom takes also a taxi for his house. For this route, he gives the taxi driver 5€ and takes change. How many kilometres can be his house from Omonia square?
Parking problem: Mr. Georgiou goes by car every work day to the centre of Athens, where his office is located. Nearby there are two car parks. The first demands 4 euros to enter and 2 euros per hour. The second demands only 3 euros per hour. Mr. Georgiou does not have a regular timetable. So, his choice about where he parks his car depends on how many hours he will stay at his office. Questions: 1. Express the amount of money as a function of time for both car parks. Describe how you can construct the graphs of these functions. 2. For how many hours can he park his car and pay the same amount of money at each car park? 3. Which parking is more economic for Mr. Georgiou in order to park his car?

We are interested for the answer to the last question of each problem. ¶The students, working on the previous questions of the problems, already had constructed the model of each situation writing the types of relating functions (y=0.3x+0.8 for taxi and y=2x+4 and y=3x for parking) or making their graphs. Also, they had answered question 2, using a values table or a graph or solving an equation (0.3x+0.8=3.5 for the taxi and 2x+4=3x for the parking). 
Both problems are formulated in such way in order to facilitate students to use a functional approach. ¶ The problems are different with regard to their structure. In the taxi, we have mainly a graph because it appears rather difficult for students to represent the constant function (y=5) and to compare the two graphs. While in the parking, we have two graphs, so ¶students can compare them. 
It should be noted that in the class less time was devoted for the inequality than for the equation and the students had not completely constructed a cognitive scheme for this concept. So, w¶e can suppose that during the interview the students were trying to develop and evolve an adequate cognitive scheme through problem solving for the inequality concept.
DATA  ANALYSIS 

Taxi problem 

Via the taxi problem we can investigate the way that students approach the inequality of the form ax+b<c using multiple representations. All¶¶A the interviewed students realized the difference between the question 2, which is referred to equation, and 3. The situation context and more concretely the word change is crucial and constitutes a bridge from equation to inequality, as it appears from the students’ answers. Precisely, we received the following answers: ¶¶Olivia: ¶we will proceed as before… 5=x.0.3+0.8 based on formula y=x.0.3+0.8 with y=5€… ok, he did not pay precisely 5€, almost 5€. ¶Helen:¶ he takes changes … 5-y … they are a lot of solutions.  ¶¶Sia: it doesn’t look to me¶ like an equation, but more like an inequality, isn’t it? ¶¶Sotiris: ¶we know that he gave 5€… we don’t know the final cost, it is hard, it is not as before, because it does not give us, e.g. 3.5€ … the cost precisely.¶ ¶The situation context helped students to realize the first step of the transition from equation to inequality. 
Only Andrea, a performer above average, answered from the beginning to question 3 with an algebraic way. She constructed the inequality y<5 and then the equivalent inequality x·0.30+0.80<5, solving it without difficulty. Then, she was encouraged by the interviewer to provide an answer using the graph representation. There, she faced an obstacle concerning how to interpret the inequality y<5, as it appears in the following extract from her interview: Andrea: if we go up to some value less than 5 … and continue in straight line with all the values until… [She brings a ‘mental’ line parallel to x-axis, beginning a little before 5, with her pencil] … 12 appear [in x-axis]. Interviewer: can ¶we also get to 12.5? ¶ Andrea:¶ yes, if we continue … how to find it with precision? ¶ Interviewer: ¶up to what can we continue? ¶ Andrea: ¶up to 4.5 [she shows in the y-axis].  Interviewer: can we  ¶up to 4.9? ¶ Andrea: ¶yes, and up to 4.9. Interviewer:¶ can we go to 5? ¶Andrea:¶ … no, because he took some change.¶ Then, based on her ‘algebraic’ answer, she observed that the value x=14 results for the value y=5, and ¶ she drew the suitable lines (figure 1), determining 14 on the x-axis and saying: ‘¶ to 5 and … hence from 14 … under 14’. When the researcher asked from her to show on the x-axis the solutions, she pointed out the numbers from 1 up to a little before 14 on the x-axis (figure 1). So, with this defect she means that 14 is not included in the solutions. It will now be observed that she¶sheS  is gradually succeeding in building and developing a cognitive scheme for inequality; and that intuitively she approaches the concept of limit, t ¶rying to interpret the genuine inequality 0<x<14, via the graphic representation. 
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	     figure 1 (from Andrea’s work)
	figure 2 (from Helen’s work)


On the other hand Helen, an average performer, answered the question using the graph without difficulty. She overcame an initial difficulty in order to understand the meaning of the word change ¶ and she begun to conceive a main difference between inequality and equation; that there are, more than one, solutions for the inequality: Helen: … ¶if we gave 5€ we would go 14 kilometres (she did it using the graphic representation, as figure 2) … ¶ he gave us exchange … if we gave him 4.5€ we would do 13.5 kilometres… ¶  there are many solutions.¶¶ Contrary to Andrea, the fact that the cost of the route was not precisely 5€, did not prevent Helen to bring, from 5 on y-axis, the suitable line in order to determine the corresponding value of x. Also, with her phrase there are many solutions show that she comprehends a basic conceptual difference between ¶equation and inequality, and she starts to build a bridge between these two concepts, as it appears in the following extract:¶¶ Helen: we can pay various cost of money… with bigger the 5€ that corresponds to 14 kilometres…we can pay and half € and 2€… we can do also 13 and 12 and 10 and 11 kilometres… 14 cannot, that is to say the kilometres are less than 14. 

When Helen was encouraged by the interviewer to answer with an alternative way, she developed a very interesting approach to inequality, based on the notion of equation, namely via a collection of equations, whose solutions as a totality is equivalent to the inequality solution. Specifically she reported: ¶Helen: …we find it with examples… or with the formula [she shows y=0.3x+0.8]… 5€ gives 14 kilometres [it had been found graphically]… 0.3x+0.8… 14 kilometres … we can do the same also with 4€ and 3€ and … equation…¶ there are many solutions. She comprehends that the taxi fare is a number less than 5 and in order to find each route corresponding to such a fare she should solve the corresponding equation. ¶Thus in order to find the routes for 4€ or 3€, she has to solve the equations x.¶0.30+0.80=4 and x.¶0.30+0.80=3, respectively, and in general for each fare less than 5, in order to find the route, the same procedure has be used. According to Helen’s thought all the¶ solutions of these equations are possible answers to the question and hence possible answers to the inequality x.¶0.30+0.80<5. So the inequality represents the collection of all these equations. ¶This idea, closely related to her initial conclusion that ‘there are many solutions’, is an important action of understanding inequality, which locates a basic difference between inequality and equation, and so creates a ‘bridge’ between the two concepts, extending the equation concept. Helen’s idea is an interesting intuition approach of the inequality concept identifying it with a system of equations, speaking mathematically: {xєR/0.3x+0.8<5}={xєR/0.3x+0.8=a,  a<5}.

The values table mode substantially constitutes a numerical, informal method, with trials for various values of x until y=5 come out, as developed for example from Helen, as it appeared in the next extract: ‘5 minus y, I want to see how many possibilities are there for the change he has taken … there are a lot of solutions … I will find them¶  with a values table … I will consider examples’. ¶ ¶Then she completed the values table with various values, until 6 € appeared and concluded: ‘as it appears here, when he pays 5 euros he does 14 kilometres… well, we knew it before… however he takes back some change¶ that is to say he pays less than 5… ¶then he will do less than 14 kilometres … as we see for example for 4.7 euros we do 13 km, ¶more than 5 euros more than 14 kilometres’. We believe that the values table strategy constitutes a fine and understandable first approach to the inequality, before its formal teaching. 

¶DDi ¶
¶Let us see the obstacles that students faced in order to give an algebraic solution to the problem. ¶Two students (Sia and Sotiris under average performers) had difficulties to construct the inequality. For example, Sia, reported: ¶‘y equals … ok y is equal less … can I say y equals less than 5 and to continue… ¶because euros are less than 5… y<5’. Sia could not make the transition from the inequality y<5 to the equivalent inequality 0.80+0.30x<5 and thereby solve the problem. Similarly, Sotiris had many difficulties in constructing the inequality. He realized that the cost paid is less than 5 euros and wrote 5>y, but he could not proceed further. He reported the word inequality, understanding intuitively that the situation was not an equality relation, he presented an obvious disability to mathematize the situation formulating the equivalent inequality 5>0.3x+0.8. These students’ symbolizations are interesting, however the transition to inequality 5>0.3x+0.8 was a problem. It is possible that the formula y=0.80+0.30x constituted an obstacle for them, because they could not identify the representation of the cost y with the expression 0.80+0.30x. Only with the interventions of researcher, these students ‘achieved’ to construct the inequality. The difficulty of the inequality construction was clearly formulated by Sia: ‘the equation and the inequality ok, I can solve them ... I can not easily construct them’. On the other hand, ¶Olivia, an average performer, was helped from the context and finally made the transition from the equation to inequality: ‘¶we will do that as before … 5=x.0.3+0.8 based on the formula y=x.0.3+0.8 with y=5€ … ok, he did not pay precisely 5€, almost 5€’, but the critical push is given by the researcher: ¶Interviewer: more ¶ or less? Olivia: less… that is to say we should not use equality… it should be 5>x. ¶0.3+0.80. ¶ 

In this point we should identify the obstacles that students faced in order to solve the inequality. The students solved algebraically the inequality using the same procedures as in the algebraic solution of the equation. Olivia and Sotiris reported it clearly from the beginning: ‘the solution of the inequality will be as in the equation’. This powerful identification, in solving equation and inequality, gives the impression to the students that the only difference is on the sign. That misunderstanding led students to faults (e.g. Sotiris divided with a positive number and changed the inequality symbol and on the contrary Helen divided with a negative number without change the inequality symbol) because algebraic transformations are performed without taking into consideration the constraints deriving from the fact that the > sign does not behave like the = sign (Tsamir et al., 1998). Olivia writes as answer x=14 instead of the correct 14>x. Also, she writes x<14 considering that it means 14<x. She handles the symbol < as = with the same way (because x=14 and 14=x are "same", something proportional will also happen with the inequalities). Another difficulty with the symbols was the reading of the inequality x<14 as¶: ‘x equal less than 14’. One possible interpretation is that these students are still thinking in terms of equation and make a corresponding mental transfer to inequality considering that the solution is 14. 

Parking problem 
Via the parking problem we can investigate the way that students approach the inequality of the form ax+b<cx using multiple representations. From the beginning, all the students used the graphs in order to answer the question. Firstly, t¶hey interpreted the functions graphs intuitively (both are economic, proportionally with the hours). Step by step they concluded correctly which parking is better proportionally with the hours. Their explanations are based (a) on the spatial place of two lines (this one is over the other), or (b) finding the corresponding costs for concrete number of hours; taking values on x-axe less and great 4 (4 is the x-coordinate of the common point of lines) and then comparing the values of functions bringing vertical lines to axes x until they meet the graphs (figure 2). Students intuitively ¶conceive the rate of change of functions observing the lines (it goes up faster from this or it begins from tally but as hours go up they are not a lot of money) and interpreting them based on the situation context. ¶Generally all the students could use the graphic representations as an important strategy of solving problems that include the inequality ax+b<cx. 
Three students used the values tables of function to answer the question. They comprehend that the initial tables had few pairs of values and they should be supplemented (a) with as much as possible pairs and (b) to give same values to independent variable in two tables. ¶From the previous question (equation) they have found the common pair (answer to equation 2x+4=3x) and now ¶they supplemented the tables with other pairs until they could conclude when each parking is cheaper (we see that for 4 hours we pay the same… less than 4 the 2nd parking is more economic, for more than 4 is the 1st).¶  
Students tried to answer the question algebraically, only after interviewer prompt (can you answer the question in another way … using symbols for example?). Then they attempted to use the functions formulas in order to construct a model of the situation, in this case to write an inequality. The variable y in the two formulas appeared to create an obstacle for some students (I can’t do something as before [mean equation] … I have two unknowns). The interventions of researcher and the problem context facilitated them to realize the situation (for the first parking … to be more interest this amount should be smaller than it) and to write the inequality 2x+4<3x. In the solution of this inequality the students faced analogous problems and obstacles as they referred in the taxi problem. 

SOME CONCLUDING REMARKS  

The situation context and the use of multiple representations of functions helped students to approach the problems and solve them with different ways.¶ The transition, from one to another way of resolution, supported the students to improve their thought developing control processes. In addition, situation context have been proved decisive for meaning construction with regard to inequality concept and the corresponding symbolisms. ¶A characteristic example is the inequality approach as a collection of infinity equations, something that recommends an important energy of comprehension. The functional approach gave them a tool to distinguish the two concepts in c¶ontrary to the traditional way that creates misunderstanding that equation and inequality are ‘same’, only the symbol changes. ¶ 

The graphic representations as models of problems give a more clear view of the situations which has as a result the students to have a deeper comprehension of problem solving processes. Representations acted complementary. One representation could cancel the disadvantages of another (Kaput, 1992). This was decisive for controlling the problem solving processes; for example when the algebraic solution did not agree with the graphic solution student should seek out the ‘error’. 

¶Also, the tables constitute a numerical, not formal, but however understandable approach to problem solving. And we agree with Meyer (2001), who considers that it is preferable for student to use a less formal strategy with comprehension rather than a most formal without comprehension. ¶¶
Symbolic representations and their handlings (algebraic inequalities) create a lot of obstacles in novice understanding. We consider that this approach must be the final level of approaching the concept in contrary to what happens in the traditional way of teaching the inequality¶. ¶An obstacle with regard to the inequality comprehension is the uniqueness of solutions. ¶For example linear equation 0.8+0.3x=3.5 has the number 9 as solution, while in inequality 0.8+0.3x<5 (in problem context) has the open interval (0, 14), a concept very difficult even for older students. 

Generally, we observed that this approach to beginning algebra, based on function and their multiple representations in a problem solving context, facilitated students: to develop a deeper understanding on basic concepts as variable, function, equation and inequality; to connect these concepts and to use function representations as strategies for solving problems of linear equations and inequalities. We consider that further research is required related to these matters. ¶ 
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