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This paper is not about the visual versus the algebraic or motor skills. It certainly attempts to contribute to the discussion that surrounds the idea of visual literacy and visualization. Two teaching interventions are described that might indicate how visual literacy can contribute to teaching in a classroom.

introduction
Teaching, in general, is conducted in a verbal and often, in an abstract way. As a result, learning depends on abstract verbal cues.  Mathematics, being the king amongst abstract languages, conjures up nightmares in the minds of those that are mathematically challenged. The previous debates surrounding the abstract versus visual intrigued us but the evidence provided in real life points to the fact that learning is aided by visual or pictorial images (Naidoo, 2007; Singh, 2007, Steen, 1990; Shear, 1985, Hadamard, 1973; Ball & Ball, 2007; Waisel et al, 1997; Kadunz & Sträßer, 2004).

It is common knowledge that a large amount of our communication in daily life is dependent on visual imagery. From birth, children identify with objects based on the meanings they attach to what they see. They know who mum and dad is, and any other male or female would not be accepted with similar enthusiasm. Bells make beautiful sounds and should be vigorously shaken in order to produce music, hence the rattles that babies play with. Teenagers know that a ‘tick’ on an item of clothing is highly sought after and makes a huge fashion statement. Adults identify road signs and make appropriate adjustments in their driving as they commute from point A to point B. A sudden appearance of a ‘road works ahead’ sign (depicted by a man with a shovel), necessitates a particular driving strategy. Often, a visual survey of the environment immediately following such a sign will indicate some form of labour taking place on the road. A similar sign, placed incorrectly on a road will evoke a similar change in behaviour from a driver of a motor vehicle.

These visual images create in the mind of the viewer a particular reaction, not necessarily similar to the reaction created by the utterance of a word verbally. Viewed pictures, often create clearer images in our minds because of the symbols attached to what we see, accompanied by other sensory perceptions. As Kawamoto (undated) stated, “photographs (which are obviously visual) can have an impact that words alone do not”. Drawing mind-maps, tables and diagrams aids in connecting facts that might not necessarily be understood through verbal means. Words and sentences are essential in recording of the information acquired through visual means and this is reaffirmed by Kawamoto (undated) when he said that “good writing can evoke strong emotions as well, but certain photos have an impact that is immediate and startling”.

But, using visual imagery that is commonly known to all is a simplistic way of explaining the efficacy of visual methods in teaching and learning. Many international airports, for example, have pictures that indicate male and female toilets. This does not require much thought in ascertaining the appropriate one to use. Visual literacy is much more than simply making a visual connection with some past experience. Aristotle (as cited in Zaskis, Dubinsky, and Dautermann, 1996) once said that “no soul thinks without a mental image”. The emphasis should actually be placed on the word thinks. Clearly, this is quite different from the word act. Seeing a particular road sign evokes a mechanical reaction. Not much thinking is required. 

Suzanne Stokes, in her journal article, writes that
“research reported in educational literature suggests that using visuals in teaching results in a greater degree of learning. The basic premise of this body of research is the concept of visual literacy, defined as the ability to interpret images as well as to generate images for communicating ideas and concepts”. (Stokes, 2002)
For example, we know that all mammals and reptiles are animals; all men and bears are mammals, but no bear can be considered a man. Similarly, all snakes are reptiles but not all reptiles are snakes. Depicted pictorially in the form of a Venn diagram (Fig 1) the above example can be easily seen to be the case.
[image: image7.emf]V

4

V

3

V

1

V

2


Fig 1

The concept of slope is important in mathematics; it is most often used in algebra but is further developed in geometry, and calculus. Although the concept of slope is used in many applied situations, it is too often introduced in schools in abstract and procedural ways that are disconnected from real-world situations. Use of digital imagery can help student’s bridge the gap between the abstract definition of slope and its concrete applications. The construction of rooftops provides a context for teaching and exploring slope (Sharp, Garofalo, and Thompson, internet download October 2007)). 

It is perhaps necessary to draw a distinction between that which is visualized and visual literacy. Visualized would refer to that which can be seen physically or mentally, like the mental picture that comes to mind at the mention of the word parabola. Visual literacy would refer to many pictures of parabolas, each one conjuring images that show parabolas having minima and maxima, the different shapes of the parabola, the effect of changing the values of c and the coefficients of x2 and x. An entire series of possibilities flashes through the mind. Of course, this depends on the extent to which one has completed the section on parabolas. The distinction may be subtle and may invoke some debate but Zaskis, Dubinsky, and Dautermann (1996) critically reflect on this dichotomy in their paper. However, I take the stance that visual literacy is visualization combined with logical thought. Zaskis et al (1996) in a sense allude to this distinction when they describe their Visualization/Analysis model (Fig 2). They describe a process which begins with the visualization of a picture or diagram, just some external stimulus that results in the mind seeing a picture. The next step they describe is that of analysis which involves a series of mental processes (similar to Piaget’s reflective abstraction). The moment the learner moves from step 1 to step 2 they begin the process of visual literacy. Figure 1 is the Visualizer / Analyzer model as proposed by Zaskis et al (1996). The spiral nature of the model implies that the solution to a problem should begin with visualization and then followed by an analysis process.
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Fig 2: The Visualization / Analysis model

The model as conjectured by Zaskis et al (1996), intimates that after A1, the learner makes new meaning of V1. Hence in re-assessing the picture or diagram, new information is added and therefore the learner makes greater sense of what s/he sees. This picture / diagram then can be called V2, and so the process continues. The conic shape implies that one cannot continue forever to derive new meaning out of similar pictures and diagrams.  

Consider the following function:  f(x)  =  sin x in the domain [0o;360o]. An immediate consequence of seeing this function would be to simply visualize the shape of the graph. This would represent the V1 in Fig 1. With a little thought, one may might be able to mentally picture a function that begins at the coordinate (0o;0), passing through the coordinates (90o;1), (180o;0), (270o;-1) and (360o;0). This would then represent A1 in Fig 1.  Now attempt to mentally visualize the function g(x) = 2 sin (x + 45o) + 1. This requires mental manipulations that are not straight forward and cannot be construed to be a simple visualization of the function. The ability to see the transformation from f(x) to g(x) is an exercise in visual literacy. It is possible that the visualization schema might follow the following pattern: 

 f(x) = sin x  (  g(x) = 2 sin x  (  h(x) = 2 sin (x + 45o) (  p(x) = 2 sin (x + 45o) + 1
This is perhaps what Presmeg (1992) means when she talks about logical rationality which is intertwined with visualization. This notion conveys the idea that if visual literacy is successfully taught then there is a natural tendency for the mind to engage in logical and rational thought at the sight of a picture or diagram. Visual literacy would refer to the internal processes that the mind engages in after viewing an external picture or diagram or a mental image. It is concerned with a product of some visual stimulus. 

TWO EXPERIMENTAL TASKS

Task 1

In an intervention with grade 9 students in a school in South Africa, the following question was asked:
Sarah, a shipwreck survivor manages to swim to a desert island. As it happens, the island closely approximates the shape of an equilateral triangle. She soon discovers that the surfing is outstanding on all three of the island’s coasts and crafts a surfboard from a fallen tree and surfs everyday. Where should Sarah build her house so that the total sum of the distances from the house to all three beaches is a minimum. (She visits them with equal frequency.)
The question “Where do you think that Sarah should build her house?” elicited a common response among most learners, namely that Sarah should build her house at the centre. The learners were asked why they felt that the house should be built at the centre. Kumarasen, for example, responded by saying that:  “…if you build anything in the centre then there is always a short distance around it”. Manivasan, whose reason was “ …because everything will be equal”.  Rowan believed that it should be at the centre because “it will be close … it will be the same distance to all the beaches” and therefore the sum will be a minimum. Karishma felt that the sum would be a minimum if the point P was at the centre because “it will be closer to all three beaches”. Without a diagram or a picture to guide them the learners attempted to picture in their minds a possible island and a probable solution. 
The next task required the learners to investigate the problem with a ready-made sketch on Sketchpad where, the distances to the sides and their sum, was already provided. Learners were then asked to move the point around in the triangle and to observe whether any changes were taking place. Providing an already constructed diagram was prudent because it saved much time. The learners could have themselves constructed the equilateral triangle. Fig 3 below represents what learners saw. 
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Fig 3
On seeing the picture the learners were further convinced that the house should actually be built at the centre of the triangle. They were then prompted to move the point D around and observe the measures on the left. After the learners had moved the point around, they had to make a conjecture regarding their observations. All the learners found that when moving the point around, the distances to the three sides of the triangle changed, but their sum did not. All of them seemed quite surprised at the result. Kumarasen  stated that “at first you think it should be at the centre and the sum will                      be small. But now it can be anywhere”. This could probably be attributed to the result so clearly contradicting their initial expectation. It was also noticed that the majority of them began to smile after they came up with their conjecture, which indicated that the discovery was not an unpleasant, but a pleasant surprise. 

The dynamic nature of Sketchpad allowed the learners to “see” and analyze several different diagrams and its resultant sum in a matter of a few minutes. Although, similar results could have been obtained using pencil and paper constructions, Sketchpad simply facilitated this process far quicker than would have been expected. But the idea that it conveys is that without seeing the diagrams and analyzing the results, as it appeared on the screen may not have achieved a high level of conviction in the minds of the learners.

Task 2

In a second investigation (which was intended to teach learners about cyclic quadrilaterals), Grade 10 learners were asked the following question

In a developing country like South Africa, there are many remote villages where people do not have access to safe, clean water and are dependent on nearby streams or rivers for their water supply. With the recent outbreak of cholera in these areas, untreated water from these streams and rivers has become dangerous for human consumption. Suppose you were asked to determine the site for a water reservoir and purification plant so that it would be the same distance away from four remote villages. Where would you recommend the building of this plant?

The intention of the task was to teach learners about cyclic quadrilaterals (which they would normally encounter in their Grade 11 syllabus). Hence all diagrams had to be provided; otherwise the learners would have had to have known the properties of the cyclic quadrilateral and this would have contradicted the purpose of the investigation.

The diagram they saw on the screen with the easy to use buttons is shown in Figure 4.
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Fig 4
The initial question attempted to determine whether the learners had any ideas about the solution. The researcher was aware that the learners had insufficient information to construct a reasonable solution. So when they were asked to predict a site for the reservoir, all learners “guessed” a solution somewhere in the “middle” of the quadrilateral (similar to task 1), but none could find a precise solution. More importantly, few of them even thought of or tried to test their solution. The inaccuracy of their visual perception created surprise when the learners later discovered that their conjectures were not correct. It is not strange that in both instances the learners felt that the object should be constructed in the ‘middle’ or ‘centre’. It is highly probable that learners think in terms of a circle and perhaps one should be asking why only the centre implies equidistant to all points. Is it perhaps that learners are only exposed only to symmetrical geometric shapes in classrooms?  
They were then asked to move F so that they could find the point at which the distances to the vertices were the same. This proved to be a tricky task. It was evident that the learners had no idea as to how they could proceed further with finding an accurate solution to the problem. It was fine that they knew that the point could be dragged around to find an approximate solution, but determining points in this way is time consuming as well, and if one looks at finding solutions correct to a few decimal places then finding accurate solutions is essential.

Instead of considering four villages, the learners were asked to work with two. The simplified version of the problem was easy to solve for the learners. They could easily visualize the solution – which they knew to be the midpoint of the segment between the two villages. But by using the idea that the midpoint may not be suitable as a real-life solution, the learners were asked if they could determine another point which was also equidistant from the two villages. The purpose was to investigate whether learners could find other points and realize that there were infinitely many and the points all lay in a line, that is, the perpendicular bisector. It should be pointed out to the reader that traditionally in South Africa, the perpendicular bisector is usually introduced in Grade 8 or 9 (or sometimes earlier), but only as a construction. In other words simply as a line that passes perpendicularly through the midpoint of a line segment, but its equidistance properties are traditionally never investigated (and perhaps only alluded to in passing).

The learners were quite clear about the fact that if one point was not suitable then another could be used - another point that satisfied the condition of being equidistant from two points. The researcher was initially unsure whether the learners would be able to make the deduction that all points that are equidistant from two points will lie on the perpendicular bisector. But the learners made this connection to the perpendicular bisector quite easily. Notice the analysis that had taken place. They considered the midpoint to be the solution and then discovered that there were in fact many solutions. The constant iteration between visualization and analysis lead them to eventually conclude that the any point on a perpendicular bisector would be equidistant to the two end points of the segment.

[image: image4.emf]JE = 4.1 cm

IE = 4.1 cm

JD = 3.4 cm

ID = 3.4 cm

JQ = 3.2 cm

IQ = 3.2 cm

Q

J

I

Hide midpoint

D

E


Fig 5
At this point the researcher was interested to see whether the learners would now immediately use the newly acquired concepts of equidistance and perpendicular bisector they arrived at for the problem with the four villages. All learners confidently stated that we should use the perpendicular bisectors of each side of the quadrilateral. The learners showed no particular emotion when they discovered that the four perpendicular bisectors met at a common point. It was as if they had expected it to happen and it was taken for granted that these lines would meet. None of them stated that this result really surprised them; in fact, most of them conveyed the idea that this was expected. This is perhaps also indicative of the social context within which learners construct meaning for problems given to them. Learners intuitively sense that the problem would not have been asked if there was no precise solution already “pre-existing”, and this kind of (unrealistic) anticipation is likely to become a determinant force in their behaviour, unless they are given sufficient experiences to counter it. 

Next the researcher informally introduced the learners to the circumcircle, but no formal definitions of circumcentre and circumcircle were given. A circle was constructed from the point of concurrency (the circumcentre) as center with the circumference passing through one of the vertices of the cyclic quadrilateral. The learners showed surprise in their facial expressions and the way in which they responded when they saw that the circle now passed through all the vertices of the quadrilateral. The diagram below (Fig 6) is an example of what the learners saw on the computer screen as they worked through with the circumcircle. 
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Fig 6
The intention of the next aspect was mainly to see if learners would realize that the perpendicular bisectors of a quadrilateral were not necessarily always concurrent, that is, that for a quadrilateral it was not always possible to find an equidistant point. The dynamic facility of Sketchpad not only facilitated this finding quite easily, but assisted some learners to realize that an equidistant point would only exist when the circle passed through the four vertices (that is, the quadrilateral is cyclic). 

With Sketchpad it was easy to change the size and shape of the given quadrilateral, so that the learners could observe whether the perpendicular bisectors were concurrent and whether the circumference of the circle still passed through the vertices of the quadrilateral. 

The learners were next presented the same problem, but now within the context of a triangle. The questions that they were asked were not different from the previous ones and the responses they made were, as expected, in accordance with what they saw in the previous case. The learners confidently responded that they would again use perpendicular bisectors to locate the required point. In fact, the level of their conviction was very high and this could be determined from the way they responded and the language they used. They were convinced that the perpendicular bisectors would be concurrent if the vertices were concyclic. This was just an extrapolation of the previous result. This was Schofield’s response.

	SCHOFIELD
	It must be the same for the four-sided figures.

	RESEARCHER
	What do you mean?

	SCHOFIELD
	For the quadrilateral it only worked for some…when the circle touched the four corners…it might be the same for the triangle.


Faeeza had made similar responses. But Faeeza’s response was quite interesting. She initially stated that by constructing the perpendicular bisectors we could find the most suitable position. But she immediately changed her mind to include something that she had just learned for quadrilaterals – a qualification she felt was necessary. She felt that the perpendicular bisectors would only meet if a circle passed through the vertices of the triangle. One can imagine the pictures that were being processed in their minds.

Of course, when they constructed the perpendicular bisectors they could see that the perpendicular bisectors were concurrent and the vertices were concyclic for all triangles that they created by dragging a vertex. Although this may not represent every possible triangle but it was a sufficiently large number to convince them. They initially doubted their observations, perhaps because it contradicted something they just learned. Schofield was initially very sure. His conviction arose from his experience with the quadrilateral. He was surprised to see that the lines were always concurrent for a triangle, but was still eager to try it for more triangles – “ No…I think move it a bit more”. He was still unconvinced that the result was true for all triangles. After working through more examples, his response to the question “are you satisfied that the perpendicular bisectors are always concurrent?”, he replied “Yes…but I never would have guessed that!”. This process also took only a few minutes but he was very convinced because he saw the changes on the computer screen (“No doubt…I saw it myself!”). The implication of this may be that he would not have accepted the truth of the result had he been just told, but the fact that he could dynamically see the result convinced him that the result was true. 
THE NEED FOR PROOF
The researcher found that the majority of pupils expressed a desire for an explanation in the first task. In fact 94 % of the pupils said that they would want an explanation and only one pupil took a while before saying that she would also like an explanation. 

It seemed clear that despite being convinced, they also wanted to understand why the result is true. It seemed that wanted something more than just being able to observe and accept the validity of the statement. The researcher acknowledges that by asking the question “Do you want to know why this is true?” the pupil may have been led to answering in the affirmative. However their body language and response seemed to indicate that they truly wanted to know why. Although all the learners were absolutely sure (100%) of the statement, they nevertheless seemed to express a need for further understanding. These are some of the learner responses to the question: Why do you want an explanation for this ?

Rodney      : To satisfy my curiosity.

Manivasan : So I can understand  it. (emphasis by child)     

Karishma   : Because I’m curious and I’d like to know what’s going on. 

Debashnee : Because I’m a curious person and I would like to find a solution for 

                    things.  I would like to do the same for this.

Again it would seem that there was a deeper urge to find an explanation rather than to check whether the result was really true. 
It further seems clear that the pupils desire for further explanation or a deeper understanding had not been satisfied by the empirical exploration on computer. This exploration only seemed to convince them, but did not appear to have satisfied some deeper need for explanation and understanding. In fact, it is probable that the visual evidence only spurred them on to desire a more formal deductive proof.
CONCLUSION

This paper does not investigate the way learners mentally structure the mathematics that they learn. But, it did provide insight into the idea that given the opportunity to segment a difficult mathematical question into little, more solvable ones then learning can become more meaningful to them. Sketchpad provided the visual justification for them to make specific conjectures, and having high levels of conviction did not necessarily remove the need for proof. Understanding generally was attained after ‘seeing’ the solution and the visual impact of the dynamic diagrams allowed the learners to quickly draw adequate conclusions. Whilst I did not get students to attempt these problems using pen and paper, I would conjecture that they would have taken far more time to complete the tasks. Clearly, ‘effective mathematical learning requires active student participation in meaningful experiences’ (English, 1997: 3). An interesting feature of this research was the constant iteration between the inductive and deductive methods (Fig 7).
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