a visual approach to the graph of a two variable function and to the idea of partial derivative
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In this paper we present the design of a didactic approach to the ideas of the graph of a two variable function and the partial derivative. In the design, technology (MAPLE software) is used to model the motion of a vibrating string with the purpose of visualizing the surface as a curve aggregate. The study of these curves in this visual context allows the partial derivative idea to arise as a natural association with the previous idea of rate of change already taught for the single variable function case. Additionally, we mention the advantages for the learning of mathematics for engineering students that could be promoted by this approach.     
THE DIDACTICAL CONTEXT

The question about the pertinence of considering mathematics as a tool rather than a mental discipline for the engineering students must be a current issue of the educational research. The challenge is to design adequate courses for the engineers´ activities and their mathematical needs; moreover, these courses must take into account the aspirations and expectations of the engineering students (Bingolbali, Monaghan & Roper, 2007). 
The course of Mathematics III for Engineering, in which this work is inscribed, belongs to the curricular sector that has been redesigned at the Tecnológico de Monterrey, trying to articulate the mathematical knowledge of the calculus courses at the college level to the engineering major courses. This redesign of calculus curriculum represents an effort to attend a widely known problem about the learning of calculus at college, as Artigue (2003) claims.
A first explicit product of this innovative didactical proposal to the calculus teaching process can be found in the textbook Elementos del Cálculo: Reconstrucción conceptual para el aprendizaje y la enseñanza (Salinas et al, 2002). Real life contexts are proposed in this book; for instance, the kinematics context, in order to help students to construct calculus ideas from a congruent perspective with the development of the prediction notion and using calculus as a tool in problem solving.

Studies have been made to value the advantages that this calculus approach offers to the students and for discussing its innovative features (Pulido, 2004, 2007). It is worthwhile to say that this proposal belongs to the line of investigation about thinking and variational language that favors the discussion and elaboration of teaching proposals in the school system where not only “how to teach” but also the contents are questioned. This has the idea of mathematical knowledge as a social construction (Cantoral & Farfán, 2003) as a theoretical support, and relies on the idea that the construction of mathematical knowledge is favored by thinking of the physical phenomena (Buendía & Cordero, 2005). From this point of view, we look, through the learning of mathematics, for the favorable inclusion of the students into the social-scientific practices that are developed by the communities, in this case, the engineering community.  
With the didactic approach to the ideas of the graph of a two variable function and the partial derivative that will be presented here, we start out the calculus of several variables course, which is the third of the engineering curricular sector. So far, the students have already taken differential and integral calculus of a single variable under the already mentioned approach.
The technological classroom facility in our institution allows the use of mathematical software, such as MAPLE, which is included in every professor’s desk computer in the classroom. Then it is possible to project the different views that this software offers, allowing the discussion among the students about the visual implications.
In this writing we will make a description of the didactic approach carried out during Fall Semester 2007 in a single section course. In fact, this experience, as an initial exploration approach, invites us to continue using it during the Spring Semester 2008, in order to document the implications of the visualization and its relationship with the students’ learning and the students’ attitude promoted with this approach. 

THE USE OF TECHNOLOGY IN THE DIDACTIC APPROACH

In regard to the using of technology in our didactic approach, we say that it is in concordance with Borba and Villarreal (2005) in at least two aspects: searching through visualization an alternative way to access to the mathematical knowledge and to deepen in the comprehension of the mathematical concepts taking into account their multiple representations. The importance of visualization is a fact that is found in Arcavi (2003) which points out that going back and forth between visual and analytical representation of a same situation is what learning mathematics really means.
Specifically, we use the technology in two different situations: we simulate the motion of a vibrating string with the help of the MAPLE software and additionally, with this software, we show the surface that corresponds to the graph of the function that models the string’s motion.
The didactic approach´s objective

Through a sequence of activities carried out in the classroom and framed by the virtual physical modeling, possible to generate with technology, we seek that the students visualize the corresponding surface to the graph of the function that models the motion of the string as a curve aggregate: the different positions of the string with respect to time.
It is important to point out that the idea of a surface as a curve aggregate is not taken into account by the traditional didactic, in which the graph of a two variable function is introduced as a set of points (ordered triplets) as we can see in Stewart (2003) and Thomas and Finney (1992).

We consider that the idea of curve aggregate promotes the visualization in the sense that we are not trying to use MAPLE to “see” the static graph of the surface, but to generate the classroom conditions that allow the students to imagine a process that involves time (the curve aggregate) so, the students can form in their minds a dynamic idea of accumulation to finally arrive to a meaning of a surface.
We also seek the students to have a first approach to the partial derivative concept as a rate of change that provides information about the geometric aspect of the cutting curves; that is, the meaning of the derivative of a single variable function that has been gained in prior courses, can be now evocated in this context and extended in order for the students to make sense of the partial derivative of a function of two (or more) variables.
THE DIDACTIC APPROACH

The course of Mathematics III for Engineers starts out by presenting to the students the following problematic situation:
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An elastic string has its two extremes attached at the points (0, 0)  and  (
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, 0)  of the   x-axis in the  xz- plane.  The string stretches in such a way that it adopts the form of the graph of function 
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, as you can see in figure 1, and at instant t = 0, the string is released.     

Figure 1

Assuming that each point of the string has a strictly vertical displacement, the height “z” of each point of the string depends on its position “x” and on the time “t”. Determine whether the equation 
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can be a “good mathematical model” to describe the motion of the string.
Since the students just begin the study of multivariable calculus, it could be the first time they are facing an equation with three variables. It is reasonable that the student can not say much about the equation: “a good model?” “and that algebraic expression, what does it mean?” It is important to clarify that the purpose at this moment is not to register the students´ procedures, but to bring up to the classroom a situation that motivates the student’s inquiring. 
Algebraic Exploration

Once the problematic situation is presented, it is proposed to do an exploration in a merely algebraic context. Professor and students together review the expression:
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If we ignore the term in the middle, 
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, the expression can be seen as an equation that relates three variables, z, t  and  x, and if we give numerical values to t and to x, it can be obtained numerical values for z. In fact, the expression in the middle indicates that: the z is a function of t and x.
At this moment, we ask the students to give some pairs of numbers and to obtain the corresponding value of z, and also, the students are asked about the meaning of the values obtained for z when particular values for x and t are given.
Realizing the difficulties the students have to answer, we can remind them that x represents a single point of the string and t represents a given time value; then, z will represent the height of this point of the string when t seconds have elapsed since the string was released. 
Yet in the algebraic context, students are asked to find out what happens when a value is given only for the variable t. That is, starting out from the equation
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, we ask the students to think of what is obtained when several values are assigned to the variable t. The idea is that, with this procedure, they observe that two variable equations are obtained. For instance:
If 
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At this moment, the students are asked about the meaning of the equations gotten in relationship with the vibrating string phenomenon. Let’s take for instance the first one:
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, for t = 0. This value of t corresponds to the moment at which the string starts moving and the equation corresponds to the function whose graph is the initial form adopted by the string. In this sense, it is said that the model satisfies this initial condition. With respect to the other equations, it is expected that the students realize that they are functions whose graphs show the different forms that the string adopts for the corresponding times.
Graphical Exploration 

After the algebraic exploration, the students are asked to graph (with pencil and paper) the previous equations in the xz coordinate system. The four graphs are shown below
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Figure 2                      

This is an appropriate moment to ask some questions to provoke students to return to the algebraic representation; for instance, how to obtain the value of t for which the points of the string reach the lowest position (in fact, there is an infinite number of values, if there is no time restriction) or the time for which the string returns to its initial position, among others. 
Exploration with MAPLE
The MAPLE software is used in the classroom as a virtual lab in order to visualize what the students have already mentally gotten with the previous explorations. The motion of the vibrating string can be recreated in the computer using the following commands:
> with(plots):

> animate (cos(t/2)*sin(x),x=0..Pi,t=0..100,frames=50);

It is interesting to investigate in detail the ideas that are evoked by the students when they contemplate this virtually reproduced physical phenomenon. The fact of using a computer package that allows us to visualize the motion of a string, modeled by an equation, offers advantages that the students may appreciate due to its huge potentiality to deepen in the study of equations linked to other physical phenomena, by adding the graphical resource for its analysis.
Graphical and Algebraic Exploration
Having the computational visual resource and contemplating the phenomenon virtually simulated, it is appropriate to ask for the meaning, in general, of giving a value to t in the equation 
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 and the relationship with the phenomenon.

At this moment, we expect students to associate the resulting two variable equation with the graph corresponding to the string form at that given time. In the exploratory phase of this didactic approach, during Fall Semester 2007, some students expressed the idea of “it is as if a picture of the string was taken at that instant”.
In the prior courses of the curricular sector, the rectilinear motion context has been used to give a meaning to the calculus notions; in this context, it has been useful asking the students to describe the history of the motion through the position versus time graph. The study of the string motion phenomenon is enriched by adding the graphical context in its analysis; this way, it is possible now to visualize in a graph the history of the string motion; as a matter of fact, the idea of thinking in this image arose from some students. 
Graph of the Vibrating String Model
In the case of the study of the rectilinear motion, a graphical representation is produced when we add to the position axis a time axis that allows visualizing the “deployment” of the motion through time. With this idea, we are proposing that the graph of position versus time would not be perceived in a static form, but in a dynamic one, as an “aggregate” of points being generated as the highest end of a vertical line segment (raised at each instant) that indicates the position of the object. Likewise, we can extend this idea to the case we are interested now; we can add a time axis to the plane where different positions of the string are represented so that the string motion history can be graphically visualized along time.
The idea is to consider that for each value of time, a xz- plane will be placed where the form that the string has at this instant, is drawn. In figure 3, we can see the time axis with some of its values together with the corresponding string forms. 
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Figure 3
When asking the students about the figure that would be obtained if we placed the different forms that the string has in every time, we have found that the image of a blanket is one of the images they evoke.
Again, using MAPLE software, we obtain the graph of 
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, which is shown in figure 4 (limiting the values of x from 0 to 
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Figure 4
Reflection on the Process
It is pertinent to summarize the actions carried out about the proposed equation as a model of the string motion involving three variables. If t is fixed, or, in other words, if t is kept constant, then we have a reduced two variable equation; for this equation there is a corresponding curve (graph in the xz-plane) that in this context represents the form of the string at the fixed time. The visual image of putting together or accumulating all these curves allows us conceiving the surface being generated as time passes, in a dynamic form; we mean this when saying that the graph of a two variable function is a surface that can be visualized as a curve aggregate.
Now it is possible to think about what happens when in the equation 
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, a value of x is kept constant and the time varies; the reduced equation (to the variables z and t) has a graph in the tz-plane that can be interpreted in this context as the history of motion of one point on the string (that one whose coordinate is x). If at this moment we come back to the graphical image generated with MAPLE, the curves over the surface intersecting with the curves corresponding to the form of the string (obtained by fixing values of t) are now the curves determined by fixed values of x. Now, the surface can be visualized also as being generated by the aggregate of all the histories in time from point to point of the string.
Introduction to Partial Derivatives
The action of letting one variable fixed (to keep it constant) originates two-variable reduced equations. These equations can be read as functions of z with respect to the variable that was let free; i.e., z in function of x (if t is kept fixed) or z in function of t (if x is kept fixed). These functions, whose graphs have concrete meanings within the physical situation being studied, can be derived with respect to the variable that has been let free, and what it is obtained also acquires a concrete meaning in this context: the rate of change of z with respect to t (x was kept fixed) indicates the velocity at which the point of the string corresponding to the fixed x is moving; the rate of change of z with respect to x (now letting t fixed) indicates how the z positions are increasing or decreasing when the values of x increase. The first rate of change has an interpretation in the context of kinematics (the velocity of each point of the string) and the second rate of change reports a geometric aspect (form of the string at each instant).
ADVANTAGES ON THe DIDACTIC APPROACH

The preliminary exploration in the classroom of the didactical approach that we have described invites us to study, in a systematic way, its contributions related with cognitive aspects toward visualization. An appropriate frame to describe the student’s cognitive actions and to locate the visual features of the approach as learning promoters will allow projecting the approach scopes. We expect to work on it during Spring Semester 2008, so that these results will be shared at the ICME 11.
Nevertheless, we have to mention some advantages about the approach that have been the motivation to carry out the design and the exploration of its development. One of them is to start the interaction of students with the mathematical content through the analysis of a phenomenon from physics (the vibrating string case). On the other hand, this way of introducing surfaces as a curve aggregate (the cutting curves) and the rates of change associated to them (the partial derivatives) favor the introduction of more general notions such as the directional derivative: the rate of change of a cutting curve in an arbitrary direction. In turn, the idea of visualizing the generated surface through time (aggregating the curve images at each time) opens the possibility of visualizing solids being generated through time and therefore the possibility of computing their volumes through the rate at which they are changing (the area under the cutting curve). This idea could be used to conceive the volume increasing as time passes (and the derivative as the rate at which it increases), thus, the idea of the integral is related with the total change of the volume. The importance of this approach can be supported with the ideas provided by Thompson and Silverman (2007). They question the traditional way of working with Riemann sums, a way that does not allow exploiting the idea of accumulating magnitudes, idea that, according to their judgment and to ours, is highly important for the applications of calculus, especially if its teaching is offered to engineering students.
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