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This study focuses on the design and development of a didactical sequence using SimCalc MathWorlds to promote learning through visualization. The features of this software, which includes physical scenery and the graphical representations of a function and its derivative, allow one to analyze, in a situated manner, some of the fundamental ideas of calculus on the relationships of both graphs. The study takes place in a first year undergraduate calculus course for engineering programs, and under an innovative teaching framework incorporating the practice of prediction of the value of a ‘magnitude’ that is changing as a conducting thread to re-organize the calculus curriculum. Results and discussion of the findings will be available for the presentation.
Background and Rationale
Recently, visualization in the learning and teaching of mathematics has acquired a significant importance for the mathematics education community. Several research studies report some of the benefits and difficulties of considering visual images as part of the thinking process. The increasing importance may be related to the fast development of accessible technology to generate visual images in a relatively simple way and the accessibility of those resources for the interaction among teachers and students in the classroom. 
The importance of visualization in the teaching and learning of mathematics has become more evident in the last two decades. In 1991, the mathematics education community recognized visualization in teaching and learning as a research field. This is evident in the Annual Conference of the International Group of Psychology of Mathematics Education PME-15, where one of the plenary presentations addressed the status of visual reasoning (Presmeg, 2006). In the same year, Zimmermann and Cunningham released their book Visualization in the Teaching and Learning of Mathematics. In their book, Zimmermann and Cunningham (1991) consider visualization as the process of using or producing a graphical or geometrical representation effectively for mathematical discovery and understanding. Another element that emphasizes the increasing importance of visualization is the formation of the Working Group on Representation and Mathematics Visualization, created at the PME-NA-20; group that had a relevant participation in the PME-NA-21, and later produced a book as a result of their collaboration (Hitt, 2002). Presmeg (2006) recognized and brought awareness of the need of research on visualization by providing an extensive review of the research on visualization presented at the PME meetings between 1988 and 2005. In this report, Presmeg states that visualization includes processes of constructing and transforming visual imagery and inscriptions of spatial nature. Furthermore, she provides some research questions on visualization that serve as a wide platform for further studies in this research field. 
Revision of papers brings out the connection of visualization with terms such as representation, relation, register, and inscription. We will recover some of those ideas next. Goldin (2003) stated that “mathematical concepts are learned powerfully when appropriate internal representations, with appropriate relationships among them, have been developed” (p. 278). This leads him to the conclusion that 
one priority is to study students’ external and internal representations, how these representations develop and interact with each other, how they can be strengthened, and what the most common cognitive and epistemological obstacles are (p. 280). 
The work reported by Monk (2003) proposed graphs as a tool for communicating information and understanding and as a tool for meaning making. Monk talked about the advantages and difficulties of the visual aspect of graphing. He argued in favor of graphing as a powerful visual medium to generate meaning, but recognized that the visual aspect of graphing is a key source of many difficulties for the students. As Monk pointed out, we need to keep under consideration “how students can be helped to productively and efficiently use this resource(of how they can learn to graph in the way experienced graphs users do” (p. 257).
As Arcavi asserts, “our perception is shaped by what we know” (2003, p. 232). For a student, a graphical image may evoke information that would be regarded as irrelevant by a mathematics teacher or by someone with some expertise in the area. The use of a single visual image may trigger a cognitive process, but does not imply an improvement in the learning process. However, it is widely recognized that visualization plays an important role setting the stage for robust research on this area. Arcavi (2003) identifies that 
“a cognitive difficulty arises from the need to attain flexible and competent translation back ad forth between visual and analytic representations of the same situation, which is at the core of understanding much of mathematics” (p. 235).
To define a framework to analyze the conditions of learning Duval (1999) proposed three key ideas. A salient one is the need of various semiotic systems for mathematical thinking. Duval distinguishes “two kinds of cognitive operations in mathematics thinking: processing and conversion” (p. 8). He stated that processing refers to transformations made within the same register and by conversion to the ability to change register of representation. Both cognitive operations should occur in the learning of mathematics. Moreover, several researchers agreed on the idea that vision is not visualization, in particular, Duval’s framework makes clear the distinction by stating that “vision provides direct access to the object, [whereas] visualization is based on the production of a semiotic representation” (Duval, 1999, p.13).
Hitt (2002) agreed with Duval in that the acquisition of a concept is attained when a student is capable of freely coordinate different representations of a mathematical object without contradictions. Under this perspective, Hitt states that “a concept always is under construction” (p. 247). He points out the importance of analyzing how the students link those representations, and recognizes that “the articulation between representations may follow paths that depend on how the subject recalls his previous knowledge” (p. 250).
For Moreno, (1996) “representations are, at least partially, the forms taken on by intuitions and (temporary) conceptualizations of a knowledge being constructed” (p. 634). The graph of a function, a table of values, and an algebraic formula are examples of external representations that seem to be in close interaction with the mental representations. However, Moreno affirms that what really matters is the action supported by the representation; under a constructivist approach the action of the subject over the learning object is a priority. Learning involves the construction of representations of the observed phenomenon; therefore it is interesting to reflect upon the ways in which computational tools mediate in the construction of knowledge. “Representations become mediate tools for understanding” (Moreno, 1999, p. 99). 
Computational representations are executable representations in the sense that they perform transformations (such as dragging); even more, they serve as a medium to externalize some of the cognitive functions; from this perspective Moreno asserts that a student faces the possibility of transforming a graph into an object of knowledge. A student may make observations situated within the computing environment, and express them via tools or the included activities in the environment. “Situated abstractions refers to the understanding and encapsulation of processes within the context in which they have been explored” and a “situated proof is the result of a systematic exploration within an (computational) environment” (Moreno, 1999, p. 102). The notions of situated abstraction and situated proof enhance the computing environment as a scenario in which informal ideas may be coordinated with more formal ideas in such a way that the intentional actions performed within the scenario may foster the discovery of a result, approaching to a theorem inductively. “The important didactic question to consider is the nature of this proof–should it be deductive or could it be situated within the technological medium” (Moreno & Sriraman, 2005, p. 131).

The role of multiple representations of mathematical concepts in the learning of mathematics has been examined in the research literature since the 1970s (Janvier, 1987). Computer and graphing calculator software helps students to gain access to multiple representations of mathematical concepts, and to examine the effects that the changes in one representation have in another one, thus helping students in building deeper understandings of mathematical ideas. Furthermore, the range of representations available to students has increased with the availability of dynamic simulations. Computer and graphing calculator-based dynamic simulations provide multiple linked representations of complex contexts (Roschelle, Kaput, & Stroup, 2000).
Research on the visual processes in the learning of calculus becomes important since the diverse ways in which visual attributes of graphs are relevant in that area. Moreover, the relationship of a function and its derivative are key elements in modeling and predicting the behavior of a variable that changes with respect to other. For example, in the study of motion, the graph of a function and its derivative refers to the position and velocity, respectively. 

Learning how to use the visual information in these graphs and coordinating it with other kinds of information to give such a description go directly to the heart of understanding some of the central ideas in calculus (Monk, 2003, p. 257).

Several researches have been conducted on the use of computer and graphing calculators to support visualization in calculus courses. Ubuz (2007) focused on students working with and without computers to compare their performances while interpreting the graph of a function and constructing its derivative graph. Berry and Nyman (2003) focused on students’ construction of the graph of a function from its derivative. They allow student to review their work using a TI-83 Plus and a Computer Base Ranger (CBR). On the other hand, the case study of Aspinwall, Shaw and Presmeg (1997) showed that their notion of uncontrollable image is important to keep in mind while studying students’ connections between graphical and algebraic representations. 
To set the scenario of our study, it is important to describe first the mathematics education reform in which the study takes place. The Higher Education Section of the Mathematics Education Department at the Instituto Politécnico Nacional (Cinvestav-IPN) studies
the phenomena that take place when mathematical knowledge, socially produced outside of school environments, is introduced into the education system, forcing it to undergo a series of modifications that directly affect both its structure and its functionality (Cantoral & Farfán, 2003, p. 256).
This research group proposes a line of investigation about thinking and variational language. Under that perspective, resources and their introduction to the classroom play an important role; specially those resources “that reinforce the teaching process, educational materials, calculators and computers” (Cantoral & Farfán, 2003, p. 266). The findings of this research group moves towards a redesign of the mathematical discourse at schools by questioning what should be taught and how it should be taught. They propose that a calculus course requires both the acquisition of graphic language that facilitates the transfer of conceptual knowledge and prediction ideas as key elements for understanding variation. Implications of research under this perspective favor a re-construction of the mathematical content supporting that “thinking about physical phenomena nourishes the construction of mathematical knowledge” (Buendía & Cordero, 2005, p. 327). 
The first calculus course where our study takes place, has experienced fundamental changes due to research conducted by members of the line of thinking and variational language; specifically Alanís´ (1996) and Pulido´s (1998) dissertations. In this course, the practice of ‘predicting the value of a magnitude that is changing’ serves as a ‘conducting thread’ to reorganize the calculus curriculum, the physical phenomenon of motion on a straight line (kinematics) provides to the student a first meaning to calculus concepts and procedures. The main idea and structure of the course is stated in the textbook Elementos del Cálculo: Reconstrucción conceptual para el aprendizaje y la enseñanza (Salinas et al. 2002). The use of problematic situations and real context problems supports students’ construction of calculus concepts from a perspective aligned with the practice of prediction and the view of calculus as a tool for solving problems. There is research that reports on the advantages of this approach (Pulido, 2007) and how to integrate technology to the course (Galindo, Salinas & Dominguez, 2003a; Galindo, Salinas & Dominguez, 2003b). 
A certain course content seems appropriate to evaluate the reach of this study. We are interested on the student being able to go from the prediction of the position of an object that moves on a straight line to the generalization of the prediction of a variable (not just position) that changes with respect to other variable (not just time) in such a way that the visualization of the graph of a function becomes a global answer of the prediction problem. In this transition from the physical context of motion to the mathematical representation of a function and its graph, we look for the student to establish relationships between the graphs of a function and its derivative. We identify those relationships as qualitative analysis of a function. In the visual context, we foresee a way to support this generalization and at the same time to permit students to acquire some mathematical processes earlier that in a traditional differential calculus course, such as the one portrayed by Stewart (2003), and are located in the last chapter of Applications of Differentiation. 
It seems promising to associate visualization with the use of linked representations in dynamic simulations. The software SimCalc MathWorlds developed by the Mathematics Education Research Group of the University of Massachusetts at Dartmouth offers the advantage of displaying the physical and mathematical representation at once, allowing the manipulation of graphs to study the rate of change of objects in motion and the graphical representation of position and velocity (Kaput & Roschelle, 1998). 
The main research question that guides our study is: What aspects of visualization facilitate understanding of qualitative analysis of a function by the use of specialized software SimCalc MathWorlds? 
Methodology

This study is part of a broader action research investigation on how specialized software supports the learning of calculus concepts, where action research is taken as described by Feldman and Minstrell (2000) and Noffke and Somekh (2005). Two section of a first year calculus course at undergraduate level, taught by the authors, were the setting for the study, where 64 students were enrolled. This ongoing study seeks to document the design and development of a didactical sequence on the qualitative analysis of a function. The analysis is fostered by the use of mathematical software that facilitates the study of the graphical representations of a function and its derivative, namely SimCalc MathWorlds (http://www.simcalc.com). 

To address the research question, we identified two interwoven phases, the design of the didactical sequence and its implementation. We describe each phase following.
Design

Based on the structure of the course, we identify the use of physical phenomenon (motion on a straight line) as a trigger to construct the mathematical models. In this sense, the simplest motion (the linear one) provides the context where the meaning of position and time becomes associated as variables. Velocity plays the role of the rate of change of one variable with respect to the other, and in this case, it is constant. A linear model may be identified with the algebraic representation of a linear function, and its rate of change with the derivative of the linear function, which is a constant function. On the other hand, linear model serves as a base for the construction of other models by conceiving them through piecewise linear models that closely fit them. From our point of view, the visual representation brings the possibility to interpret motion on a straight line by means of a curve which behavior makes velocity embedded. In mathematical terminology, the graph of a function and the information of its derivative appear interlinked.
Studies on connecting the graphical behavior of a function and its derivative show the difficulties students have to relate them (Aspinwall, Shaw & Presmeg, 1997; Berry and Nyman, 2003; Ubuz, 2007). Through our experience and practice reflection we have come to appreciate the advantages of having students interacting with separated graphs of a function and its rate of change, and eventually face the coordination of both graphs on the same system. This coordination may enable students to recognize relationships where the behavior of the rate of change (derivative) dictates the behavior of the function. That is, the sign of the derivative implies the increasing or decreasing behavior of the function; and the increasing or decreasing behavior of the derivative, implies the concavity of the graph of the function. This approach of establishing the connections between a function and its derivative agrees with the structure of the calculus course where this study takes place, because the practice of prediction sets that it is by means of the rate of change that the behavior of the function becomes evident.
Based on previous experience with graphing software in our calculus course, and research reported on graphical behavior of a function and its derivative, we decide to use SimCalc MathWorlds to support our didactical sequence. We selected that software because as a dynamic system makes variation easier to achieve and offers a cognitively feature in the continuous transition of intermediate states (Kaput, 1992).

The SimCalc Project develops the software MathWorlds with the mission of enabling all children to learn important calculus ideas as part of the K-12 mathematics curriculum, under the assumption that graphical representation allows students the access to powerful concepts earlier and more successfully. In this software there is a scenario that shows the physical representation of the situation and there are two sets of coordinate systems to represent the position and velocity functions. This capability fosters the connections between the physical and the mathematical representations as well as the connection between the graph of the function and its derivative (Kaput & Roschelle, 1998). 

Working in our design, we characterize three types of activities in terms of how they get implemented: guided by the teacher, worked by the students individually or collaboratively, and as assessment tools in the form of homework assignments and exam problems. The first two are supported by the use of the software, and the last one is intended to evaluate student’s ability to apply what they learned. Another piece of data is students’ responses to the open question about the impact of the use of MathWorlds in their learning.
Implementation

At the beginning of the semester, students are assigned into collaborative groups. We use collaborative learning as a common practice in the classroom. Students are informed earlier in the semester that for certain sessions, they will be required to bring their personal computer to class, one per collaborative group. Under this setting, bringing a laptop to class and working collaboratively are common actions in the development of the course and students have a positive attitude to such instructions. For the development of these actions it is essential that certain technical conditions are met, such as a classroom with a computer and a projector. It is also necessary that all students have already installed in their personal computers the software which is shared through a technological platform where the course is distributed.

By sessions number 15 and 16 (out of 45 in the semester) sessions where our study takes place, the subject of uniform change (linear model) has already been studied (sessions 3 and 4) and the teacher has previously introduced MathWorlds to highlight the visual aspects of the relationship of the velocity graph and the position graph of an object moving with constant velocity on a straight line. So, for session 15 students have already installed and explored the software and have been exposed to ideas that relate the graphs, such as, a positive/negative constant velocity is related with an increasing/decreasing behaviour of the position graph (straight line), and that in the graph of position with respect to time, the value of the constant velocity of the motion is the slope of the straight line. Previous work in the course prepares students to transfer these relationships to other contexts where it is not position of an object, but the behaviour of any other “magnitude” determined by the behaviour of its rate of change, which is identified with the velocity in the context of motion; for example, considering the height of the level of water in a container and its rate of change with respect to time. In this way, the relationship between the position and velocity graphs is generalized to a broader connection between a “magnitude” and its rate of change, and furthermore, connections between function and its derivative.
The software MathWorlds provides a scenario (a moving elevator) and at the same time shows dynamically how the graphs of position and velocity are built. This is a great advantage from the didactical point of view because it allows the student, with a better chance of success, to make connections between the real action scenario (elevator) and the mathematical representations of the behaviour of the magnitudes under study (position) and it is rate of change (velocity).

During the didactical sequence, the guide of the teacher is important not only because makes clear the instructions of each activity and the use of the software, but also because he or she has the “big picture” of the organization of the calculus discourse. In this sense, it is not about to apply the activity and let the students freely explore the software, it is about initially directing the purpose of learning in front of the student and to prepare them to explore and make their own conjectures later.
The groundwork of such moment is related to the use of files previously designed for the software, on which the teacher supports the exposition and discussion in the classroom. The focus is on thinking with the students about the possibility of considering a uniform motion by intervals, one with different constant velocities over consecutively intervals of time, keeping this in mind in order to get an approximation to the idea of a varying motion, where the velocity changes at each moment.
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The images we present (Figures 1 and 2) show a part of the class (session 16) in which, along with the students, the teacher questions and discusses in a situated way (through the use of MathWorlds files) the relationships between the velocity graph and the position graph. We refer to relations of the type: increase/decrease in the graph of velocity is related with an upward/downward concavity in the position graph. This is possible because the MathWorlds files designed allow to think in a process of improvement in the piecewise uniform motion by considering intervals of time every time smaller (where velocity is constant), and at the same time, the position graph takes the form of a curve with some visual features that are related to concavity. These features, jointly with the previous features of increasing or decreasing behaviour obtained as a consequence of the sign of velocity (as studied in the uniform motion) allow recognizing the relationships named.
Figure 1: Positive velocity graphs
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Figure 2: Negative velocity graphs

By this time, students have elements to visualize a varying motion as the “culmination” of uniform motion by intervals and express, on their own words, the relationships shown in Figure 1 and 2. Then, students are asked to use the MathWorlds file given by the teacher to analyse the situation for a particular varying motion, the uniformly accelerated motion, where the velocity is represented graphically by a straight line whose slope it is the constant value of the acceleration.

For this activity, students are prepared to work collaboratively on filling up a worksheet (given by the teacher) in which they are asked to produce, with aid of the software, six cases described with words in the worksheet: 1) The elevator goes up every time faster, 2) The elevator goes up every time slower, 3) The elevator goes down every time faster, 4) The elevator goes down every time slower, 5) The elevator goes up every time slower, stops, and then goes down every time faster, and 6) The elevator goes down every time slower, stops, and then goes up every time faster. The students are expected to manipulate the software so they can exemplify each of these cases. In doing this, they interact with the graph of velocity and see what happens to the position graph, or vice versa; they can also move the elevator from its starting position, setting it to meet the conditions of the worksheet and see whether or not the motion of the elevator meets the specifications of the case been considered.

Finally, we expect each team to draw the correspondent graphs of velocity and position for each case and, by doing this, reinforce their knowledge about the previously discussed relationships between the velocity and position graphs, such relationship can be summarized in the following table.

	Velocity

(Rate of Change)
	Position

(Magnitude)

	Positive
	Increasing

	Negative
	Decreasing

	Increasing
	Concave upward

	Decreasing
	Concave downward


Table 1: Graphical relationship of the behaviour of velocity and position.
Using the MathWorlds file in order to produce cases 5 and 6 in the worksheet, the activity allows to establish a visual connection between a relative maximum or minimum and the change of sign on its rate of change. That is, at a relative maximum the rate of change is zero and its graph goes from positive to negative values, whereas at a relative minimum the rate of change is also zero but its graph changes from negative to positive values. Finally, students work on exploring different situations of inflection points given to them in a worksheet with four graphs of position, two increasing and two decreasing. In this activity we expect students to construct, without the software, the velocity graphs that correspond to the given position graphs. Here we expect them to think about the relationships previously established and connect them to answer this worksheet.
As a homework activity, students are asked to draw (with their own hand) in a piece of paper the graph of a function having exclusively: three inflection points, one relative maximum and one relative minimum. Once this draw is done, with a different colour they must draw the graph of its rate of change. This exercise was done again later in classroom, to observe their work under the same conditions.
In session 24 the second partial exam was applied and on it, two problems were designed that deal with the theme worked in the didactical sequence.

Results and discussion

An analysis of the data will be available for the presentation of the study. This analysis will include the results obtained and a discussion of the findings. The data considered in the analysis consist of some of the activities worked in class, two exam problems, and one homework assignment. It will also include results of students’ comments about the effect of the use of the software in their learning process. 

Another result of this study is the revised version of the didactical sequence to be implemented as part of the broader investigation on how specialized software supports the learning of calculus concepts. This implementation is schedule to occur in the Fall semester 2008.
As mathematics educators we must value the potential of technology as a tool to facilitate the learning process, being aware that the presence of technology in the classroom does not guarantees an improvement in the learning process. We recognize that regardless of how sophisticated or appealing those technology products may seem, its role in the teaching and learning of mathematics is a matter of educational research. The importance of this study relies on the documentation of the results that arose from incorporating, in a carefully tailored way, elements of visualization through the use of technology to strengthen the meaning associated with fundamental notions of calculus. 
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