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During initial Calculus courses, presentation of the “Fundamental Theorem of Calculus (FTC)” emphasizes the algorithmic aspect, leaving aside the understanding of the all important link between the derivative and the integral. One repercussion of the foregoing is if a problem only contains figural data, the reading made by students is insufficient for them to successfully face that problem, even when such students have taken three Calculus courses. We are presenting an approach to the FTC –Barrow version- with a dynamic geometry package that highlights the link with that result. The approach moreover appears promising, according to our exploration, in that it enhances student readings of graphic aspects.
Introduction

The well known proverb, a picture is worth a thousand words, may be alluding to the idea that it might be “easier” for any given individual to understand something depicted in a picture than from a text. Yet it would appear that in the case of the figural aspect of mathematical representations, it all depends on who is doing the looking. In mathematical education, reports from several authors speak of figural reading difficulties, for instance R. Duval (2003, p. 41) states “It would seem that the act of “seeing” in mathematics is not obvious for many students: they are unable to look at the figures, the graphs …”.
Added to this, we know that students who have taken three Calculus courses are able to use the FTC algorithmically to calculate integrals through their corresponding primitives. Yet the relation between the derivative and the integral alluded to in the result is scarcely  understood, particularly if the students only have figural data at hand, that is to say with no mention of formulae within a given problem.
Below we will show Barrow’s version, which was used with the dynamic geometry package to deal with the FTC.

Let ZGE be a curve whose axis is VD and let us consider the ordinates that are perpendicular to the axis (VZ, PG & DE) and that continuously grow as of initial ordinate VZ, as shown in figure 1 below.
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Figure 1

Based on the above-mentioned, let us now build curve OIF with the following hypothesis:

· Perpendicular ordinate DF of curve OIF, represents the area of region VDEZ of Figure 1
· Let us select point T on line OD so that it complies with 
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Figure 2

From this on Barrow demonstrated that line TF is tangent to the curve OIF at point F, in the classic Greek sense of a line that only touches the curve at one single point without intersecting it.

Methodology
The students attend a high school of the Instituto Politécnico Nacional and are taking a Calculus course for the first time. They were in the first half of their senior year and the Mathematics subject being studied was “Integral Calculus”, which consists of indefinite integrals, then definite integrals, followed by the FTC. In the second half of their junior year, the students had taken “Differential Calculus”. The high school program consists of six half years or semesters and the students were 17 and 18 year-olds. They responded to seven questionnaires intended to familiarize the students with accumulation and change ratio by filling or emptying cubes in varying positions, prior to reaching the topic of FTC.

Here we are illustrating the manner in which the Cabri-Géomètre package was used to present the FTC –Barrow version- to students.

[image: image4.png]



Figure 3

In the instant drawing above (Fig. 3), point M runs through segment AB and L stands on a parallel line to segment AB, while point N describes a trajectory when M is dragged. By using the geometric place command of the package, the trajectory generated by point N appears and that is when students are asked: What is the derivative of point N? Then segment ML is measured.  By doing this for different positions of point M along AB, the resulting distance of ML always coincides with the corresponding derivative of point N. In other words, a link between the integral and the derivative is established.

And now from the other way round, if we know the trajectory of point N, is it possible to find the trajectory of point L? Let’s go to the next drawing (Fig. 4).
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Figure 4

In the instant drawing in Figure 4, the slope of AC is known and by running point M along segment AB the trajectory describing point L can be observed. This is when the students are asked: What does the distance of segment MN represent?
The presentation continues with additional examples, in which coordinate axis are introduced. In each case the students are asked questions aimed at ensuring that they are actually following what is being presented to them.
After presenting the FTC with Cabri to the entire group, seven students agreed to participate in responding to the following problem, in which there is only data and no formulae. Moderator interventions are at all times directed to the seven students.

Problem
Let L be the tangent line to the second degree polynomial function graph f at the point for coordinates (2, 60), as shown in the figure.
a) Find the value of function  f  in x = 2, in other words  f (2).
b) Find the value of the derivative of function  f  in x = 2, in other words  f ´(2).

c) In the system of coordinates at the right of the figure, draw the graph of derivative function  f ´(x).

d) Specify the polynomial expression that corresponds to  f ´= f ´(x).
e) Use the expression of f ´(x) obtained in the previous paragraph and specify f = f (x).
f) Use the expression f (x) to determine  f ´(0.5).
g) What type of curve is expression  f (x).
  h) Provide two or three elements that pertain to the latter curve
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students answers to the problem
The problem was put to the seven students by the teacher –who is the moderator in the dialogues, allowing them to participate when they wanted to. As such, the items should be answered in the order in which they were raised, with the participation of all students. Below are the answers to the first four items, which is where the FTC reading trouble lays, and the answers are transcribed pursuant to the evolution of the taped discussion.  The sessions during which all problem items were answered lasted approximately 1 hour and 45 minutes.

Items a) and b) 
Xóchitl:
Here we can graphically see that when x is worth 2,  f  is worth 60.
Well, with the two points on the tangent line which are 
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The slope will have a value of 20; this is the  value of the slope of the tangent line, but since the curve opens in a downward motion then the slope must be negative … so since the curve opens downward I wll change the sign of the slope; so my slope will be -20…
Interviewer: 
Why are you changing the sign of the slope?
Xóchitl:
Because the curve opens downward …
Interviewer:
What sign does the slope of a line have?
Juan: 
Positive 

Interviewer:
Line L has a positive slope.
Xóchitl:
Well, the point we obtained with this is 
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 will go through… taking this known point and the slope, and with 
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 taking the slope into account, but we will change the sign of the 20 slope are came out of the line …
Interviewer:
Any comments on this?
Juan:

The thing is that the slope you are using came from line L, not from 
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Comments

Xóchitl correctly answers item a) and locates two points on line L in order to find here slope. However she wants to change the sign of the slope because the curve in the figure opens in a downward fashion, hence inappropriately relating the slope of the tangent to a point on the curve with the concave nature of the stroke. She does not change her mind, even in her subsequent comments and despite moderator and fellow student interventions.
Items c) and d) 

Nallely:
 It would be easier with the areas … here as we can see there is an area, rectangular, so it would just be a matter of finding where it intersects the y axis to complete the area we’ve been asked for, which is 60… here as you said 
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 goes through 
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 so, if you see here, a rectangle is formed; there we have cumulative areas, so we would only need to find out where it intersects to find the area needed to complete the 60.
Xóchitl:
So… if we work it out as cumulative areas as Nallely says, we would have to find the area of the rectangle formed from 0 to 2… which has a base of 2 and a height of 20, so the rectangle will have an area of 40 (indicates the rectangle of vertexes 
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Interviewer:
That rectangle has an area of 40. How much area do we need?
Xóchitl:
20

Interviewer:
Why do we need 20?
Xóchitl:
Because 60 - 40 is equal to 20…
Nallely:
Because at coordinates 
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Xóchitl:
So it will intersect axis y at 40, because we will add to it the 20 we need, so that’s added to the area of the triangle which is 20 (indicating the triangle of vertexes 
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Interviewer:
How would you determine the intersection on the y axis?
Pamela:
I´ll do it according to the formula for determining the area of a triangle, which would be: 
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 (considers a rectangle triangle with one of its sides on the axis of the ordinates). We find the value of the height … 20 times 2, divided by the base which is worth 2, so the height will be … 
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Daniela:
We now have the height, so the two heights are added together, here and here (indicating intervals 
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along the axis of the ordinates), to find where it intersects. It will go through 40 (draws the line that passes through points 
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Interviewer:
What function does the graph you’ve just drawn correspond to?
Daniela:
To
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Interviewer:
What points does it go through?
Daniela:
Through 
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 and it will intersect the y axis at 40.
Interviewer:
What is the equation of 
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?… (Silence among the group)… What information do we have?
Juan:

We have two points through which 
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Daniela:
Well, we have points 
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, with those points we can find the slope of 
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, this would be the slope of 
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Aldo:
No!

Interviewer:
Why not Aldo?
Aldo:
No, because it is 
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Daniela:
Let’s use the formula 
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Interviewer:
That equation corresponds to what?
Aldo:
To line 
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Comments

Nallely´s interventions in answering item c), which triggers her fellow classmates´ desire to follow her, shows comprehension of the FTC with Cabri and the ability to visualize the area of a rectangle, whose area is 40, and to which an area of 20 must be added to reach a sum of 60. The interventions of her four classmates –undertaking a proper reading of the graph- and those of the moderator, following Nallely´s tracks, make it possible to complete the problem and provide correct answers to items c) and d), making the appropriate conversion into algebraic registers.
Discussion
We will begin this discussion by stating that Barrow´s version of the FTC together with Cabri (Figure 3) yields an advantage vis-à-vis the static version -using a drawing that presents certain texts (for instance please see Toeplitz, pp.96-97)- students are explicitly shown the graph that represents the cumulative area. Whereas in the texts mentioned, readers must first ask themselves about it, then imagine it. Moreover Cabri enables presentation of Barrow in reverse order (Figure 4), which is not included in Struik´s presentation (p. 255).

We feel the performance of the seven students when faced with the problem, containing only data and no formulae, to be promising even though they all solved it together. It is noteworthy to mention that exactly the same problem was put to 20 high school seniors, to be solved individually; it was also handed out as homework to 31 high school sophomores and 14 juniors, all of whom were attending the Instituto Politécnico Nacional’s Physics and Mathematics School. Of all of the foregoing students, only 10 at the higher level were able to correctly solve the problem, albeit using algebraic strategies, and only one student resorted to figural elements to correctly solve the problem.  The situation was even more discouraging considering that some of the students had already taken up to three Calculus courses.

As a result of that stated at the end of the preceding paragraph, we feel that a first Calculus course could be used to familiarize students with variation activities. This could then be followed by a presentation of the Barrow version of the FTC together with a dynamic geometry package. In our opinion, students would thus be afforded the possibility of improving their reading of figural elements, as well as the opportunity to emphasize the link between derivatives and integrals.
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