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Abstract 
This contribution proposes a computer aided environment for the teaching/learning of diverse 

aspects of three-dimensional geometry. We show some academic activities: first of all, some examples for 
the teaching of Euclidean geometry, then an activity to help the process of resolution of a calculus 
problem and later we aboard the design of plus complexes solid pieces. Based on fundamental vector 
calculations the software in question allows the dynamic manipulation of points, lines, planes and solid 
objects. Such manipulation includes diverse operators including the Boolean operators of: difference, 
union and intersection of solid objects. This software provides a new proposition to integrate different 
mathematical tools which final purpose is the exercise of mathematics from the elemental vector 
calculations to the frontier of CAD/CAM. 

 
We propose software especially built1 to provide an environment to facilitate the 

process of teaching/learning of diverse subjects related to the handling and display of 
three-dimensional objects. The environment created allows the elaboration of activities 
that may consider different teaching strategies in some areas as: Analytic Geometry, 
Euclidean Geometry, Calculus and Computer Aided Design2.  

For representation and handling of the objects in this environment the resource 
requisite is the analytical geometry. The tools provided by this environment go from 
basic operations with vectors in R3 to the calculation of dynamic operations of 
difference, union and intersection of polyhedral objects. It also includes facilities for 
handling user's perspective, for the parameterization of the generation of computer 
images, and for the registration and retrieval of the scenarios generated by the user. 

 
In this paper we propose a presentation showing some possibilities about the 

utilization of the software in question. Initially, we propose three activities in which the 
objective is to support the teaching of Euclidean geometry. Then we propose an activity 
aimed at facilitating the resolution of a calculus problem. Finally, showing the more 
complex services offered at this version of the software (difference, union and 
intersection of polyhydric objects), which approach the student to technical design of 
solid pieces which eventually lead to the study of mathematical topics more 
specialized3. In all activities the knowledge requires to develop in use configurations is 
the analytic geometry (definition, rotation, translation of the objects, etc.). According to 
the use of the program the issue of analytic geometry can be encapsulated (concealed of 

                                                 
1 The development of this software is originally a personal project of one of the authors that now has the 

support of the Universidad Nacional de Costa Rica and the Universidad de Costa Rica. 
2  We hope  incorporate eventually other mathematical aspects own of the CAD/CAM (e.g. bsplines 

surfaces (Zeid, 1991), convex envelopes (Preparata and  Shamos, 1985), finite elements (Strang and 
Fix, 1973), etc). 
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activity user working plane), employed as a resource in full exercise, or it may be a goal 
itself. 

 
 

1.  Activities to the Euclidean geometry teaching  
Let’s remark before presenting examples, we fix some premises4 over that concern 

the environments aided by the computer. First, we assume that the ability of the 
computer to calculate multiple images is an unbeatable resource. Moreover, the ability 
to "rotate" objects in real time facilitates the understanding of the objects. Finally, we 
assume the desirability of pursuing the production of conjectures from the students to 
introduce the requirement of formal proofs. 

 
1.1 Dynamic study of solid objects cross sections 
 
Cross sections of a cube 

This activity seeks to create an environment for students to explore cross sections 
of a cube. In addition, it can be seen as an introduction of the need to prove the 
conjectures (e.g. the last section shown is a hexagon). 

The activity consists of two parts. The first one defines a plane and a cube, which 
is hold by a vertex and is hanging over the plane, and then it is gradually moved through 
the plane to study the formed cross sections.  

 

     
 

             
 
The second part is to rotate a plane outside a cube, so gradually the plane goes 

intersecting the cube. For this, the user defines a transformation that makes rotate the 
normal vector that defines the plane bringing dynamic updating of the cross section.  

 
Let´s remark that initially the activity is "encapsulated", i.e. to animate the activity 

the student only need to click on one button (the teacher prepares it previously using 
some knowledge of analytic geometry). However, the student can be instructed on how 
to manipulate objects, which expand the objectives of the activity5. 

 

                                                 
4 Given the nature of this document we accept those premises. 
5 Note that this is consistent with didactics remarks made where it is accepted that the introduction of 

informatics tools increasing rather than reduce the complexity of educational context. 
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Cross sections of a pyramid 
Through this activity we propose primarily to students the exploration of cross 

sections of a pyramid. Then, we introduce the study of conic sections.  
The activity consists of two parts. During the first one, a regular straight pyramid 

of  50 sides and a plane are define, the pyramid is hanging over the plane and then we 
make it pass through it, cutting in each step a transversal section.  

 

 
 
During the second part of the activity, a plane outside the pyramid is related in 

such a way that gradually the plane will intersect the pyramid. For this, it is enough to 
rotate the normal vector that defines the plane. 

 
The activity may anticipate the study of cross sections of a cone. 

 
 
 

1.2  Volumes study using the Cavalieri principle 
Volume of a triangular base sloping pyramid 

The objective of this activity is to support the use of the Cavalieri principle, to 
give a formal proof that the volume of a sloping pyramid is the same than the volume of 
a straight pyramid with same basis and the same height. 

The activity moves a plane which is parallel to xy plane throughout the entire 
length of two equal basis and the same height pyramids. One of the pyramids is straight 
and therefore of known volume, the other is slanted. The cross sections are then areas 
that are identical thus allowing the Cavalierie principle. During the observation of the 
cross sections both are available in 3D projection and in projection through the cut 
plane.  

 

    
 
Note that, increasing the number of sides of the pyramid makes possible to 

suggest the same result for the case of a straight cone versus a sloping cone. 
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Volume of a sphere 

Expanding the various applications of the Cavalieri principle this activity supports 
the use of this principle to show that the volume of the sphere of radius r is the same as 
that of a double cone of radius r. 

 
The activity moves a plane parallel to the xy plane throughout a sphere of radius r 

inscribe in a radius r height 2r cylinder and throughout two straight cones of height and 
radius r opposed by the vertices. The cross sections area of the supplement of the sphere 
to the regarding the cylinder and cross sections area to the cones are identical then will 
allow the Cavalierie principle (Moise, 1962). 

 
 

       
 

 
 

2.  Support for the solution of a calculus problem  
At different times of a calculus course (calculating volumes, lengths, line or 

surface integrals), many students are finding difficult to visualize the object that defines 
the calculation to be performed. In this aspect this software can facilitate significantly 
the "visualization" of such objects. 

 
 

3D Viewing 
During the following activity we propose not only seek to build a visual support 

of objects, but also, to exercise some basic knowledge of analytic geometry.  
 
It is proposed to calculate the volume of the intersection of two straight cylinders 

of equal radius whose axes are perpendicular. The activity consists then in aider the 
identification of the integral that solve the problem. First, we calculate the object (an 
approximation, using prisms which approximate the cylinders in question):  
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We can isolate and rotate the outcome to have a better understanding of it: 
 

         
 

 
Then we can cut in half (intersection with a hemisphere): 
 

 
 

And then in half again in order to determine finally the integral required.  
 

                    
 

At this time the approach of calculating in question is immediate. The stage was 
overtaken however quite significant but mainly represents a stage in that many 
examples can be rather complex.  

 
 
 

3.  Difference, union, and intersection operators 
It is our interest to move the capabilities of calculating the student toward more 

real objects. We have implemented the calculation of Boolean operators: difference, 
union and intersection of solid polyhydric that operate from automatic generation 
primitives (cubes, tores, ellipsoids, etc.). The resulting objects are a dynamic function of 
original arguments and then they are re-calculated if the arguments are modified. That 
permits the designs of solid pieces that eventually will need many mathematical 
calculations (volume, surface, etc.).  
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Boolean Operators  
The activity consists of placing two identical cubes and then calculates the 

operations of union, intersection, and difference between the two.   
 

 
 

So, we obtain: 

           
              Difference           Union    Intersection 
 
 
Over this activity will be have need of facilities for the rotation of the point of 

view and selective deployment in order to facilitate the display of objects. We also 
considered the use of other bodies e.g. two pyramids. 

 

 
 

So, we obtain: 

       
             Difference       Union    Intersection 
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Dynamic use of operators  
The activity is to calculate the difference between a sphere and a tore which is 

outdated with respect to the center of the sphere. Then move the tore is done gradually 
to align with the center of the sphere while seeing is the difference evolves. 

 
 
 
 
 
 
 
 
                              
 
 
 
 
 
 
 

Elements for conclusions 
In this article, and from examples, we have tried to show how that the propose 

software can help in a timely manner certain aspects of teaching mathematics, and in 
particular concerning to the analytic geometry. More important, we have tried to suggest 
that he brings a "sequence" of math topics different from other software.  

 
Finally, we state that one of the objectives of the software is to supply math 

teacher: agile, effective and attractive tools for the design of activities intended to teach 
subjects related to the mathematical handling by analytical calculations of three-
dimensional objects. Just as, give the student a computer environment able of 
harmonizing his interest and his skills characteristic of the new generations with the 
need to acquire and exercise the mathematical knowledge own of the manipulation of 
vector objects embedded in R3. 
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