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Introduction

In this paper | outline a number of research-based principlesthat areusedin the desgn of learning
experiencesthat are intended to foster conceptual understanding in mathematics. These arethe
illustrated using one particular type of tak that | have usedextersively with studentsin secandary
and adult education; that of sorting multiple representations. | refer to leaning experiences, because
the tax itself is only one componert of the dedgn. Close attertion is also paid to the role of the
teaclerin creaing anappropriate climate for learning to take place.

Theoretical framework

My own dedgns for novel mathematical taks are based on athreeway amalysis of: the purposesthey
areintendedto serve; the learning theariesrelatedto those purposes and the empirically tesed
principlesfor dedgn that emerge from these theaies Clearly, differert learning theariesapply when
different learning outcomesare desred A full amalysis of these purposes theaiesand principlesare
availabein Swan (2006a).

There areperhaps five distinct purposesfor learning mathematcs (i) developing fluency when
recaling facts and performing skills; (ii) interpreting concepts and represertations; (iii) developing
strategesfor invedigation and problem solving; (iv) awareress of the nature and valuesof the
educatonal systemand (v) anappreciation of the power of mathematcsin society (e.g. (Cockcroft,
1982; NCTM, 1988; Stigleretal., 1999; Stigler & Hiebert, 1999). In the examdesde<ribed below,
my purpose is concepual.

The learnng thearies| adopt for this purpose are derived from the social constructivists: concefs are
co-creakdaslanguage and symbols are appropriated and intermalised (Bakhtin, 1981; Vygotsky,
1996). Collaborative discussion is therefae esertial. Other relevant desgn principlesinclude the
importance of focusing directy on significart concepual obstacles(Bell, 1993; Wigley, 1994);
eliciting, confronting and building on the knowledge studerts alread/ have (Black & Wiliam, 1998);
cardully juxtaposing quedions and stimuli so asto produce surprise, tension and cognitive conflict
that may be reslvedthrough reflecion and discussion (Bell, 1993; Bell etal., 1985; Brousseay
1997); using tasks thatareaccesible, extendabl e, encourage decision-making, creaivity and higher
order quedioning (Ahmed, 1987); using multiple represertations to creat bridgesbetween concefs
(Askew etal., 1997); and using taks that allow studerts to shift rolesand explain and teachone
another (Bell etal., 1993b).

These principleschallenge mary teachers' existing orientations towards mathemaitcs, learnng ard
teaching asoutlinedin Figure 1, below. A ‘transmission’ orientation in which explanations, examgdes
and exercisesdominate must give way to a more collaborative oriertation in which students work
together on ‘connected’, ‘challenging' tasks; taks that emphadse the interconnecied nature of
mathematcsand confront common diffi culties This model of learning should not be confused with
that of OtscoveryCteaching, where the teacher simply preserts tasks and expects studerts to explore
and discover the ideasfor themselves Here, the teacterOsole includes assessing studerts and
making constructive use of prior knowledge; making the purposesof activitiesclear;challenging
students through effeciive, probing quedions; mamagng small group and whole class discussions,
encouraging the discussion of altermative viewpoints; drawing out the important ideasin each lesson;
and helping studerts to make connections betweentheir ideas



Figure 1: From atransmission to a collaborative orientation (Swan, 2005)
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Typesof task

In coming to underdand a concept, astudent must single it out and bring it to the forefront of
attertion (identify); noticesimilaritiesarnd diff erercesbetweenthis concept and other similar ones
(discriminate); idertify gereral propertiesof the concept in particular caesof it (generalise) ard
begnsto perceve a unifying principle (synthesse) (Sierpinska, 1994). Working with teachers we
have developedfivetak 'types that encourage these proceses These aresummarised below, in
Table 1. Thefirst of thes is discussed Zadavsky's presentation to this confererce. The secand is the
main focus of this paper.

Tablel: Five task 'types that encourage concept development
Classifvin Students devise their own classifications for mathematical objects, and/or apply
matheglat%cal classifications devised by others. In doing this, they learn to discriminate carefully and
obiects recognise the properties of objects. They aso develop mathematical language and
J definitions. The objects might be anything from shapes to quadratic equations.
Interpreting Students work together matching cards that show different representations of the same
multiple mathematical idea. They draw links between representations and develop new mental
representations | imagesfor concepts.
Students decide whether given statements are always, sometimes or never true. They
. are encouraged to develop mathematical arguments and justifications, and devise
Evaluating | d | defend thei ina. E e isth
mathematical examples and counterexamples to defend their reasoning. For example, is the
statements following statement always, sometimes or never true? If sometimes, then when?
"Jim got a 15% pay rise. Jane got a 10% pay rise. So Jim(3 pay rise was greater than
Jane®."
Students are asked to ceate problems for other students to solve. When the GolverO
Creating becomes stuck, the problem (reatorsQtake on the role of teacher and explainer. In
problems these activities, the @oingCand @ndoingOprocesses of mathematics are exemplified.
For example, one partner may create an equation, then the other tries to solveit.
Analysing Students compare different methods for doing a problem, organise solutions and/ or
reasoning and diagnose the causes of errorsin solutions. They begin to recognise that there are
solutions aternative pathways through a problem, and develop their own chains of reasoning.

In addition to the taks, we also pay particular attertion to the ways in which shared resourcessuch as
posters mini-whiteboards, and computer software may be usedto encourage collaborative learnng.

(The small physical size of most books (and workbooks) canbe anaobstacle to effective

collaboration).




Posters are oftenusedin schools and collegesto display the finished, polished work of students. In
our work, however, we use themto promote callaborative thinking. The postersarenot producedat
the end of the learning acivity; they are used throughout to display the group's rea®ning.

Mini-whiteboar ds aresmall erasbe pladic boards that students write on in marker pers. They are a
powerful pedagaagical aid to whole class discussion for several rea®ns: in whole class discussion,
they allow the teacher to ask new kinds of openquedion (typicaly begnning: OSbow me...0);
studerts canall regpond together so that the teacher sees what eachstudert thinks; they also
encourage students to shareprivate, rough working that may be quickly eragd

Tasks that involveinterpreting multiple representations

In the remainder of this paper, | describe just one of the above tak types "Interpreting multiple
representations” and show how it relatesto the learnng principlesdesribed albove. Thistask
involvesstudents sorting cards that show different representations of mathematical objects into sets so
thateachset hasequivalernt meanng. These objects may be words, pictures numbers symbols or
charts of almost any kind. Figure 2 offers two typical card sets that have beenused.

Figure 2: Two examplesof card sets
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Students take turns to match pairs of cards, explain their relationship and place them face up on the
table. Other students challenge or seek clarification. The card sets arededgnedso that students have
to discriminate careully and confront commaon concepual obstacles They are also desgned so that
martching is not necessarily 1 to 1. This encouragesconnecions and relationshipsto be explored In
addition, sets areusually incomplete so that students have to construct new examges The intertion is
that, through discussion, studerts articulate their own interpretations for cards and with the assistance
of the teacher begn to form gereralisations. Studerts pre<ert their reaults to the whole class by
pading cardsets onto postersand amotating these with explanations. A concluding plenary
discussion isusedto identify significart results and promate generalisation. This 'institutionalises
learnng (Brousseay 1997).

In dedgning suchaset of cards, one hasto carefully consider.

¥ The affordancesand limitations of eachrepresentation;
How the cards will be usedto expose commaon misconcegtions;
The order in which the represertations are preserntedto maximise conflict and discussion;
The criteria that studerts use to match cards, and how we can minimise superfi cial matching;
The degee to which sets of cards canopenup the possibility for generaisation.

K K K K

Example: Interpreting Percentage increase and deaease.

Before using this acivity, we assume that
studerts have already engagedin activitiesthat
involve matching equivalert representations of
decimals, fractons, percertage and area carcs.

oD \ ‘
Studerts, in small groups, aregiven Money cards % @ %,i

Figure 3: A correct matching of the percentage
increase and decr ease cards.

(‘states) and Percentage cards (‘changes). == %/‘%
Students areinvitedto take turns at choosing £120 <Down by 20% £150

cards and placing these so that betweentwo states
thereare appropriate changes(Figure 3).
Typicaly, they make the mistake of pairing an
increag of 50% with adecrea® of 50%, and so
on. (Noticethatthe desggn of the cards must
permit this possibility). Such errors arenot
commertedon atthis stage. This partisintended
to expose misconcepions such as n% increase
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followedby ann% decrea® reaultsin no change. ,
Groups arenow issuedwith a packs of ‘verhal %%
de<riptions' (Figure 4). Students combine these QW \
carcs with those alread/ on thetable. This £100 £200

encouragesthemto trarslate betweencommon
perceriagesand fractions (e g. 25%, one quarter).

They are thenissuedwith the ‘decimal muliplier' cards and check that they arecorrecty positioned
with calculators. This oftenprovidesconflict asstudents reaise thattheir earlier positioning was
incorrect

They now begn to make links betweenpercertage increagsand decimal multipliers(Up by 50%,
multiply by 1.5) and betweenfractions and decimals (e.g. "up by one half", "multiply by 1.5").
Finally, students aregiventhe fraction multiplier cards and further connections aremade. Throughout
this complex process, students are encouragedto make connecions and gereralisations. For example,
they may noticethatthere isaclea patternin the pairs of words that represent inverse functions:

Doubled Down by one half
Up by one half Down by onethird
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Up by onethird Down by one quarter
Up by one quarter Down by onefifth
Up by onefifth Down by one sixth

Suwch patterns demard explanation. Students finally assembe postersfrom cards and present their
findings to thereg of the class. This gives status to their own ideas The teacher encouragesstuderts
to extend ard generalise their ideasby making smal changesto the examplesand by explicitly
formulating gereral rulesfor equivalence. The teecher can for example, sugged repacing the money
cards with geometical shapes The teaclersroleis thusto recagnise and valuesthe important
contributions of students, and extend and 'institutionalise'them.

Figure4: Verbal descriptions, decimal multipliers, fraction multipliers.
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Discussion
Multiple represertations taks illustrate the following principlesfor teacting and learring:

They expose and build on existing interpr etations and understandings. These lessons do not
begn with explaration. Instead the teacler asks quedions and preserts anactivity that exposes
existing ways of thinking and reasoning. Studerts are confronted with inconsisterciesand alternative
interpretations through discussion. Conflicts originate both internally, within the individual ard
externally, from anindividualOsnterpretation of arother personOsalternative viewpoint. Explanation
follows this discussion.

They use cooperative small group work . Interpretations remain mereObadowsQunless they are
articulatedthrough language (Vygotsky, 1996). Sccial interacton is thus certrally importart. We find
that mary of our students have never had much opportunity to put their own underganding into
words. The teacler hasto try to intervere in aproacive but collaborative non-judgmental mamer,
challenging students to explain and justify their rea®ning.

They userich, open tasks that have multiple entry points and many pathways. Concepgual
frameworks do not develop along pre-determinedlinearhieraichies Tasks are dedgned so asto
provide opportunitiesfor studerts to create their own multiple connedions.

They valueimproved comprehendon over the completion of 'products'. Studerts needperiods of
OslInessQ(not necesarily silence) when Opoduction of answersOgivesway to Oeflecing on
alterrative methods and meaningsO These are substartial tasks, sometimestaking one hour or more,
and progressis slow. Many students may not finish agiventask. This canworry someteacters.
Teackhers are also someimesconcernedover the apparent lackof individual, tangible products: "What
isthereto asess/take away at the end of a discussion acivity?" Both of thes issuesneedaddressing
in professional developmert.



They can also use technology to facilitate discussion. Tecmology canbe a powerful resource,
particularly for the whole class discussions. Students are able to regicat their sorting and placecards
dynamically using interactve whiteboards. Computer applets allow the interactons betweeneach
represenation to be explored. In the examgde below, (Figure 5), the frequerncy tale may be varied
and the effects observed on other representations. Then, one or more representations may be hidden
and their appeaance predcted from the infomation available in the remaining ones

Figure5: A multiplerepresentations applet (DfES, 2005)
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Although these complex acivitiespose consideralle managemert challengesfor teacters they have
beenextremely popular with both teachersand students and have strongly featuredin threerecert
projectsin which I have beeninvolved (DfES, 2005; NCEE, 2006; NRDC, 2006). The evidence from
these suggeds the above tak typeshave been popular with students, have improved|earning
outcomesand have also had animpacton the beliefs and pracicesof mary mathematicsteacters
(Swain & Swan, 2007; Swan, 2006a, 2006b, 2007).

The good thing about this was, instead of like working out of your textbook, you had to use
your brain before you could go anywhere else with it. You had to actually sit down and think
about it. And when you did think about it you had someone else to help you along with you if
you couldn’t figure it out for yourself, so if they understood it and you didn’t they would help
you out with it. If you were doing it out of a textbook you wouldn’t get that help. After I did it
I found that I used a lot of brain power, but I felt dead clever. Do you know that when you
have actually done something and you actually put all your effort into something.. it makes
you feel dead clever. I've told all my friends that I have actually done a bit of work in maths.
‘Cause I never thought I was any good at maths, but I was alright with that.

(Lauren, a 16-year-old low-attaining student).
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