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Abstract

This paper proposes a study, based on my doct@ms¢nthtion, which deals with the learning and héag of

mathematical modeling in physics and mathematiagses. It was oriented specifically for the serfiagh

school students in France. In 2002, the new syflabihe Physics and Mathematics courses emphatireerble
of mathematics as a tool for modeling in other rsoés. Firstly, a description of the modeling precess
established for this work. Secondly, the textboodmonly used in the Physics and Mathematics ceursee
analyzed. These analyses revealed the transpogittmess of the “modeling process” practiced bydkperts
into a different process adapted for school. Thengeup of an experimental situation including soomusual
tasks (out of the scope of the common didacticraat for senior high school students allowed tentification

of the influence of the existing “praxeologies’thiese classes when students were subjected teepredalving

situations. Some of the difficulties linked to thetting up of this transposition process ware aealyand are
presented in the study.

1. Introduction

Nowadays, society has new expectations about this sk the young individuals.
Particularly, some international studies have distadxd the importance of the development of
individual skills to model and solve real life pteims (OCDE, 2003).

In 2002, the new syllabi for the Physics and Mathges courses emphasized the role
of mathematics as a tool for modeling in other rsogs.

This article proposes a study that deals with #ering and teaching of modeling,
specifically in senior high school Math and Physiosirses in France.

The aims of this work were to study how the modglmocesses “becomes alive” in
French schools and to identify the students’ difties in modeling a real life problem.

2. The framework in use

2.1 Modeling a mathematical modeling
The first step was to establish a description & tmodeling” process in this work. To
establish this definition, a review of several sgsb works about the subject was necessary;

for instance, Study 14 of the International Commisson Mathematical Instruction (ICMI)
and the memories of some international conferensesh as International Congress on



Mathematical

Education (ICME) and the

Internation@bmmunity of Teachers of

Mathematical Modelling and Applications (ICTMA). rilly, this definition was built

considering the definitions used by Blum and NE39(), Kaiser (1995) and Henry's (2001)
works. The final definition to be used in this waskrepresented in Figure 1 (for a detailed
description of this seven-stage process see Raigd07):
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Figure I: Description of the Modeling Process

Based on the description of “mathematical modeliegtablished before, some of the
textbooks commonly used in the Physics and Mathemaburses were analyzed. The results
of these analyses allowed the characterizatioheptoposed modeling process “to be taught”
in the senior year of high school. The methodolégfjowed to analyze the textbooks is
described in the next section.

2.2 The didactical transposition

This study used the notion pfaxeologiesas a useful tool to analyze textbooks. This
notion was taken from Chevallard’s anthropologitdatory (1999) which has been used
extensively and further developed by many Frendearchers such as Artaud (2007). She
says that “in this approach, two main aspects arsidered. The first one regards what is
learnt and taught and is modeled in terms of mattieal praxeologies. The second one is
concerned with the learning and teaching activéiesuch and is modeled in terms of didactic
praxeologies” (Artaud, 2007, page 373). A praxeplbgs four components:

a number of types of tasks T, which refers to vadme has to do

a technique , which provides a way to achieve tasks of thegitype



a technologyg, for every technique, which is the “discourse” tthastifies and
explains the technique

a theoryQ, which is the “discourse” that justifies and expsathe technology

In order to carry out this analysis and taking iatmount a first review of the French
syllabi and textbooks, the notion of “differentedjuation” was focused on a modeling tool.
This notion is first taught in high school.

The methodology followed in textbooks was ideatifiin a first review. From the
analysis of the chapter of “Differential Equationg”was determined and classified the kind
of tasks students are commonly demanded to dothdnsecond part of the analysis, this
classification of tasks was validated by analyzing content of the chapter. If, in this part,
there was some reference to the task, this kirtdstf was kept since it was representative of a
task demanded from students. When the list of taglssvalidated, a second detailed analysis
took place to identify the techniques utilized &ach task, and to, eventually, find out if a
technology or theory had been considered in thpteha

3. The first results: the analysis of textbooks

The analysis of the math textbooks allowed thatifleation of other types of tasks to
be practiced by students in the course:

Type of| Transition between phases in theDescription of the task
task modeling process

Toe Pseudo-Concrete Model ® |Set up a differential equation which
Mathematical Model models a real situation in pseudo-
concrete terms (found in the explanatory
texts of each exercise) that will lead to a
Mathematical Model

Tes Mathematical Model ® | Find a general solution of the differentjal
Mathematical Study equation
Tps Mathematical Model ® | Find a particular solution using an initial
Mathematical Study condition (given in the explanatory text
of the exercise)
Thag Pseudo Concrete Domain ® | Answer a question, formulated |n
Mathematical Model pseudo-concrete terms, based on |the

mathematical results obtained

The task e to “set up a differential equation” to model a ra#uation is rarely
demanded from students. Most of the times this tmuas given by the exercise; and
sometimes this kind of tasks are reduced to “justf’ that the model is an equation given on
the statement.

It was also observed that in a Mathematics class stlve” a differential equation
means to use a theorem previously demonstratedhbytéacher in class. Writing a
mathematical model (in this case, a differentialapn) is an important stage in the modeling



process, but this study confirmed the absenceigfitkclass task, so it was decided to extend
the domain of the study to the Physics class. Thes&books of the Physics class were
analyzed, in particular the chapters of “Circuit'Rfy using the same methodology followed
for the math course. The types of tasks identifieithis class are shown in the following table:

Type of| Transition between phases in theDescription of the task
task modeling process

Tec Pseudo-Concrete Mode® Physicall Represent an electric circuit scheme
Model diagram (a resistor-capacitor circuit, RC
circuit)
Toe Physical Model ® Mathematical Set up a differential equation which
Model models the tension capacitor c(t)
present in the circuit.
Tes Mathematical Model ® | Find a particular solution (verifying that
Mathematical Study a given function in the exercises is the

solution of the differential equation

T Pseudo-Concrete Domain Physicall Determine the intensity of the electtic
Domain « Mathematical Domain | current i(t) in the circuit using the
function Us(t)

Therefore, it was evident the need to insert a eay®omain in the modeling process
of reference in order to describe the modeling @sec¢hat took place in the Physics course.

The original scheme was modified; thus, a “new”atiggion was devised for the next
part in this paper, as shown in Figure 1.

Figure 1l: Modeling process in a Physics course



It is important to indicate the insertion of theyBical Domain in the original process of
modeling. Two stages were included in this doma@ime first stage was concerned with the
physical model. In the case of the electric circaifphysical device or a circuit diagram in
paper were included. The second stage was relatatiet mathematical treatment of the
differential equation, which modeled the intensitythe circuit. Consequently, some physical
results could be obtained. Physics teachers migttthis process significant when working
with mathematical modeling.

As a conclusion for the part regarding the textbaokalyses, these revealed the
transposition process (Chevallard, 1991) of theeesp modeling processes into a different
process used in schools. Even when the modelingepsois practiced more often in the
Physics class than in the Math class, some imposiaortcomings were observed and these
are commented below:

Even if the type of task gt “Represent an electric circuit scheme" appearthn
textbooks, it is a task not commonly assigned.

The task Be “Set up a mathematical model” (a differential diug is usually
assigned to the students, but the steps to de gigen in the exercise

In the Mathematics and Physics classes, there waskaof exercises to make the

student face the transition from the stages of &ks€ioncrete Results to those of

Model-Reality Confrontation. Henry (2001), amon@etresearchers, has considered
this transition important from a didactic pointwaéw.

The lack of tasks to make students face modelitgatson along with the experts’
processes led to the design of an experimentatsty which is described in the next section.

4. A brief description of the experimental situatiam

The second aim of this work was to identify thedstuts’ difficulties to model a real life
problem built around the results of the textboaksalysis. Special attention was paid to the
kind of tasks and techniques available in the t@odtls and usually presented to students in
class.

An experimental situation was set up to include samusual tasks (out of the scope of the
common didactic contract) for the senior high-s¢hstudents. Following are the three
characteristics chosen to design this experimeitiztion.

1) To confront students with the transition from R8alation + Pseudo-Concrete Model
towards the construction of the Physical Model.sThonfrontation was normally
absent according to the textbook analysis of theigh class.

2) To provide no directions to students regardingwhiéing of the Mathematical Model
(transition from Physica® Mathematical Model). A guide was usually obserted
establish a differential equation such as a mathieatanodel of a particular situation
in math and physics class.

3) To confront the students to the transition fromueeeConcrete Result® Model-
Reality Confrontation. This confrontation was akslsent in both of the analyzed
classes.



In the experimental situation, the students werep@sed to do the modeling of the
functioning of a defibrillator. This electronic deg applies an electric shock to restore the
rhythm of a fibrillating heart. A description abotite functioning of this device was
introduced in a text. It explained to the studetits mechanism of operation in physical
(electric) terms.

After the introductory text, students are givekeg question. Then, with a set of five
tasks, students are guided to reach the answethéororiginal question: “What is the

probability of survival of a man who has a cardigcoblem in the street and is assisted with
a defibrillator?”

Out of five tasks, tasks A and B are provided aa@des of the following:

Task A

We need to model the defibrillator with an electiicuit, like those studied in class.

Draw an electric circuit diagram and justify youhaice.

A possible (and correct) answer for this questi@s\an RC circuit diagram like the
one shown in Figure 11l

Figure 1ll: Possible answer to question A

It is worthwhile noting the presence of the photdhe figure, showing the use of the
defibrillator. The photo might have influenced 8tadents’ answers.

Task B

Set up a model (a differential equation) for thesten in the defibrillator. Justify the laws that
were used to establish the model.

A possible (and correct) answer for this questic;us;JC\l,L\cf:Jt—c+i U.=0.

RC



There were three other verification tasks: if achion given was the solution of the
differential equation (task C); about the intensigeived by the patient (task D); and finally
about the comparison and validation of the resoiffained in the activity, that is, the real
results given by a source (task E). In the nexti@ecthe results for tasks A and B are
analyzed (see Rodriguez (2007) for a more detaitedysis of the students’ productions).

5. Experimentation settings

The experimentation was done with 25 students air thenior year of three different
French high-schools. The setting of the experintemtavas done after teaching the topic of
“Electrics Circuits”. The students worked in paarsd had one hour to solve the problem.

Taking into account the type of tasks usually desednform the students in the
physics class and some elements of the techniquesl fin the textbooks, the answers to the
experimental situation provided by the pairs wemalgzed. The analysis also included the
final response concerned with had the patient lm#enot been able to survive. It was of
particular interest to determine what difficultsidents had found in this kind of tasks and if
the textbooks presented some problem-solving tgcieniAlso, it was looked into the ways
students solved the problem. Finally, it was irdérg to specify what stages (and transitions
in between) of the modeling process were more ehgihg for the senior students.

6. Partial results: the modeling activity of the stidents

The students’ answers for questions A and B allotkeddentification of the influence
of the existingpraxeologiesn the Mathematics courses, and mainly in the Byanes, in the
students’ solving processes.

About Task A

A difficulty observed in question A was that stutteiound it hard to propose a
diagram with all the physical elements of the eleatircuit such as resistances, capacitors,
etc. Some “hybrid” configurations appeared. Thédlifty to insert a resistance as part of the
electric circuit (replacing the patient’s thoraxaswrecognized from the students’ productions.
Even if the word “resistance” appeared in the idtictory text of the activity, this word did
not make specific reference to a physical termsTact could be observed in the answers
provided by two pairs of students:

Figure IV Figure V



In figure IV the thorax is represented by a “cifclend the electrodes are also
represented in the diagram. Even if the legend “BO2W” referred to a resistance, it was
difficult for these students to use the “correctéatrical symbol as observed. As well, in
figure V, the electrodes were drawn by the studéigalettes duresin French) but in this
case, the students did not include any reference tesistance in their circuit. This pair
ignored the place of the patient. Students mighthawe considered the patient as part of the
circuit since the patient had no electrical nategardless of his importance in this scheme.

Some other students proposed a scheme from a Gahysiodel” such as the one
shown in Figure VI:

Figure VI

In figure VI, the students were completely in alRBeConcrete Domain. The elements
shown in the diagram were not physical elementss @hswer could not be considered at all.
It made us wonder about the students’ compreher@fidhe task assigned. This difficulty
could be located in the transition from Real Sinatt Pseudo-Concrete Model (text of the
activity) to the writing of a Physical Model. Infeeence to the observed praxeologies in the
analyzed textbooks from the first part, no techeiguas observed in these manuals to perform
this kind of task, even if it was an important skepn a modeling point of view.

About Task B

For question B, several difficulties were identifi® propose a differential equation to
model the capacitor tension in the circuit. Sonugleshts forgot the Physique laws to do that as
well as how to establish a relation between the nitades involved. However, they
sometimes used incorrect physical laws or prinsipeome pairs of students established a

differential equation for the charge capacitor:q%%+R—1Cq =0. It is worthwhile mentioning

that this kind of answer in the students’ produwsionas observed since there was no
technique in class or in the textbooks suggestig procedurelt seemed “natural” for the
students to establish this differential equationc®again, no technique was observed in the
analyzed textbooks.

Another difficulty observed was the explicit expddion (or its absence) about the
selection of the study between the charge or digehaf the capacitor and the resistance. The
interest in this case was to study the dischargm fthe defibrillator to the patient, but an
important number of students apparently “forgo#ittfact. In many cases, question A worked
as the validation for the model proposed and ipéelthe students “to correct” the differential
eqguation proposed. An example of this is illustlateFigure VII.



Figure VI

As it can be seen, symbol “E” was erased from #% two equations because these
students had written an “E” instead of a “0” (zend)ich corresponded to the generator charge
from the circuit if the discharge was studied. T&sksked for verification of the solution of
the differential equation for a given function. elfeedback given for task C allowed the
validation or/and correction of the model proposedask B. This difficulty showed the
absence of relationships between the physical phena to study (real situation described)
and their modeling (discharge of a RC circuit fetiéntial equation).

The students’ solution of this experimental sitiatshowed evidence of the role of the
« pseudo-concrete » model for both, the initial sgaiation and the students’ physical model,
which they built by using the modeling approach.

The results can illustrate the importance of havanglear understanding of the
situation to be modeled as a consequence, estalglishpseudo-concrete model to build a
correct mathematical model. The benefits of thaditaon between the “objects and world
events” (called the real domain in this work) ahd tmodels and world theories” (called the
physical and mathematical domains) had already lodmerved and documented by other
researchers like Thiberghien and Vince (2004).

The conclusions of this study agree with these ambers particularly in the
importance of students’ self practice of the tagledl Situation -> Physical Model ->
Mathematical Model,” which are crucial for the awition of the modeling process. However,
the exploration of the study revealed that it cardifficult to attain.

6. Conclusions

To conclude, as described, this study agrees whev@llard’s work (1991) about the
type of modeling that is finally taught (“taughth&wledge) in the Physics and Mathematics
courses. It also stands for an important gap iandgyto the experts’ modeling processes (the
“wise” knowledge). The process of modeling defireda point of departure in this work can
be modified according to some issues observedastident’s activities.

It is also important to emphasize how to definembiere to find definitions for the
experts’ practice, topic which is commonly debatdongst the mathematical modeling
community members. The definition can be custothidepending on the scientific field
where a specific situation needs to be modeleds frhist be an interesting subject to discuss
and develop in future modeling works.



Another important issue in this work is the impada of both, the construction of an
adequate pseudo-concrete model and the physics| mdileh leads students to model it
themselves. This study finds that it is absolutedgessary that the aforementioned be done in
school. Secondly, giving feedback from one tasloartother develops a proper solution of
each task. This is an important feature to take adcount in the design of future modeling
activities. In future papers, the relevance of beas’ external interventions to help students
overcome their difficulties could also be discussed

Learning acquisition is learning through practitherefore this study recommends the
design of activities with all possible modeling pbea as well as teacher training courses in this
topic.
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