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Abstract 

TIMSS and PISA have documented considerable differences in students’ achievements, including mathematics, 
which led to lively discussions concerning the effectiveness of the teaching of mathematics in school. However, 
these studies have some serious deficiencies which only partly explain the causes for differences in achievement. 
Studies like these are essentially producing a descriptive system monitoring concerning specific measuring 
moments and age groups, but due to their descriptive, cross-sectional design, they cannot provide insights into 
the achievement development which has led to the stated results, nor into the impact of corresponding 
mathematical modelling competencies and the required mental models of mathematical concepts (that we call 
“Grundvorstellungen”). Especially these points, however, are important for providing causes for the identified 
achievement deficits and evidence for possibilities for the improvement of classroom practice. Thus the aim of 
the research project PALMA is to pursue longitudinally students’ mathematical achievement and its conditions. 
The essential aims are (1) the analysis of mathematical achievement development as well as corresponding 
modelling competencies and Grundvorstellungen from grade 5 to 10, (2) the analysis of causes of this 
development, and (3) providing hints for the improvement of teaching and learning of mathematics in each age 
group. In this paper we will present some selected aspects of our study. 
 

1. Introduction of PALMA 

The Project for the Analysis of Learning and Achievement in MA thematics (PALMA) 
analyzes students’ development in the domain of mathematics during secondary school 
(grades five to ten, 11- to 16-year-olds). Using a longitudinal design involving annual 
assessments, the main part of the project investigates the development of mathematical 
modelling competencies (Blum, Galbraith, Henn & Niss, 2007) across these years. The first 
survey took place in summer 2002. In 2006, our student population was equivalent to the third 
PISA wave (see figure 1).  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Development of mathematical competence from grade 5 to 10 
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The theoretical framework of the project employs a conception of mathematical competencies 
that is consistent with the notion of mathematical literacy used in the OECD’s Programme for 
International Student Assessment (PISA; see section 2 of this paper). In particular, the 
differentiation between competencies for mathematical modelling (in a broad sense), on the 
one hand, and for performing algorithmic operations, on the other hand, is of fundamental 
importance for this project. Furthermore the framework emphasizes the role of basic concept 
images (Grundvorstellungen; see vom Hofe, 1998; vom Hofe, Kleine, Blum & Pekrun, 2005) 
for mathematical modelling. The final goal of the project is to develop materials that can be 
used in educational practice. 

In this paper, the conceptual basis (section 2), the methodology (section 3) and some 
exemplary results (section 4) of the longitudinal study will be presented. At present, data are 
available for all six annual assessments, so that findings reported here pertain to grade levels 5 
to 10. At the end of the paper, a short summary of conclusions and an outlook of still 
upcoming work will be presented (section 5). 
 
2. Conceptual Basis: Mathematical Modelling and the Role of Grundvorstellungen  

Experiences both with lessons and empirical research show that many problems in 
mathematical thinking are caused by conflicts concerning the intuitive level (cf. Fischbein, 
1987, 1989). Essential reasons for these problems are due to the fact that often mathematical 
concepts and symbols are filled by students with a totally different meaning from what is 
intended by the teacher. In order to counteract these problems, different concepts of the 
generation of "mental models" have been developed which emphasise the constitution of 
meaning as a central aim of mathematical teaching. In Germany mental models which bear the 
meaning of mathematical concepts or procedures are called Grundvorstellungen, abbreviated 
to GVs. 

Concepts of GVs have a long tradition in the history of mathematical education in Germany. 
There is also currently a lot of research on GVs concerning all school grades (see for more 
details vom Hofe, 1998; Blum, 1998). Naturally, such concepts are not only restricted to 
Germany, but can be found in many other countries as well; cp. for example the concept of 
“intuitive meaning” (Fischbein, 1987), “use meaning” (Usiskin, 1991) or “inherent meaning” 
(Noss, 1994) in English-spoken countries. 

In mathematical education research the term GV is used both in a prescriptive and a 
descriptive way: GVs as a prescriptive notion describe adequate interpretations of the core of 
the respective mathematical contents which are intended by the teacher in order to combine 
the level of formal calculating with corresponding real live situations. In contrast, the term GV 
in descriptive empirical studies is used also as a descriptive notion to describe ideas and 
images which students actually have and which usually more or less differ from the GVs 
intended by mathematical instruction.  

Examples of elementary GVs: 
�  Subtracting as (a) taking away, or (b) supplementing, or (c) comparing. 
�  Dividing as (a) splitting up, or (b) sharing out. 
�  Fractional number as (a) part of a whole, or (b) operator, or (c) ratio. 

GVs can be interpreted as elements of connection or as objects of transition between the world 
of mathematics and the world of real live situations. In this context “generation of GVs” does 
not mean sampling a collection of static mental models which are valid forever. Quite the 
reverse, in the long run the generation of GVs will be a dynamic process in which there are 
changes, reinterpretations and substantial modifications. Especially if the individual is going 
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to be involved with new mathematical subjects, he or she will have to modify and extend his 
or her system of mental models. Otherwise GVs which have been successful for so long could 
become misleading “tacit models” (referring to Fischbein, 1989) when one is dealing with 
new mathematical subjects.  

The generation of GVs is especially important for the mathematical concept development, 
characterising three aspects of this process:  

�  Constitution of meaning of mathematical concepts based on familiar contexts and 
experiences, 

�  generation of generalised mental representations of the concept which enable 
operative thinking (in the Piagetian sense), 

�  ability to apply a concept to reality by recognising the respective structure in real life 
contexts or by modelling a real life situation with the aid of the mathematical structure. 

In PISA, basic mathematical competence is described as mathematical literacy (OECD, 1999 
& 2003) which emphasises the role of conceptual understanding and meaningful application 
of mathematics in contrast to mere algorithmic calculating and formula manipulating. Dealing 
with mathematics in that way stresses the importance of modelling as a major mathematical 
competency. The following figure simplistically illustrates the typical steps of a modelling 
process and shows its cycle character (see figure 2); for more details see Blum et al., 2002. 

 

 

 

 

  

 

 

 

 

 

Figure 2: Modelling Process 

 

When carrying out this process, translating between the real world and mathematics is a main 
mathematical activity, for example finding mathematical concepts or procedures which 
represent a given real life context on the mathematical level or interpreting what a 
mathematical solution means for the given real world situation. Therefore mental models 
respectively Grundvorstellungen are needed which carry the meaning of mathematical notions 
and procedures and so enable the student to move mentally between mathematics and reality 
(Freudenthal, 1983, vom Hofe, 1998). Thus the generation of a dynamic network of GVs is an 
important prerequisite for the development of mathematical modelling competence as a 
whole, and especially for the activities of mathematization and interpreting where mental 
translations between mathematics and real live contexts are required. Without GVs however, 
mathematical operation becomes a lifeless formalism which is taken away from the areas of 
application and reality.  
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Due to their mental nature, it is difficult to explore students’ GVs by empirical research; and 
there are many theoretical and methodological problems when gaining an insight into 
students’ mental models. However, regardless of these problems the development of working 
methods for empirical based analysing of mathematical thinking is an important issue in 
mathematical education.  

We are convinced that serious problems of mathematical achievement development are 
caused by an insufficient growth of modelling competency and corresponding GVs during 
secondary school. We furthermore assume that many students turn too frequently to formula 
calculating which is one of the reasons for difficulties with applied mathematical problems. In 
the following sections we will elaborate a little more the role of GVs for mathematical 
modelling. 

For our long term study we designed test instruments which are conceptually based on the 
idea of mathematical modelling and the involved activation of GVs. To get insights into the 
development of the modelling competency of students, we constructed series of items which 
progressively require modelling activities concerning the topics of arithmetic, algebra, 
elementary functions and geometry. In addition, we also included series of items which can be 
solved by mere formula calculating without any GVs or thinking about the meaning of the 
involved concepts or procedures (“technical items” in the sense of Neubrand et. al. 2001).  

Two elementary examples of grade 6, one of each kind: 

(1) Kevin wants to buy new sport shoes for 80 €. He has already saved 3/10 of the price. 
How much more money does he still need to buy the shoes? 

(2) Calculate: �
�

�
�
�

� -×
5
2

2
1

3
1

 

In example (1), GVs of subtraction (most likely supplementing) and fractions (as operator) are 
needed. In example (2), mere algorithmic knowledge of multiplying and subtracting of 
fractions is sufficient. 

Beside elementary items which only require single parts of the modelling process we also use 
series of complex items to measure different levels of mathematical modelling and the 
interplay of different GVs. A typical example regarding grade 9 is “Online Services” (see 
page 5): 

For a successful solution of item a) simple translation processes between reality and 
mathematics by elementary GVs of functions are needed (discrete mapping). However, item 
b) demands higher requirements, because the linear growth of both services must be compared 
with each other. For this situation elaborated GVs of functions (covariation of two variables) 
are necessary. Furthermore, in item c), GVs of variables must be activated to find out the 
correct formula. 
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Online Services 

The following overview shows the conditions of the contract of two online services: 

  e-online online-pro 

 Monthly basic charge 7 € 7 € 

 Price per hour 3 € 4 € 

 Free hours per month None 3 

a) Compare the monthly total expenses of both online services with an existing contract. 
Complement the following table. 

 Useful life total expenses 

e-online 

total expenses 

online-pro 

 0 hours 7 €  

 1 hour  7 € 

 5 hours 22 €  

b) Which online service is cheaper for frequent use? 

 �  e-online �  online-pro 

Found your answer.  

___________________________________________________________________________ 

c) Give a formula for the total expenses for e-online as a function of the useful life. 

___________________________________________________________________________ 

 
3. Methodology 

To provide detailed development data, the PALMA longitudinal study includes annual 
assessments from grades 5 to 10. Our samples consist of students, their mathematics teachers, 
and their parents. To make it possible to analyze also classroom instruction and the classroom 
context, the student samples primarily comprise students from whole classes. Samples are 
drawn from Bavarian schools so as to be sufficiently representative for the student population 
of the state of Bavaria, thus including students from all three school types of the Bavarian 
school system. The three school types differ in academic demands and students’ entry level of 
academic ability. As in most German states, these school types consist of a low-ability track 
(Hauptschule), a medium-ability track (Realschule), and a high-ability track (Gymnasium). In 
the first year (grade 5), the student sample comprised 2,070 students (1.043/1.027 male/female 
students; mean age 11.7 years) from 83 classrooms and 42 schools. The sample of 
participating parents included 1,977 parents, and the teacher sample all of the 83 mathematics 
teachers of the participating classes. At each grade level, the assessment took place towards 
the end of the school year (May and June). The student assessment comprised the following 
main variables and instruments: 

(1) The Regensburg Mathematical Achievement Test. Using Rasch-scaled scores, this test 
measures students’ modelling competencies and algorithmic competencies in the fields of 
arithmetics, algebra, and geometry. It also comprises subscales pertaining to more specific 
contents (e.g., fractions; vom Hofe et al., 2005). The test was designed so that it allows to 
assess students’competencies across all grade levels of secondary school, and it takes 
students’ different abilities within grade levels into account. 
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(2) Student and teacher questionnaires including variables of mathematics classroom 
instruction and of the social composition of the classroom context. 

These instruments are administered by trained external test administrators in the students’ 
classrooms. Total testing time is 180 minutes at each grade level. The parent and teacher 
assessments comprise questionnaires that were administered individually. The German Data 
Processing Center (DPC) of the International Association for the Evaluation of Educational 
Achievement (IEA) is responsible for drawing the student, parent, and teacher samples, and 
for organizing the annual assessments.  

In addition to the quantitative annual assessments, we also conducted qualitative interviews in 
sub-samples of students. The interviews aimed at analyzing in more detail the cognitive 
strategies students use to solve mathematical problems. They also included think-aloud 
procedures of assessing problem solving strategies. All interviews were videotaped and 
transcribed before being analyzed. 
 
4. Results and Discussion 

In the following sections we present some selected findings of our study. These findings 
pertain to (1) the development of mathematical achievement, (2) corresponding modelling and 
algorithmic competencies, and (3) the role of Grundvorstellungen. 

Global findings: Development of Mathematical Competencies 

Using our longitudinal data, we aimed at investigating how students’ mathematical 
competencies develop over the schoolyears. As mentioned before, we moreover wanted to 
analyze whether there are differential developments for different types of competencies, or for 
different groups of students. Our analyses pertained to the main topics of the German 
mathematics curriculum for the grade levels considered. One important question was whether 
students’ difficulties are due to inadequate mathematical concept images. 

The development of competence scores was analyzed by using the longitudinal sample of 
students who had participated at least in five of the six annual assessments from grades 5 to 
10. The scaling of competence scores also was based on this sample (standardized to M = 
1,000, SD = 100 at grade 9). As figure 3 shows, there was a substantial increase of overall 
competence scores. However, there are clear school type differences: Indeed, the development 
of the mathematical competence of students from the high-ability-track schools and of 
students from the medium-ability-track schools is widely parallel. As expected the high-
ability-track lies continuously over the medium ability-track. Moreover, the low-ability-track 
has a larger distance to the medium-ability-track and the development of the low-ability-track 
runs clearly much more moderate than in the other two school types. It is astonishing that the 
average achievement of students from the low-ability-track schools at the end of time 5 (grade 
9) lies only briefly over the average achievement of students from the medium-ability-track 
schools at the end of time 1 (grade 5) and even shortly under the average achievement of 
students from the high-ability-track schools at that time. 
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Figure 3. Development of mathematical competence from grade 5 to 10 

We will now have a more detailed look at the development of modelling and algorithmic 
competence. Figure 4 shows that we have an increasing development in both competences 
from grade 5 to 10 at most time, but we also see that there are phases of stagnation of 
modelling competencies at the end of grade 9 in the low-ability-track schools (Hauptschule). 
In this period no advancement of modelling competencies takes place. Furthermore, there are 
even phases of decline of algorithmic competencies at the end of grade 5 in this school type. 
Both results lead to the question whether the system of the low-ability-track schools promotes 
the students reasonably and appropriately. 
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Figure 4. Mean scores for modelling and algoritmic competencies from grade 5 to 10 

In connection with these considerable differences in the average development of modelling 
and algorithmic competence in the three school types it is interesting to look at the 
achievement distributions and the variance within the school forms (see figure 5). An 
important question, in Germany lively discussed, is whether these achievement distributions 
justify the system of separated and mostly impermeable school forms. Also here an 
astonishing result appears: There are high overlappings between the school forms in time 1, 
which are similar from time 2 to time 4. Even at the last common measuring time 5 
considerable overlappings still exist between the school forms which make clear that a lot of 
students from the low-ability-track schools reach the level of students from the medium- and 
the high-ability-track schools. These results let it seem dubious that an adequate support is 
guaranteed by the early selection from 10-year-olds in three different school forms. 
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Figure 5. Development of mathematical competence at time 5 and 9 

Even more clearly these findings appear in the following comparison of the high-ability-track 
schools with different branches of the medium-ability-track schools. In Bavaria students are 
split in the medium-ability-track schools after class 6 in three different branches: (1) 
mathematical branch, (2) business branch, (3) socio-scientific branch. As can be seen from 
figure 6 the students of the mathematical branch reach analogous scores of mathematical 
competence as students of the high-ability-track schools from time 1 to time 4. At time 5 and 
6 the scores of these students lie even above the scores of the students from the high-ability-
track schools. If one thinks, however, that on account of the different curricula in the high-
ability-track schools and in the medium-ability-track schools, nevertheless, for the students no 
chance exists to change between these school forms, then the question must be put once more 
whether this division between the school forms is reasonable. 
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Figure 6. Development of mathematical competence in different branches of medium-ability-track 
and high-ability-track 

Detail findings: The role of basic mathematical concept images 

The quantitative studies described in the previous section serve for the analysis of the 
development of the different school forms at a global level. So far we reported the aggregated 
development on the class level of individual learning histories. In particular, specific problems 
of mathematical modelling and involved basic mathematical concept images 
(Grundvorstellungen) cannot be explained by these analyses. That is why we have carried out 
other detailed explorations: (1) analysis of typical students’ mistakes on the basis of selected 
items of the quantitative test, (2) interviews with subgroups of students (N = 36 each year) 
solving these items. The interviews are related to main topics of the curriculum of grades five 
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to ten (grades 5 and 6: fractions and proportionality; grade 7: fractions and negative numbers; 
grades 8, 9 and 10: equations and functions). The analyses of these documents are not finished 
yet. In the following, we will present two typical examples to illustrate difficulties in the 
modelling process and, besides, relevant GVs. The following example is taken from an 
interview with a sixth-grade student.  

Chocolate 

Lily takes half of the bar of chocolate depicted at the right. 
She eats 3/5 of what she took. How many pieces did she eat? 

 

Contrary to expectations (10 pieces · 3/5), the student did not use a part-whole operation to 
solve this task, but made an attempt to solve it by performing a division (10 pieces : 0,6). Her 
answers given in the interview made clear why she did so: 

I: Why divided by zero point six? 
S: Yes, ehm, yeah. 

Because ten is equal to zero point five, and this is half of all of it.  
And the zero point six are the three fifths.  
And that’s what you need of the half, since it’s only a half, and not all of it. 

I: My question related more to the arithmetic operation. Why divided by?  
 And not times or plus or minus? 
S: Because, ehm, by doing that, it would become more, but it has to become less and less, 

because she doesn’t eat more than the bar, but less than the bar.  
S performs the division 10 : 0,6 (26 seconds) 

As illustrated by this example, the primary reason given by students for performing this kind 
of an arithmetic operation was that they could not conceive of any other way to obtain a 
diminution of the starting value. This misconception is based on a mathematical concept 
image of multiplication that “multiplication always makes bigger and division always makes 
smaller” (Wartha, 2007). Of course, while a multiplication implying natural numbers always 
leads to an augmentation, it can lead to a diminution when using fractions. 

Such problems by the translation between reality and mathematics which exist because of a 
non-adequate development of GVs are quite typical for fractions which are treated in grade 6. 
It is disconcerting that such problems are not only typical at the beginning of the secondary 
school, they still exist till the end of this school form (Jordan, 2006; Stölting, 2008). Thus a 
sensible interpretation of functional connections which are also extremely relevant for 
successful accomplishment of everyday problems is extremely problematic for a huge number 
of students at the end of the secondary school. For example, a lot of students of grade 9 cannot 
solve the following item: 
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Sprinter 

Luise and Pascal do a race by bicycle. In the chart there speed is shown as a function of the 
time. 

 
a) Who goes 7 seconds after the start faster? 
�  Pascal 
�  Luise 
�  this question cannot be answered by the chart  

b) What happens between 5th and 8th second? 
�  The distance between Luise und Pascal becomes lower 
�  The distance between Luise und Pascal becomes larger 
�  The distance between Luise und Pascal stays the same 
�  this question cannot be answered by the chart 

Found your answer: 

__________________________________________________________________________ 

In item b) the students must recognise that between the 5th and 8th second Luise goes faster 
than Pascal and therefore the distance becomes larger between them and decreases only from 
the intersection of the graph. A typical error of this example which is classical for functions 
lies in a non-adequate development of elaborated GVs of functions (see section 1). This error 
leads to an interpretation of the graph as a way of real life, as the following sequence taken 
from an interview with a ninth-grade student shows: 

S: Yes, Luise becomes slower and Pascal becomes quicker. 
I: How do you see that Luise becomes slower? 
S: Because the straight rises no more so strongly. 

The student founds his answer about the gradient of the given graphs. To the question of the 
interviewer what she should say about the distance between Luise and Pascal he gives the 
following answer: 

S: The distance becomes also less and less when Luise becomes slower and Pascal 
 becomes faster ... 
I: But now you conclude this, or do you also see in the graph that the distance becomes 
 less? 
S: I see this also, because of both straight lines of Luise and Pascal … 
I: OK. What happened then in the ninth second? 
S: ... they meet then. 
I: Does this mean, they drive side by side, or what is called, they meet? 
S: Yes, side by side they go .... But Pascal goes faster, and then he overtakes Luise. 
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Those and other problems concerning the translation between reality and mathematics are 
typical – as said above – from grade 5 to grade 10. These findings of our interviews thus 
corroborated the importance of basic mathematical concept images for solving mathematical 
problems, and of inadequate images for errors (see also Fischbein, Tirosh, Stavy & Oster, 
1990). Overall, approximately half of the students’ errors that were analyzed in our interviews 
were found to be due to inadequate basic concept images.  
 
5. Summary and Outlook 

In this paper we presented some selected results of the project PALMA. An important result is 
(1) that the competency scores of the three German school types overlap with each other to a 
large extend even at the end of secondary school and (2) that many students are not supported 
adequately by the current German school system which devides 10 year olds in separated 
school types. Detailed analyses from grade 5 to 10 show that there are phases which are 
dominated by an increase of algorithmic competencies while modelling competencies are 
hardly increasing or even stagnating and vice versa. Findings from the qualitative interviews 
corroborated that inadequate mathematical concept images play a major role for the 
difficulties many students have with mathematical tasks. We assume that supporting students 
to develop adequate concept images could substantially help preventing these problems.  
At the moment the analyses of our data are still going on. To get a deeper insight into the 
teaching and learning in Bavarian classes, the following further analyses will be carried out in 
the future: (1) Connection of the achievement data with psychosocial data, (2) Continuation of 
the detailed studies, in particular evaluation of all interviews. 

We expect our work to lead to different perspectives concerning learning and teaching 
mathematics at school. Especially teachers need more diagnostic competence to promote the 
development of GVs and to thwart misconceptions which constrain the further progress in 
applied mathematics. On the basis of our data we are developing special modules for teacher 
education which can support competence in analysing students’ strategies and mistakes. 
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