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Constituent Elements of Mathematical Knowledge
The mathematical integrity of a curricular content is determined by the ways of understanding and ways of thinking that have evolved in many centuries of mathematical practice and continue to be the ground for advances. An important goal of research in mathematics education is, therefore, to identify these ways of understanding and ways of thinking and recognize, when possible, their development in learners and in the history of mathematics, and, accordingly, develop and implement mathematics curricula that position the mathematical integrity of the content taught and intellectual need of students at the center of the instructional effort.

The notions of ways of understanding and ways of thinking have specific, technical meanings; they will be defined in the presentation. Roughly speaking, the first refers to ‘subject matter’, such as particular definitions, theorems, proofs, problems and their solutions, and the second to ‘conceptual tools’, such as heuristics and beliefs of what constitutes proof in mathematics. While knowledge of and focus on subject matter is indispensable for quality teaching, it is not sufficient. Mathematics instruction should also concentrate on conceptual tools.
