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Abstract
This work is parbf a wideranginglong-term project aimed at fostag studentsO acquisition of symbol sense through
teaching experiments on proof in elementary number theory (ENT). Our aim is to athedymee and the role of
algebraic language in the development ofhspecoofs. In this paper we preseahie analysis and classification of
students® behavioirr facing the proof of a conjectunghile working in small groups. The analysis of studentsO
protocolswasmadeby reference téhe followinginterpretativekeys:the application of specific conceptual frames, the
games of interpretation between different frames, anticipatory thoughts, the use of conversions and treatments anc
coordination between different registers of representaflain.analysis highlights the in@dce of anticipatory thoughts
and of the flexibility in the coordination between different frames and different registers of representation in the
development of proof in ENT. Moreover our work testifies the effectiveness of the analysis of studenssidriisc
during small group activities as a methodological instrument to highlight all these aspects.

1. Introduction

Many research studies support an approach to algebraic language related to the development ¢
reasoning Arcavi (1994, 2005), for examplelaims that,in addition to stimulating studentsO
abilities in the manipulation of algebraic expressiaeachers should make thesee the Vae of

algebra as an instrumefdr understandingexpressing and communicating generalizatioti®e
establishmenbf connectionspr the production of argumentation and pro&fcentral aspect in
ArcaviOs approach to algebraic language is the concept of symbol sense. The authotochooses
characterize symbol senbgyhlighting, through meaningful examples, the atititsi to stimulate in
students to promote an appropriate vision of alg@Pagicular attitudes that he names include: the
ability to know when to use symbols in the process of finding a solution to a problem and,
conversely, when to abandon the use of symmbnd to use alternative (better) tools; the ability to

see symbols as sense holders (in particular to regard equivalent symbolic expressions not as mel
results, but as possible sources of new meanings); the ability to appreciate the elegance, thi
concseness, the communicability and the power of symbolspi@sent and prove relationships

For these reasons, Arcavi argues that students should be introduced to algebraic symbolism fron
the beginning of their studies througpecificactivities that encaage in them an appreciation of

the value and power of symbols.

Many researchers share a similar vision of the approach to the teathlggbra. Among them,

Bell (1996),states, in particular, that it is necessary to favour the use of algebraic languatml

for representing relationships, and to explore aspects of these relationships by developing those

manipulative abilities that could help in the transformation of symbolic expressions into different
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forms. This idea is strictly connected with B&k description @the essential algebraic cycleO as an
alternation of three main typologies of algebraic activity: representing, manipulating and
interpreting.Similar observations are also found in Wheeler (1996), who asserts the importance of
ensuringthat students acquire the fundamental awareness that algebraic tools Oopen the wayO to t
discovery and (sometimes) creation of new objects. Kieran (2004) also stresses the importance o
devoting much more time to those activities for which algebra i$ asea tool but which are not
exclusively to algebra (global/melavel activities according to KieranOs distinctiolmsjact, hese
activities help students developing transformational skills in a natural way since meaning supports
manipulations (Browr2004).

Proof is certainly one of the main activities through which helping students develop a mature
conception of algebrawWe adopt WheelerOs idea that activities of proof construtttiongh
algebraic languageould constituteOa counterbalance to alletautomating and routinizing that
tends to dominate the scen&@lden and Selden (200@)ggesthatENT is Oideal for introducing
students to reasoning and proofO because it makes students deal with familiar objects and reduc
the level of abstractionequired.We believe that activities of proof IBNT would both provide
students with the opportunities they need to progress gradually from argumentation to proof and
help them to appreciate the value of algebraic language as a tool for the codificdtsmiving of
stuations that are difficult tonanage through natural language only (Malara 2002).

We agree wittZazkis and Campbell (2006who state that Othe idea of introducing learners to a
formal proof via number theoretical statements awaits imgheation and the pros and cons of
such implementation await detailed investigationsO (dri@yder both to investigate these aspects
and to foster the diffusion of activities of proof in ENT in school mathematics, we are working with
pre and irserviceteachers (Cusi & Malara 2007) and with upper secondary school students. The
activities we focus on in this paper refer to students and are part of-tetan@xperimentation
realized in some classes {1§rade) of d.iceo SociePsicoPedagogico

1.1 Thechoice of the research context

Liceo SociePsiceaPedagogico is an upper secondary school originally aimed at educating future
primary school teachers. In this kind of school Mathematics has a minor role. In fact it is taught
only 4 hours per week and thardculum is more limited than that at schools with scientific or
technical courses. An important consequence is that many of the students attending this school ar
neither interested, nor inclined for mathematics. The classes involved had alreadydutibaal
approach to algebra, during the previous school year. We chose to propose them this teaching
sequence, in order to highlight problematic aspects related to possible conflicts between an existing
view of algebraic language and the new awarenesadtivities are meant to stimulate. Moreover,

due to the difficulties at syntactic level, many of these students had shown at the beginning of the



school year, we thought that proposing them this type of activities would have been a good researct
contextto verify whether it is possible, though an approach like this, to facilitate little steps towards
a vision of algebra as a tool for generalising, reasoning and proving.

1.2 Methodology of work with students

Aiming at making student acquire an effectivandpl sense, we planned and experimented a path
for the introduction of proofs IENT through different gradual phases of woflhe path can be
subdivided in 6 main phases, characterized by the following activitie$ranslations from verbal

to algebraidanguage and vieeersa;(2) Study of the relationship between properties of a given
formula and properties of the variables it conta{{3 Analysis ofthe truthfulness/falseness of
statements concerning natural numbers and justification of the gmsevees;(4) Exploration of
numerical situations, formulation of conjectures and related proofs; (5) Analysis of prgofs; (6
Construction of proofs of given theorems. The path (about 20 hours) was articulated through small
groups activities (8 groups werauddo-recorded), followed by collective discussions (audio
recorded) on the results of the sammtbup activities. In this work we will dwell on a central
moment in the path: the smgloups® work aimed at constructing the proof of some conjectures
they poduced starting from numerical explorations. In particular, we will present the main results

of our analysis of group discussions when students were trying to prove one of the conjectures.

2. Theoretical framework which support our analysis of studentsOsgiussions

Many different competencies are required of a student who hase@foof problems in ENTn
particular, he/she has to: (a) know the meaning of the mathematical terms in the problem text anc
interpret them correctly by reference to it; (t@nslate correctly from the verbal to the algebraic
language; (c) be able to interpret the results of the transformations operated on the algebraic
expressions in relation to the examined situation; and (d) control the consequences of his/her
assumptions.

We identified a set of theoreticateference thatare both appropriate to the analysis of the
transcripts of group discussiodsaling withproofs, and in tune with the view @aflgebra that we

are promotingThe main reference in our research is the vimyridrzarelloet Al. (1994, 2001). The
authors propose a model for teaching algebragesree of interpretatiomnd highlight the need for

the promotion of algebra as an efficiegobl for thinking An awareness of the power of the
algebraic language car lbeveloped only once the student has mastered the handling of seme key
aspects that arise in the development of algebraic reasoning. In particular, the authors highlight the
use ofconceptual frameslefined as a®organized set of notions, which sugghsets to reason,
manipulate formulas, anticipate results while coping with a prohland@hanges from a frame to

anotherand from a knowledge domain to another as fundamental steps in the activation of the



interpretative processeAccording to the authorsa good command in symbolic manipulation is
related to the quality and the quantity of anticipating thoughts which the subject is able to carry out
in relation to the effects produced by a certain syntactic transformation on the initial form of the
expresion. Boero (2001) also argues tlatticipation is a keyelement in producing thought
through preesses of transformation. The authdefines anticipating asOimagining the
consequences of some choices operated on algebraic expressions and/or onbiles, \am@or
through the formalization process®order to operate an efficient transformation, the subject needs
to be able to foresee some aspects of the final shape of the object to be transformed in relation to tr
target. Arzarellcet Al. stress thiathe ability to produce anticipations strictly depends on changes in
the frame considered in order to interpret the shape of the expression.

Another theoretical reference that we take as fundamental for analysing studentsO management
meaning in algelar is the concept akpresentatiorregisterproposed by Duval (2006). The author
defines representation registers those semiotic systems Othat permit a transformation o
representationsO. Among them, he includes both natural and algebraic languagessBrisdhat a
critical aspect in the development of learning in mathematics is the ability to change from one
representation register to another because such a change both allows for the modification of
transformations that can be applied to the objeetfdesentation, and makes other properties of the
object more explicit. According to the author, real comprehension in mathematics occurs only
through the coordination of at least two different representation registers. He analyzes the functions
performed ly different possible typologies of transformations. He distinguishes betvestments
(Qransformations of representations that happen within the same register©pnamdsions
(Otransformations of representation that consist of changing a registertwhihnging the objects

being denoted®), highlightingoth the fundamental role of each ofhese typologies of
transformationand thdantertwiningbetween them.

3. Research hypothesis andims

Our hypothesis is that the production of good proofsNIT depends upon the management of three
main components(a) the appropriate applitian of frames and coordinationetween different
frames;(b) the application of appropriate anticipating thouglaisgl (c)the coordination between
algebraic and verbal regiss (on both translational and interpretative leve®)r aim is to
investigatethe following aspectgl) Effectiveness of the theoretical references we selected as tools
for analyzing and classifying students discussion about proofementary numbeheory; (2)
Identification of the ssential components for good productions in this contad; @) The role
played, by the three componsme singled out (application and coordination between frames,
anticipating thaghts, coordination between verbahda algebraic registgrand the mutal

relationships between them. In this work we will presesaraple of prototyperoductionshelpful



to verify our hypothesis and to highlight that the lack or unsuccessfully application of one of these
components leads failure and/or blocks of various types.

4. Research Methodology

Theoretical models we used helped us to identify some interpretative keys for both the analysis of
protocols and their subsequent classificati@ur analysis focused on the followin¢l) The
conceptual frames chosen to interpret and transform algebraic expressions and the coordinatiol
between the different frames appropriate to those same expres&@pnshe application of
anticipating thoughtsand @) The conversions and treatnteappied and the coordinatiobetween

verbal and algebraic registers.

4.1 Why smallgroups activitie®

The study of smaffjroups work is proposed by researchers wlifferentaims: some of them are
interested in the effects of these kind of activities agunstnts to promote learnindarnes,

2005), other researchers focus on the dynamics wiiltdracterize the students® mathematical
discourses while they are working in groups (Ryve 208ers aim at highlighting how individuals
re-construct mathematicabncepts through smajfoups interaction (Vidakovic &lartin, 2004).

Our choice of making students work in small groups is, instead, motivated by a different reason.
Our conviction is that only when students are involved in a communication it is realiibjeofor

us to produce an idepth analysis of the coordination between verbal and algebraic register in the
construction of proofs in ENT. We believe that the analysis ofstewritten protocols is not
enough to highlight studentsO actual interpoetstof algebraic expressions they construct. The
need to communicate their reasoning to others forces students not only to verbally make what they
are writing explicit, but also to explain both the objectives of the transformations they carry out and
their interpretation of results.

5. The problemand itsa priori analysis

The problemon which we focus itthis paperjs the following:OWrite down a two digit number.

Write down the number that you get when you invert the digits. Write down the diffezbmeerb

the two numbers (the greater minus the lesser). Repeat this procedure with other two digit numbers
What kind of regularity can you observe? Try to prove what you stateO

The regularity to be observed is that the difference between the two nusbkvays a multiple

of 9; precisely it is the product between 9 athe difference between the digits of ttieosen
number.The proof requires the polynomial representation of each number: since a number of two
digits m andn can be written as0m+n whee m>n, thedifference can be representedl@s+n
(10n+m) Through simple syntactical transformations it is possible to turn the initial expression into

a form that makes the required property explidm+r(10n+m)=9m9n=9(mn).



The initial conceptualrames to which the stmnent of the problem refers abalifference between
numbersO and Otwo digits numbersO. It can be assumed, therefore, that the student will 1
automatically choose the Opolynomial notation® frame to represent the problem andeapply th
necessary simple treatments to makecthgectured property explicisgme students might apply

the Opositional representation of a Ipew® frame and thaget stuck The reference to the
OdivisibilityO framevhich allows them to foresee the desiredafishape of the expssion after
correct treatmentsi.é. 9k, wherek is a natural number)s, instead, less problematieossible

blocks in the treatments to perform on the initially constructed polynomial expression can be
ascribed to interpretative difficulties, which are strictly related to students' ipatoilicorrectly
anticipate the finalshape of the considered expression (it is necessary to recognize the
transformation that leads to an expression that can be easily interpreted in the final frame
OdivisibilityOJFinally, we make some observations ahpagsible student behaviourally students

could end their numerical exploratioragter having observed that tlidference between the two
numbers is always a multiple of 9, without recognizing the relationship that exists between the two
digits of the frst number and the difference between the two numbers. Consequently, the analysis
of the final expression could provide another index of a students' interpretative abilities, in that
access to the new meanings it embodies depends on those abilities.

6. The analysis of prototypeproductions

In the analysis of small group wonke singled out the incidence and the interrelation between the
following: (a) the activation of and coordination between framdg®) ability in the game of
interpretation required torpduce the proof(c) display of appropriate anticipating thoughgs)

ability to correctly perform treatments and conversiars] €) ability to coordinate verbal and
algebraic registersThrough our analysis we wereable to highlight four main t¢egories of
prototype-productions:(C1) Partial reference to algebraic language and presence of bl@®&s; (
Application of a suitable frame, but inadequate conversamal incorrect interpretation of the
produced expressionsC8 Appropriate activation of frame and conversiomot supported by
semantic control and anticipating thought€4) Good coordination between frames and good
interpretation of the expressions in the applied frarireghis paragraptwe will present three
examples of prototypprotocols: tle first belongs to C2, the second to C3, the third from C4. We
chose not to propose examples from C1 because they are very poor productions, characterized k
the reference to numerical examples only and by attempts of formalizing the conjectured property
not aimed at the proof of the same conjecture. The examples referred to C2 and C3 were chose
because they highlight how studentsO interaction allows to identify the reasons of erroneous

conversions and the difficulties in the interpretation of expressitms.example referred to C4,



instead, better dispels what kind of behaviours turn out to be most efficient for the production of a
proof in this context.
6.1 Example referred to C2:Application of a suitable fame, but inadequate conversicend

incorrect interpretation of the produced expressions

After having consided many numerical examplestudents A, C and N conclude that the consids
difference is always a multiple of 9. The following dialog represents the proving phase.

C (27) : Let us do withettters.

N (28) : It is more complicated.

C (29) : It will belOXE plus E

A (30) : Eplus y (they write 10x+y?

C (31) : If we invert the digits, it will bg+10x

N (32) : Yes.

A (33) : and now E we have to do the difference

C (34) : 6he writes and readl40x+y

A (35) : Let us putitin brackets

C (36) : minus ...\(+10x)

C (37) : it becomesdOx+y-y-10x

N (38) : | think there is a mistake because the result is zero E

A (39) : It becomelOx+10xX?

N (40) : No, they cancel each other out.

C (41) : Meanwhile,dt us write: $he dictatesthey are all multiple of 9 E It is not simple E

N (42) : We are not able to prove it. It is difficult.

C (43) : We have 10x+y and it represents the number E Then we have to E

A (44) : (she readsPwhen you invert the digitsO E

C (45) : Itis the same of having 1 and E

C (46) : ltis as if we take it on this side,ysshould be take on the other side.

C (47) : however, if we take 10 on this side, it will be left a E

A-N-C (48) : one!

C (49) : So it is not 10x. | think isix E

A (50) : Let us try!

C (51) : So it would becom&0Ox+y-(y+x). Thetwo y cancel each other out, so they will be I&bxx.
Exactly9x! We were able to prove it!

C (52) : C. is looking to the numerical exampld&ut here | can see something mordhihk. | can see that
practically, this is E Look what | noticedshe is looking at the differences-88, 9229, 7667, 5225) E
if you subtract the two tens-@ you have only to consider the product between 9 and the diffe
between the two ten 9times 2 is 18; B is 1, 9times 1 is &2 is 3, 9 times 3 is 27.

A (53) : We have to write it down. | would have never noticed it!

C (54) : she dictatekslt is always a multiple of 9 and we can observe that the result of the subtract
you have to gbtract the two tens and to multiply the result by 9.
C (55) : Do you know how | though of it? Because | saw 9x and | said Oit is a multipleO because {
times x. The | said Obut E what is x? x is the tens!O. Then | tried to do x minus x.
A+N (56): Good!

2 The difficulties we hypothesised in the identification of the initial frame are not highlighted by this protocol because
students have faced the problem of the representation of two andlifiite®imbersn a pevious activity



This protocol can be subdivide in three fmgments:(1) Initial conversion and first treatments

(lines 2%37); (2) Identification of a problem, modification of the conversion and new treatments
(lines 3851); (3) Attempt of interpretation of thebtained expression and refinement of the
conjecture(lines 5256). The protocohighlights, first of all,the central problem igroupsO wosk

on this proofthat is the difficultiestudentametin representing the numbebtainedinverting the

two digits. Success in this conversion requires both a good coordination between the Opositiona
notation® and Opolynomial notation® frames and a complete internalization of the last. Initially C
carries out dirst erroneous conversiofline 31), translating thisoncept through the expression
y+10x (she only changes the order of the addends). The students correctly interpret the natura
language term OinvertO when they work on numerical examples in order to formulate the conjecture
Afterwards, however, when thdyave to carry out a conversion into algebraic register, the concept
Oexchanging the placeO is translated through the pure exchange of the order of the monomials whi
constitute the polynomialOx+y. The difference (zero) they obtain starting from thimepus
conversion lead them to detect the inaccuracy of their initial conversion and to look for a new
correct one. They detect a mistake in having supposedQ@kahould represent the units digit (only
because it is on the right side of the polynomyiel0x). So they decide to correct this mistake,
substitutingx instead ofLl0x but they do not consequently modify the representationasf tens

digit. Therefore, writing the polynomial astx, they carry out again an incorrect conversion.
Probably becawsof the prevailing of the anticipating thought they carry out (expecting a multiple

of 9, they only concentrate on the factor 9 when they look at the exprésgiomce they obtaifx

as the difference between the two numbers, they do not immediabgdctsthe new result to a
careful interpretation. Only afterwards C. interpxeas the tensligit of the initial number and
decide to investigate the considered examples in order to refine their conjecture. C. concentrates o
the tensdigits of the two nmbers k andy in the correct representation) and observes, starting from
examples, that the result is obtained multiplying 9 by the difference between those digits. This
observation, however, does not help her in critically interpreting the exprebsidm her final
intervention, she even tries to translaieo algebraic languagdhrough the expressioxrx, the
difference between the two tens, but she is not able to OgraspO the gap between the algebr
representation she proposes and her verbal arasions.

6.2 Examplereferred to C3: Appropriate appication of frame and conversiomot supported by

semantic control and anticipating thoughts

In the following dialg the three students G, B and A, after having read the text of the problem, deci
to organize the phase of work.

G (1): Youcan try to work with the general casshé refers to B while we will try to work with the
numerical case.

B (2): Ok.But E in the sentence, hovs 10y+x?

A (3): 10x+y!




G (4): | think that the greater number isval/s 10y because it is mullipd by 10.

A (5): But shehas todecide {hich is the greatgrbecause sheas to work with letters.

B (6): But, in the second number the units digits becomes greater E thislaéndicates)y
G (7): Ah,itOs true

A (8): | think that there is 10 only to show the tens digit!

B (9): But | donOt know what digitthe greater, becauseri©onsideringa general case.

A (10): BahE you can decide itLetOs take x>y!

B (11): Ok.LetOs work ...

A and G start to confront eachhar to clarify what are the requests of the problem and what kir
numerical examples can be considered to formulate the conjecture. After a brief discussion they ¢
that they can refer to every twibigits number. While A and G keep on with thelgsia of numerical
examples, B works silently. She is able to perform the correct conversion, representing the co
difference with 10x+{10y+x). Afterwards she performs correct treatments on this expression, obtain

9(xy), and she decides tdubtrate her result to A and G.

B (19): | obtained this thing E Why 92 9 is 9! 9 is odd! Is it possible that the result is always 4
number?

A (20): No. Consider 20! The difference is 18!

G (21): | sincerely canOt find a regularity E

B (22): | could oty find that the result is 9 multiplied by butE why does 9 is here? There is 9 on
because there is 10!

G (23): LetOs try with 28 E 828 E the result is 54!So E What have these numbers in common???

B (24): | found it!'l found it!! If | choose 65and 56, the difference is b the algebraic case the resulBis
multiplied by (x-y)!

G (25): Please, explain it!

B (26): Because, independently from the initial numblee difference is always 9.

G (27: No! Consider 82 and 28!

B (28): What a pity! lliked thisobservatioh

A (29): Consider 14 and 41

B (30): Wait a moment E hereghe refers to the examples she chese pass m a ten to the next teh
found it! Only if we start from a number whose digits ar@secutive, the difference is 984 ard 43E
All the numbers have consecutive digits!

G (3D: It is true! 54 e 45!

B (32): 12, 23, E Do you understand? 1 ané& consecutive numbers

A (33): 14 and 4115and51?

B (34): No! The two digits must be consecutiwdhen they are consecutive, ttiéference is always 9!

A (35): So E what does it happen?

B (36): | donOt know E It happens that iiéference between theumberss 9. If you look at the algebrai
case E Can you see that it is always 9 multiplied by something?

A (37): Only if the diits are consecutive the difference is 9?

G (38): It is strange E

B (39): | donOt know why E

G (40): But E | think that the distance between the number®ighe only reason E

(silencg

B (41): E It is always a multiple of 9!!!

A (42): In what sense

B (43): LetOs try62-25! The result is 27!

A (44): Also if we choose 18nd51 E the result is36!

B (45): They are all multiple of 9! Can you see that every case is the same! Tell me other nu
examples!

A (47): 51-15is36

G (48) 52-25 is27

B (49): 21-12 is 9, which is a multiple of 9!

G (50): So we can observe that the result is always a multiple of 9.

This excerpt could be suivitled in three keymoments: (1) Organization of the working group

activity and discussion about the interpretatiorthef problemOs text (linesll); (2) Attempt to



interpret the expression produced during an Oalgebraic explorationO of the problem situation (line
19-40); and (3) Formulation of the conjecture (lines54).

The first phase of this working group exceptievoted to the organization of the activity through a
subdivision of the different roles to be assumed by the three students. The three students als:
confront each other to the correct interpretation of the problemOs request. GOs observation abc
what & the greater number (line 4) reveals that the student has not interiorized the meaning of the
polynomial representation of a number and that she does not coordinate the polynomial notation anc
the positional notation frames. A and B, instead, dispel tawsre about the connection between

the limitations to be imposed on the digits of the chosen number and the relation between the twc
numbers (lines 8, 9, 10).

The choice to proceed separately (two students work on numerical examples only and the third
works on the algebraic formalization of the considered difference) turns out to be not effective. In
fact, while the analysis of numerical examples does not help A and G in formulating a conjecture, B
correctly performs both the conversion from natural ¢elafaic language through the activation of

the correct frame (polynomial notation) and the following treatments on the considered expression.
However, the total absence of anticipatory thoughts about the objective of the algebraic
manipulations she operateblocks BOs interpretation of the obtained expreSgiey). BOs first
interpretation of the expression as the representation of an odd number (line 20) is immediately
refuted by a counterexample proposed by A (line 21). At this point, B decidesrttoratenerical
examples in order to meaningfully look at the obtained expression. The choice of the numerical
examples she considers (only numbers whose digits are consecutive) suggest her that the differenc
is always 9 (line 24). Now the presence of aticgpatory thought (the difference is 9) negatively
influences BOs interpretation of the expres€@ay). Again the other students propose a
counterexample against BOs conjecture (lines 27 and 29).

At this point, B does not try to Hieterpret the exmssion and limits herself to look at numerical
examples to understand what are the conditions under which the regularity she first observed (the
difference is 9) is valid (lines 30 and 34). Although her correct observation about the interrelation
betweenhe digits of the initial number and the difference between the two numbers, again B is not
able to correctly rénterpret the expressidd(xy), focusing on the role assumed by the fattey)

(lines 36 and 39).

The activation of the frame Obeing muitipfO and BOs final correct interpretation of the expression
as a multiple of 9 (line 41) is the result of her analysis of numerical examples only. BOs troubled
conquest of an only partial interpretation of the expresSi{a#y) and her necessity to refew
numerical examples to understand what she obtained testify that if algebraic manipulations are no

guided by an objective significant interpretations are blocked. In other wairts manipulations



easily lead to failures. An evidence of this problecahtaspect is the fact that, paradoxically, the
working group activity ends with the formulation of the conjecture.

6.3 Example from C4: Good coordination between framasd good interpretation of the
expressions in the applied frames

Z (1) : he readstte text of the problen®©Write down a two digitumbef

C (2) :E Oandthe number that you get when you invert the d@its

Z (3) : 52 minus 25Am | right?!

C (4) :Why (do we considgr52 minus 25 and not 2Ginus52?

Z (5) : Because it can become nidga (she refers to the considered difference

G (6) : @vrite down a two diginumbefE so 10x+y.

Z (7): No, we have to consider natural numbers.

C (8): We have to start with couples of numbers, like 21 mirfusl2 because it is its inverse. And t
result is 9. Then we have to take other numbers3%3hat is18. They are all multiple of 9. LetOs try w
other numbers: letOs try with: 5225.

Z (11): tOL7.

C (12) : Ok.LetOs consider the algebraic exampx-+y-(10y+x). But we donOt know whids the greate
number and which is themaller.

Z (13) : 1tOs the sam&hen we finish we only have to change the signs! LetOs do the difference.

C (14) : The result is: 10x+%0y-x. And it is E 9x ...OK ... minus 9y(They write 9x9y)

Z (15) : Then w canhighlight the facto®.

C (16): 9(x-y)

Z (17) : Ok, we have proved it.

G (18): What is xy?

C (19) : Wait a minuteE xy is the difference Ebetween x and y. Thegre thedigits. Therefore the resul
is 9 multiplied by the difference between theitdigin a numerical cse, for example 525, we obtain 9
multiplied by 52.

Z (20) : Oh, thatOs nice!

C (21) :LetOs write it E

This excerpt can be subdivided in threemdamentalmoments:(1) An initial brief discussion
devoted to the formulation ofdlconjecturglines 111); (2) the proof of the conjecture (lines-12

17); and (3) the analysis of the obtained algebraic expression and subsequent refinement of th
conjecture (lines 121).

The protagonist of this workirgroup activity is essentially O.he student dispels confidence not

only when she analyzesumerical examples, but especiallyhen she proposes an algebraic
approach to the proof of the conjecture. After a brief moment devoted to numerical explorations, C
concludes that the considereffeliences are always multiple of 9. A significant aspect is the use of
the term @lgebraic exampl® by C to refer to the algebraic expression which represent the
formalization of the considered difference (line 12). The introduction of this term, indsiifies

that C is aware that this algebraic expression represents a generalization of every numerica
example to be considered and that, in a certain sense, this approach is the only way to prove the
conjecture. Afterwards, without hesitation, C opesad good conversion from natural language to
algebraic language, correctly formalizing the considered difference (line 12). COs doubt about the
correctness of the expression she produced (she asks how to know what number is the greater one

testifies thathe student is trying to control the relevance of her conversion in relation to the verbal



description proposed in the text of the problem. Although proposimge limitations for the
variables x and y constitutes the best approach to this proof, Z sholhsve understood the
problem raised by C and dispels a good anticipatory thought when she answers that the property o
the produced expression they want to highlight (it is a multiple of 9) do not depend on the sing of
the same expression (line 13). adcipatory thoughts and reference to the correct final frame (the
frame Obeing multiple of®) are also testified by the suggestion she gives to C about the treatments
be operated on the expressiady (line 15).

GOs question (line 18) constitutefinal stimulus for C to further interpret the expressagry)

through an effective coordination between the Opolynomial notation® frame and the Obeing multig
ofO frame. In this way C is able to propose a refinement of the initial conjecture.

7. Conclusons

Our analysisof studentsO discussions during small group activitieed out to be an effective
methodological instrument to highligtite keycomponents for the analysis of proof productions in
ENT, that is:(@) The conceptual frames chosen toliptet and transform algebraic expressions and

the coordination between the different frames appropriate to those same exprébyidre
application of anticipating thoughts&ind (§ The conversions and treatmerapplied and the
coordinationbetween vdral and algebraic registers.

Moreover our analysiallows us to offer some conclusions with respect to the aspects wedtant
investigate, namely: 1} Effectiveness of the theoretical references we selected as tools for
analyzing and classifying studsntliscussion about proofs ielementary number theory; (2)
Identification of the ssential components for good productions in this contad; @) The role
played, by the three componsmie singled out and the matiurelationships between them.

The firg and second protocols we analyzed helped us in the investigation of the third aspect.
Thefirst protocolhighlight the strictcorrelation between lack of flexibility in coordinating different
frames, difficulties in carrying out conversions from verbalalgebraic register and lack of
interpretative games in the analysis of the expressions produced. Moreover, it testifies how such
correlation causes failures in the production of proofs in ENT. In fact, the three students display
rigidity in their use oframes and an incapability of simultaneously manage different frames. Such
rigidity make them produce partial or incomplete interpretations of the constructed expressions, so
they are not alerted about the raxteptability of their proof.

The second protol testifies the strict interrelation between the absence of anticipatory thoughts
and failures in the activation of frames and consequently in the subsequent interpretations of the
produced expressions.

The rigidities highlighted in the analyzed prattscare shared by other protocols, to which different

problems could be add. Summarizing, these are the main problematical aspects we singled out i



through our analysisaj blocks related to the activation of an incorrect initial frame of reference;
(b) blocks in the treatments and in the interpretative processes dueirtabdity to foresee the
expression to be attained by the activation of the correct final fi@ndifficulties in the choice of

the treatmerstto be operated caused by theseatce ofanticipatory thoughts; (d) interrelation
betweenlack of flexibility in coordinating different frames and difficulties in carrying out
conversions and in interpreting the produced expressions;(@niaterrelation betweerblind
manipulationg(i.e. produed without a conjecture, therefore without an objectare) blocksn the
interpretative processes.

The analysis and the classificatiove made also allows to verify the dfectiveness of the
theoretical elements we selected as tools for analyzirgmallgroupsO discussions for the
construction oproofs inENT.

Finally, the protocol weproposed as an example of category C4 represents an evidence of the fact
that an appropriate application and combination of the three componeatshighlighted
(appropria¢ application of frames and appropriate coordination between them; appropriate
anticipating thoughts; appropriate coordination between algebraic and verbal regsters

necessary conditiofor the proper development aforaf in ENT.
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