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After describing duality in linear algebra, we display the different functionalities related to the tool-function of the duality. We then propose a questionnaire that will help us to understand the origin of the difficulties encountered by students in the teaching of duality. We also present the first results, coming from the answers’ analysis.
INTRODUCTION AND THEORETICAL FRAMEWORKS

It is a well-known paradox attached to linear algebra that this theory seems one of the most simple for mathematicians, while its teaching yields multiple learning difficulties (Revuz, in Dorier 1997). Since the mid-eighties, didactical research studies this domain of mathematics; but it is generally focused on the elementary notions of linear algebra (Dorier 1997, Alves-Dias 1998, Trigueros & Oktaç 2005). Our research goes further in this domain of mathematics and proposes to study duality. 

Our main objective is to understand the origin of the difficulties encountered by students in the learning of duality, and to be able, in a subsequent work, to propose devices to overcome these difficulties. In this objective, we study how knowledge related to duality is structured in more or less general mathematics organizations at the university institution (Chevallard 2002). We also analyze how the duality may appear as an object to be learned, but also as a tool (Douady 1987). These analyses allow us to elaborate and analyze a questionnaire for students enrolled in the first year of university.

Thus, we describe how the teaching of the duality in linear algebra is structured, focusing on the concepts of dual, linear form, dual basis, annihilator and transposed transformation. The analysis of various textbooks (books and course notes) tells us about the relative position and the importance of duality in linear algebra, but also about the different purposes of the tool-function in our study area. So we distinguish the analogy-tool, the resolution-tool, the illustration-tool, the definition-tool and the demonstration-tool for duality.

We then present the analysis of responses to a test that has been applied to students enrolled in first-year university mathematics or physics programs. This test, which focuses on the duality in its "object" aspect (Douady 1987), is based on the elements identified in the analysis of textbooks, and will enable us to explain the difficulties faced by the students. The test consists of two parts, each of them questioning duality in different frameworks (Douady 1987). It leads students to use various semiotic registers (Duval 1995). The analysis of responses (which is ongoing) will therefore allow us to both assess mastery of the major concepts of algebra (and more specifically those relating to the duality), and the flexibility essential in linear algebra and more generally in higher education.
Duality: structure and tool-function

Organization of knowledge in the teaching of duality

We analyzed the part dealing with duality in various textbooks (see list in the bibliography). This analysis shows that the teaching of duality is structured according to various themes, and even finer, how each theme is organized in different subjects (Chevallard 2005), as we will describe below. These themes are not necessarily separated. The purpose is not to determine precisely the borders between any two themes, but to understand how the institution of university structures knowledge related to the duality.

The dual

Of course, we find the term "dual" or "duality" in every chapter or section titles of analyzed textbooks. This first theme is to be understood as "the dual regarded as a vector space". Underlying this theme are the facts that: (a) the set of all linear forms defined on a vector space E form a vector space (called the dual and usually denoted by E’; E is then called the primal), (b) we can study the dual of the dual to form the bidual, and (c) there is, in finite dimension, an isomorphism between the primal and the dual, and even a natural isomorphism between the primal and its bidual (reflexivity).

The linear forms

Linear forms defined on a vector space are linear transformations defined on this vector space and taking their values in the field on which the vector space is constructed. Under this theme, we describe the general expression of a linear form; some authors use duality brackets [ ] or < >
. It will also meet the concepts of hyperplane, row, matrix, coordinate functions, bilinear forms...

Note that in some textbooks, the dual is a subsection of the section “linear forms”. This proves, as we have pointed out, that the separation between the different themes is obviously not clear!

The dual bases

This theme is taken up in all the textbooks analyzed, although some authors do not use the terms dual basis but prefer to refer to "coordinate systems."

This theme is obviously strongly linked to the first two themes presented until now, given that the dual basis of a basis of a finite-dimension vector space is composed of linear forms forming a basis of the dual space. The subjects that we find in this theme are similar to those encountered previously, but with some particularities. Among them, for example, the covariant and contravariant characters will be present (Halmos 1974).

The annihilators

Textbooks do not agree on the term used for annihilators. The annihilator S° of a subset S of a vector space E is, by definition, the set of all vectors y in E’ such that y(x) is identically zero for all x in S. In some textbooks, annihilators are not presented under this terminology, but are defined as the orthogonal subspace of the set S. As there is no need for defining the orthogonality to discuss the dual, and therefore the annihilators, we will use the term annihilator of a subset S for the set S° defined above.

Given the previous comment on the orthogonality, we meet here subjects entitled as inner product, duality brackets and adjoint transformations.
Under this theme, we can also meet, among other things, the subjects of rank, image and null-space (kernel). It is also here that one might classify the fundamental theorem of linear algebra.

The transpose transformation

The transpose is quoted, as a transformation, in most of the analyzed textbooks. We note that in the book by Pham (1996), only the definition of a transposed matrix appears in such a way that the subject of transposed matrix is not connected to the theme of transpose transformation.

If the transpose transformation is presented in most of the analyzed textbooks, it is not always on the same scale. Indeed, if it is presented as a section in some textbooks, it appears under the status of a simple exercise in others.
Aims of the tool function of the duality

Outside the chapter (or section) devoted to the duality in a textbook, for what purpose is duality used? To answer this question we distinguish and define five aims for the tool function (Douady 1987) of the duality sector:

Analogy-tool

The functionality analogy-tool of a sector (or more specifically of one of its theme or one of its subject) can be used when introducing a new concept which does not generally belong to the same sector, but which may be from the same domain as the analogy-tool sector. The aim of the tool function here is not to intervene in the definition of the new concept, but only to allow anyone (who already worked with the analogy-tool sector) to be able to apprehend the new concept by analogy.

For example, someone who knows, in the duality, the relationship that introduces the transpose  transformation through the duality brackets ( [f (x), y] = [x, f t(y)] ) may, by analogy, apprehend more easily, in metric spaces, the concept of adjoint transformation f * through the inner product brackets :
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We can see that the [ ] duality brackets and the transpose transformation, although not used in the definition of the inner product and the adjoint transformation, enable the learner who knows them to apprehend, by analogy, the concept of adjoint transformation.

Resolution-tool

The functionality resolution-tool of a sector (or of a theme or a subject) intervenes in the solving of an exercise that belongs, a priori, to another sector, theme or subject than the concerned resolution-tool sector (theme or subject). This functionality implies the available character (Robert 1998) of the resolution-tool sector.

Thus, an exercise requesting the functionality resolution-tool of the duality sector should be located in another section (or chapter) of the manual than the one devoted to the duality.

For example, to find hyperplanes that stay invariant
 under a linear transformation f, we will think of using the following property: "In an n-dimension vector space E, a p-dimension subspace F  (p < n) is invariant under f if and only if the subspace F° (the annihilator of F, whose dimension is n-p) is invariant under f t. Indeed, when we deal with hyperplanes the dual problem comes back to the determination of proper subspaces.

Illustration-tool

The functionality illustration-tool of a sector (or of a theme or a subject) is invoked when the sector in question is used as a framework for an exercise to illustrate a particular subject or theme unrelated, a priori, to the illustration-tool sector.

For example, to illustrate the quotient spaces, Halmos (1974, p.35) uses, among other things, the dual of a quotient space and the annihilators.

Definition-tool

The functionality definition-tool of a sector (or of a theme or a subject) is implemented when the sector in question is involved in the definition of new concepts.

For example, the use of the duality sector in the definition of the tensor product U(V of two finite-dimensional vector spaces U and V has a functionality definition-tool. Indeed, the tensor product U(V can be defined as the dual of the vector space of all bilinear forms defined on U(V.

Demonstration-tool

The functionality demonstration-tool of a sector (or of a theme or a subject) occurs when the sector in question is used in the body of a demonstration to prove a property. We distinguish this aim from the aim resolution-tool presented above given the specific theoretical character prevailing here.

Note that the different tool-functions defined above are not all present in the different textbooks analyzed. It seems to us that if most of these functions are present and varied, most readers feel the need to engage intellectually in the duality.

Description of the questionnaire related to the duality

General presentation of the questionnaire

The questionnaire consists of two parts, each of which is composed of the same kind of questions (relating to different types of tasks), but contextualized in different frameworks. We invite the reader to refer to Appendix 1 to read the questionnaire.

At the beginning of the questionnaire we remind the students that they can formulate their responses through various representations of semiotic registers. Indeed, this will allow us to observe if there is a special register that students use when faced with the duality. Also, we will observe if several registers are used by a student and so observe the possible correlation between the variation of registers and the understanding of different themes and subjects of duality.

The two frameworks chosen are those of the vector space 
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, particularized at 
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; and the framework of matrices with real coefficients, particularized to square matrices of size 2 (M2x2).These frameworks can be called contextualized since they particularize the theoretical algebraic framework by identifying the vector space, generally denoted by E in this framework, to vector spaces which allow manipulations of objects
. 
As highlighted A. Robert [Robert 1998]:

"Que ce soit pour une prise de conscience initiale ou en cours d’apprentissage, réussir à organiser des passages entre un cadre connu et un cadre moins bien maîtrisé nous semble fondamental."

The choice of framework of 
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 is justified by the fact that, while being less intuitive than the space 
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, this framework uses the same rules of addition and multiplication by a scalar, and is therefore well known by the students. The framework of square matrices of size 2 with real coefficients plays the role of a less mastered framework. Indeed, the students who took the questionnaire had not yet worked with vector spaces of matrices.

The questions, that are identical for both parts of the questionnaire (dealing with 
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 and 
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) relate to different types of tasks (Chevallard 2002). The following table shows the different types of tasks, indicating for each of them the theme of the duality involved.

	
	Theme
	Type of tasks

	 a ) 
	The linear forms
	Given a vector (sub-)space, give an example of a linear form.

From here on, this type of tasks will be called « Example of a linear form »

	 b ) 
	The linear forms
	Given a vector (sub-)space, define the general expression of a linear form defined on this space.

From here on, this type of tasks will be called « General expression of a linear form »

	 c ) 
	The dual bases
	Given a n-dimensional vector (sub-)space and a set of n vectors in it, determine if it is a basis of the given space; if yes, give the dual basis.

From here on, this type of tasks will be called « Dual basis »

	 d ) 
	The dual bases
	Given a basis of a vector space and its dual basis, give the coordinates of one vector of the primal.

From here on, this type of tasks will be called « Coordinate functions »

	 e ) 
	The transpose transformation
	Given a transformation defined on a vector (sub-)space, define the transpose transformation.

From here on, this type of tasks will be called « Transpose transformation »


Table 1

Presentation of the types of tasks of the questionnaire

Type of tasks « Example of a linear form »

In both frameworks presented, we ask students to give an example of a linear form defined on the vector space in question. Note that when the duality is approached during the theoretical course of linear algebra, the students obviously already know the equations, but the trace of a matrix has not yet been defined. Thus, we can expect to get analytical answers (detailed expression of the linear form) rather than synthetic answers (using natural language).

Type of tasks « General expression of a linear form »

The students are then asked to describe a general expression of a linear form defined on the studied space. Indeed, it is essential that they can establish a general expression of a linear form in order to characterize the elements of the dual space in a finite dimension. Merlin (1995) speaks of a "catalogue of linear forms". This characterization is required in many situations to establish the elements of the dual basis of a given basis.

Type of tasks « Dual basis »

The next question of the questionnaire gives a set of four vectors of the considered vector space. The students are asked if this set is a basis of the vector space and if it is, they are invited to find the dual basis. 

We can make out that the components of the basis vectors (expressed in the canonical base) are the same in both considered frameworks, so that the calculation is not the purpose of the exercise in the second framework.

To resolve this type of tasks, two techniques can be employed: 

· either the students solve the whole exercise using the property that given a family of n vectors (ei) of an n-dimensional vector space E, if there exists a family of n elements (ei’) of the dual space E’ such that  ( i, j : ei’(ej) = (ij , then (ei) is a basis of E and (ei’) is its dual basis;
· or they solve the 2 subquestions separately by using detailed procedures or a shortcut, in the sense that in order to check that the given vectors form a basis of the primal space for example, they can:
· check the linear independence and the generator character of the set of given vectors of primal or 
· check the linear independence of the vectors of the primal and use the theorem saying that n vectors linearly independent of a n-dimensional vector space form a basis.

Type of tasks « Coordinate functions »

In both frameworks presented, the next question still concerns the theme named "the dual bases". It consists in, given a basis and its dual basis, determining the coordinates of a vector from the primal vector space.

Two possible techniques to resolve this type of tasks are:

· Calculating the coordinates of a vector from their definition, i.e. solving a system of linear equations in n equations and n unknowns. Note that this technique does not involve the dual basis.
· Applying to the vector whose coordinates need to be calculated, the linear forms of the dual basis. The obtained scalars are the searched coordinates. 

The last technique presented here uses a function resolution-tool of the dual bases, but this has not been practised in the theoretical course or in the exercises by students.

Type of tasks « Transpose transformation »

Deliberately, we have limited the type of tasks to a linear transformation, which transforms a vector space into itself. Indeed, in the theoretical course that students took, the transpose transformation has been given only in the particular case of a linear transformation of a vector space into itself. We therefore also restrict our questionnaire to this case.

We ask, given a linear transformation, how do we define the transpose transformation? This question does not refer to matrices associated with linear transformations, but students who already have heard of “transpose” by their secondary education, had met this concept in the context of matrices (as the transposition of a matrix).
First results of the analysis of the questionnaire

In February 2008, students enrolled in the first year of the mathematics or physics programs at the University of Namur responded to the questionnaire presented in the previous section. We have collected 37 questionnaires.

At the time of writing this article, the analysis of the questionnaire is not yet fully completed. We can, however, present the full results at the ICME congress.

But we can already advance some findings:

· Students generally solve the question in the vector framework better than in the matrix framework.
· Students tend to work with the coordinates of objects (vectors, matrices, linear forms), and not with the objects themselves. Thus, it is not uncommon to see in their replies the equality between y1 (representing the first linear form of the dual basis) and the four-component-vector whose components come from the canonical basis (that students have learned to denote by [y1] e’ ).
· On the other hand, for the subquestion about the calculation of the coordinates of an element (four-component- vector or matrix) of the considered vector space, it is not uncommon to see students present the calculated or deducted (by analogy) coordinates in the form of the starting object, i.e. in the form of a four-component-vector in 
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 and in the form of a matrix in the space of square matrices of size 2. 
For example, when the students were asked to give the coordinates of the matrix 
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 in the (not canonical) basis defined in question 2.c. of the questionnaire, some students respond that the coordinates are 
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And when the students have to provide the coordinates of the vector 
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 in the (non-canonical) basis defined in question 1.c. of the questionnaire, some students say that the vector 
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 becomes the vector 
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· Most students realize that there is a similarity between the two parts of the questionnaire concerning both the types of the proposed tasks and the calculations. But despite this finding, the students generally do not give correct answers within the matrix framework.
· The question on the transpose transformation has been successfully completed in the vector framework by only one student (who repeats his first year). Unfortunately, this student finally writes the answer to this question by identifying 
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 with its coordinates in the canonical basis of the dual, without mentioning however that these are coordinates. Very few students really try to resolve this question in the vector framework. None of them actually try this question in the matrix framework.
· Some students confuse the transpose transformation and the inverse transformation. However, no student mentions the adjoint transformation which is introduced in the theoretical course by the function analogy-tool of the transpose.
Working in linear algebra with advanced concepts requires that students clarify the various objects they manipulate. Objects that, for students, were abstract and that constituted purpose of computational exercises (such as finding the coordinates of a vector), are now becoming a necessary step to construct new objects.

Conclusions and perspectives

The analysis of the presented questionnaire leads us to classify the difficulties encountered by students. In this way we can first observe difficulties following from an insufficient mastery of simple concepts of linear algebra, for example the notion of transformation or the notion of linear form. 

We can also mention the difficulties common to linear algebra and the duality, for example, the difficulty to distinguish a vector from its coordinates. This confusion, well known in linear algebra, becomes crucial when it comes to the duality. 

We can also identify difficulties directly related to the duality, often connected to the very abstract nature of the objects used. This can be illustrated by the definition of transpose transformation, because it is a transformation defined on a vector space composed of linear forms.

Finally, we can also see difficulties arising from the fact that in the university institution, we must consider the objects recently defined in linear algebra as familiar objects on which and from which we will work (Winslow 2008). For example the fact that the object “matrix” can be considered as an element of a vector space, i.e. a vector. Thus we can consider the coordinates of a matrix, or define linear applications acting on matrices.

The initial results of the analysis of the questionnaire will be studied thoroughly, notably through interviews with some students. Moreover, to complete the questionnaire described in this article, a group work has been proposed for students enrolled in the first year of university in mathematics. The two parts of the questionnaire presented in this article constitute the two first parts of the group work. Students are then invited to work in the theoretical algebraic framework on the same types of tasks as those presented in the questionnaire, as well as a few additional tasks concerning the themes of the annihilators and transpose transformation.

On the basis of analyses of the questionnaire and group work, we hope to be able to identify clearly the problems that students face and thus be able to propose teaching devices to overcome them.

References:
Alves-Dias, M. (1998). Les problèmes d’articulation entre points de vue « cartésien » et « paramétrique » dans l’enseignement de l’algèbre linéaire. Thèse de doctorat, Université de Paris VII Denis Diderot.

Chevallard, Y. (2002). Ecologie et régulation, in J.-L. Dorier, M. Artaud, M. Artigue, R. Berthelot, R. Floris (dir.) Actes de la XIème Ecole d’été de didactique des mathématiques, Corps (pp.41-56). Grenoble : La pensée sauvage.

Chevallard, Y. (2005). Steps towards a new epistemology in mathematics education. Opening conference at CERME4, Sant Feliu de Guixols (Spain), february 2005 (to be published).

Dorier, J.-L. & al  (1997). L’enseignement de l’algèbre linéaire en question. Grenoble, La Pensée Sauvage.

Dorier, J.-L. & al  (2000). On the teaching of linear algebra. Mathematics Education Library, Kluwer Academic Publishers.

Douady, R. (1987) : Jeux de cadres et dialectique outil/objet, Recherches en didactique des mathématiques, Vol.7.2, p.5-32.

Duval, R. (1995). Sémiosis et pensée humaine. Registres sémiotiques et apprentissages intellectuels, Berne, Peter Lang.
Trigueros, M. & Oktaç, A. (2005). La théorie APOS et l’enseignement de l’algèbre linéaire.  Annales de Didactique et de Sciences Cognitives, Vol. X, 157-176. 

Robert A. (1998). Outils d'analyse des contenus mathématiques à enseigner au lycée et à l'université, Recherches en didactiques des mathÚmatiques, Vol.18.2, 139-190.

Winsløw, C. (2008). Transformer la théorie en tâches : la transition du concret à l’abstrait en analyse réelle, in Rouchier A. et Bloch, I. (ed.) Perspectives en didactique des mathématiques. Cours de la XIIIième école d’été de didactique des mathématiques, La Pensée Sauvage, Grenoble.

Analysed textbooks :
David C. Lay (2006). Linear Algebra and its applications, Pearson Addison-Wesley.

Escofier  J.P. (2006). Toute l’algèbre de la licence, Dunod Editions.

Etienne D. (2006). Exercices corrigés d’algèbre linéaire, Bruxelles : De Boeck.

Grifone J. (2002). Algèbre linéaire, 2ème Edition. Cépaduès Editions 

Halmos P.R. (1974). Finite-dimensional vector spaces, New-York: Springer-Verlag.

Merlin X. (1995). Methodix, algèbre, Paris : Edition Marketing (ellipses).

Pham F., Dillinger H. (1996). Algèbre linéaire, Diderot Editeur, Arts et Sciences.

Toint Ph. (2007). Algèbre, Premiers baccalauréats en Sciences mathématiques et physiques, Belgique:librairie des Sciences de l'Université de Namur.

Uhlig F. (2002). Transform linear algebra, Prentice-Hall.
APPENDIX 1 :

Questionnaire

To answer the questions below, you may use at your convenience, the formal mathematical language, the French language, graphics or drawings,…
1. Consider the vector space, built on the field of reals.

a. Give an example on a linear form defined on 
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b. Give the general expression of a linear form defined on 
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c. Given 
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 a  basis of 
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If yes, determine its dual basis.

d. If the set 
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 defined above is a basis and  if you were able to compute its dual basis, what could be the coordinates of the vector 
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 in the basis 
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e. Let 
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 be a linear transformation such that 
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How do you define the transpose transformation ?
2. Consider the vector space 
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, the vector space of 2x2 matrices, with real coefficients, built on the field of reals.

a. Give an example of a linear form defined on 
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b. Give the general expression of a linear form defined on 
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c. Given 
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Is the set 
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If yes, determine its dual basis.

d. If the set 
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 defined above is a basis and you had computed the dual basis, what could be the coordinates of the matrix 
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 with respect to the basis 
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e. Given the linear transformation 
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How do you define the transposed transformation ?



� EMBED Equation.DSMT4  ���











� If a linear form, y, is defined on a vector space E, we can use the notation [x,y] or [y,x] (according to the authors)  to represent y(x), where x is in E, and y is in E’.


� A subspace V of a vector space E is invariant under f  if x in V implies that f(x) is in V.


� Indeed in the theoretical algebraic framework a vector can be only denoted by a symbol, like v or x, but in the vector space � EMBED Equation.DSMT4  ��� or � EMBED Equation.DSMT4  ���, a vector can also be denoted by � EMBED Equation.DSMT4  ���  or � EMBED Equation.DSMT4  ���, or by a geometric picture or a symbolic interpretation.
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