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Despite wide research literature on problem solving the essence of thinking processes connected with attempts to approach and solve difficult mathematical problems is still not being developed to its maximum potential. The special focus of the paper is on what actually happens in classrooms or with individuals solving difficult problems, what theoretical conceptions can be elaborated from practice. The four directions are distinguished as the most important in students’ work on difficult problems. Brief descriptions and various patterns of student engagement with problems for each direction are provided. 
1. Introduction

Very often advanced problem solving activities, or more exactly, mental processes connected with attempts to approach and solve difficult mathematical problems, are hidden from observation and resemble an iceberg, in that their major part remains invisible all the time. Probably such a situation isn’t extraordinary since any extra difficulties in problem solving require extra efforts from students to work on. This high level cognitive demand gives a certain influence on students’ perception of their work and emphasises the role of intuition and ‘Aha!’ moments. Moreover, the most talented students find their solutions so natural that any explanations are not necessary. In an interview conducted in 2004 by email, Dr Terence Tao reflected on his past experiences as a profoundly gifted student, in addition to his current experiences as a highly celebrated young mathematician (Muratory et al, 2006). Answering a question about his experience in problem solving and problem finding he commented:

It certainly is a pleasure to work something out in mathematics, even it is something that has been done before; it is a certain satisfaction in having “click” and you see how something works, or when a concept [that] could be explained only unclearly and in a complicated manner can now be done in a clean and transparent manner. A large part of the task of problem-solving in mathematics is simply to see things the right way, and to realize certain heuristics or insights, which are well worth learning in themselves and make you appreciate the field as a whole a lot better (ibid., p.312).

Does the answer above seem intriguing and unusual? Or, is this a standard way of high-level thinking of a mathematically gifted person that few others can achieve? Probably both yes and no, are equally applicable to both questions. Surely many factors of mathematical cognition depend on individual psychological features. Focusing of interest and narrow specialisation on such features may be the best way to advance the frontiers of knowledge. However, analysis and evidence of how “to see things the right way” works is no less essential for understanding the art of advanced problem solving. 
Occurring twenty years before Tao’s interview, another example is worthy of mention. This dialogue took place at the Science Museum in Paris, where Professor Serge Lang provided a public lecture to a Saturday afternoon audience (Lang, 1985). A brief extract follows:

Antoine, high school student. You told us that the formulas 
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Serge Lang. Yes, naturally, I had even hoped somebody would ask that question earlier. The proof is easy. Suppose that (
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; and don’t ask me where it came from, with a little ingenuity you could discover it yourself. … (ibid., p.60). 
[image: image9.wmf] 
If we compare the two quotations, we can easily see they are harmoniously and mutually complementary. Also, they seem clear and easy to follow. But, the ways to achieve that clarity are complex, sometimes not well-structured and described as ‘magical’ moments in mathematics classrooms (Barnes, 2002), the sense of ‘Aha!’ in mathematicians’ practice (Burton, 1999) or based upon personal experience of outstanding mathematicians (Hadamard, 1945; Poincaré, 1952). Both examples emphasise the importance of research on advanced problem solving, in particular: (i) on students’ perception of a difficult problem; (ii) on factors that have the most essential influence on students’ mathematical thinking and reasoning while dealing with a difficult problem; (iii) on students’ obstacles to finding the solution to such a problem. An account of all that, therefore, is the purpose of this paper, in as much detail and with as many illustrations as space will allow. The special focus is on what actually happens in classrooms or with individuals solving difficult problems, what theoretical directions we can elaborate from practice, and which practical implementations can be further developed on the theory basis.

2. “TERRA INCOGNITA” of ADVANCED PROBLEM SOLVING
Despite wide research literature on problem solving and recognised consensus on the importance of problem solving in the mathematics curriculum (Australian Education Council, 1991; NCTM, 1980, 1989, 2000) this area is still not being developed to its maximum potential. Taplin (1998) suggested that this has happened 

because not enough is known about how people best acquire problem-solving skills or how they can best be taught them. A great deal has been written and debated about problem solving but it is still clear that there are difficulties associated with teaching people how to succeed at it. (p.146)

Furthermore, even less is known about the essence of thinking processes connected with attempts to approach and solve difficult mathematical problems, where students are not supposed to share the common belief that “mathematics problems are always solved in less than 10 minutes, if they are solved at all” (Schoenfeld, 1985b, p. 372).

In this section, we consider theoretical framework, methodology of the research and four directions that we distinguish as the most important in students’ work on difficult problems. Some of them are not new. However, we did not have the intention to develop innovative approaches and create a new teaching-learning environment for advanced problem solving activities. We simply analysed the current situation. We suggest that research on students’ abilities in advanced problem solving will focus, in particular, on: (i) the role of prior knowledge and using special techniques (special constructions); (ii) the role of multiple solutions that provide diversity of thinking strategies and vice versa, and cognitive benefits of the process; (iii) the development of skills to see the links between problems and their solutions and (iv) the structure of different kinds of insight and ‘Aha!’ moments. Brief descriptions and various patterns of student engagement with problems for each direction are provided below. Whenever possible we were trying to support our analysis with the most appropriate reference in the literature, not necessarily the oldest one. Of course, the list of references is far from exhaustive. 
2.1. Theoretical framework
Questions related to advanced problem solving formed a research base of the study that the author focused on for some years. Different aspects of the research are described in several papers (Yevdokimov, 2005a, 2005b, 2006, and 2007). This paper highlights the linkage between mathematical problems and student cognition. How do they depend on and influence each other? Why do some problems have more influence to stimulate cognitive aspects than others? Why are most gifted students so reluctant to uncover the details of how they approach difficult problems? Schoenfeld (1985a) suggested four factors which can interact to affect problem-solving performance. These are (i) the problem solver’s mathematical knowledge; (ii) knowledge of heuristics; (iii) affective factors which influence the way the individual views problem solving and (iv) the managerial skills associated with selecting and implementing appropriate strategies. We note that these factors can be taken into account in relation to the problem posing process. The focus in this paper is on the relationships between the factors discussed by Schoenfeld, in particular, how managerial skills relate to the other factors. We suggest, not neglecting the role of other factors, that the fourth one seems to be of paramount importance in the case of mathematical contests. Berzsenyi (1999) notes that “to solve a problem, one usually needs at least one bright idea or a non-routine application of some method” (p. 186). Indeed, most non-routine problems, though not all, are posed by developing certain ideas that form the base and environment of a problem, and lead to the desired result. Silver and Mamona (1989) noticed “that students often posed problems without any regard to how to solve them” [in that study – O.Y.]. Though, such a situation happens in mathematics research and non-routine problem posing, we tried to avoid using such problems in the study.  We suggest that the purpose of problem solvers is to identify these ideas and provide an adequate response to them, i.e. to find a solution without clear knowledge of what those ideas can be about at the start of problem solving. If they had such knowledge, then that problem would be a routine one. Therefore, we stay in the situation, where “a routine task to one person might not be a routine to another” (Mamona-Downs & Downs, 2005, p. 385). A problem structure through inter-relation of two processes is given in Figure 1 (small circles symbolise the concept of ideas used either in problem solving or problem posing, whereas arrows show problem solvers’ attempts to identify those ideas for solution, and problem posers’ intention to develop them into a problem respectively).


[image: image10] 

Figure 1. A problem structure through inter-relation of two processes

This structure shows the focus and scope of the research through the links between the two processes. However, it doesn’t give methods to apply. To find out more of what is going on in the problem solver’s mind we use the following conceptual framework shown in Figure 2. As perception of a problem by the student, or student’s perceptual understanding of a problem we define his/her awareness of that problem, i.e. any information pointed out by the student within a period of time for perusal and before actual start of problem solving activities. It can refer to mathematical knowledge related to the problem as well as to students’ expectations or anything else. Perception of solution is a broader conception that includes perception of a problem, student’s views on solution and their transformation during problem solving. Again, it includes mathematical, psychological and socio-cultural aspects of individuals.  




Figure 2. Advanced problem solving framework

2.2. Methodology

We did observation of problem solving activities, conducted interviews with current students, organised discussions with former students, who were involved in different mathematical contests. They are mostly professional mathematicians now, and experienced mathematics teachers. This methodology concentrates on students’ conceptual constructions and their cognitive demands. The main goal is to analyse the student’s constructions in problem solving and stimulate the student’s mental activity. We claim that all students we worked with were gifted in mathematics since they had been selected over different years as the top 20 best mathematics students in Australia (selection based on results of their performances in different contests) and, therefore, invited to the School of Excellence organised by the Australian Mathematics Trust, held in April and December each year. 

Amongst the questions we discussed with students, mathematicians and teachers were the following: How much helpful information can the statement of a problem provide? What part of the problem solving process is the most difficult? What can be undertaken if nothing comes to mind with a particular problem? How are ideas sorted out, if you have few of them on the list simultaneously? What is the reason (in student’s opinion – O.Y.) that an interesting approach to solution has been missed? How often did anyone get experience of a sudden flash of understanding about something he/she didn’t follow? More specific questions had been asked with respect to particular problems. Some of them we used as a part of questionnaire, while others were answered discussing special constructions, multiple solutions and links between different problems. Observations, thinking strategies and patterns of students’ work are presented in sections 2.3 – 2.6.

2.3. Prior knowledge and using special techniques (special constructions)
The notions of knowledge and special techniques are considered together in many contexts of problem solving (we use a slightly different term special constructions for the case of geometry only). Mamona-Downs and Downs (2005) describe such a situation as one of the levels of the efficiency of knowledge as a source for problem solving – “the formatting of the knowledge base in special ways that are especially suitable for applications” (p. 394). Discussion of techniques is given in Mamona-Downs and Downs (2004). From experimental point of view we found it is quite difficult to differentiate prior knowledge and special techniques in the case of advanced problem solving. A good example of a special technique in the context of culture and knowledge of mathematics is given in Gowers (1999). We suggest that the more development both notions receive on this level, the harder is to identify the difference between them. The two problems of the 48th International Mathematical Olympiad (IMO, 2007) held in Hanoi, Vietnam, are definitely the case to be considered in the theory of problem solving. This is, also, the case fostering further research on advanced problem solving theoretical perspectives from practice. Solution of Problem 5 is based on a special technique called the Vieta Jumping method or root flipping (Ge, 2007), while another special algebraic technique Combinatorial Nullstellensatz (Alon, 1999) is a key component for Problem 6 solution. Both problems illustrate diversity of views on the role of prior knowledge and using special techniques and how they affect thinking strategies.We don’t give the detailed account of the students’ work on these problems since this is a matter of another paper. Instead, we provide an example of a quite simple non-routine problem discussing the same questions. 
Problem 2.3.1
If 
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We can consider 
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 as roots of a cubic equation. Then 
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Some comments on the problem and solution follow: 
Student K: This is a nice method [technique], and I’ll be on track using it with other problems. 

Student D: This is not a technique, this is much deeper… This is an idea that gives me understanding what I can do with the stuff around the problem… what I can do in another problem, if I think it should be done there. 

Student A: This idea is one of many others I keep in mind. I call them “must-know” things. If I use some of them I can change [modify – O.Y.] the problem to get it simpler. It works well! Though, sometimes I am a little bit stuck what to do next… 
In addition we sought students’ comments on the following: “What do you think this problem is about?” One of the answers was extremely interesting: “It’s about specific relationships between specific numbers”. We note that this is more than just a characterisation of the problem. This is a brief and precise description of student’s thinking (in his own words) with respect to that particular problem. It is evidence of what is going on in the student’s mind and exactly one of the situations that give an opportunity for researchers to look behind the scenes in problem solving activities. 
We observed that many students start problem solving with attempts to use knowledge of techniques the most familiar for them. After that, if a problem hasn’t been “straightforward” [student’s expression – O.Y.] and final outcome is still not achieved, the next stage of solution search has required new approaches, or at least new design of old ones. On this stage prior knowledge took predominant position over other factors and even subfactors like special techniques based on prior knowledge. The higher disbalance between the factors we observed, the more diversity in final outcome we got. We can’t state that the more balanced cases of students’ work (in terms of the factors) definitely would guarantee the better outcome in problem solving. Also, we observed that students’ performance in advanced problem solving depends on the specific areas such as algebra, number theory, geometry and combinatorics. We see this evidence much more complex than just students’ preferences and level of expertise at the certain area. 
2.4. Multiple solutions, different thinking strategies and cognitive benefits

In this section we discuss two different solutions given by two different students. The emphasis is on cognitive benefits of their work. Describing cognitive benefits of multiple solutions Silver et al (2005) suggest that “getting aware of at least another approach helps students become more flexible when solving similar problems” and “offers them additional strategies for their mathematical ‘tool bag’” (p.297). We note that some solutions (e.g. the second solution below) may lead to formation of conceptual understanding of much broader questions, even theoretical ones that lie far behind the scope of initial problem. We call this feature a conceptual ‘weight’ of the solution. However, conceptual ‘weights’ of multiple solutions are different. This means that cognitive benefits of multiple solutions are different. Therefore, thinking strategies that correspond to multiple solutions are responsible for more or less cognitive benefit of each solution through their conceptual ‘weight’.
There is a widespread misconception amongst high school students. Most of them think about quadratic equations as routine exercises. However, there are many non-routine problems connected with different properties of a quadratic function. One of such problems with multiple solutions is presented below.

2.4.1. Problem 

A teacher wrote the polynomial 
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 appeared on the board. One student is sure that a polynomial with both integer roots necessarily appeared in the process. Is she right or not?
First solution

Since we are increasing or decreasing the coefficient or the constant by 
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Second solution

If we consider 
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2.4.2. Analysis of the solutions

Both solutions form the case, where solutions themselves and their cognitive benefits provide satisfactory evidence of how students approached the problem, which thinking strategies they used, and what we can expect from them in solving similar problems. The second solution has ‘heavy’ conceptual ‘weight’, which goes as far as to development of calculus concepts, intermediate value theorem, and other properties of continuous functions. The first solution is much ‘lighter’ in the conceptual sense, it focuses on a specific model given in the problem, and may not have resources to be extended in other areas. The first thinking strategy, corresponding to the first solution, is constructed on the base of one mathematical object only. It is easy to follow, but difficult to modify and apply in other problems. Whereas, the second strategy refers to some mathematical objects, based on relationships between those objects rather then on objects themselves, and, due to this flexibility can be modified to other applications. 
2.5. Links between problems and their solutions

Examples of students’ work and their analysis are omitted in the congress version of the paper due to the space restrictions. We followed Atiyah’s views (1984) of understanding mathematics for modelling problem solving activities in this direction. We just note that the skill of recognising similarities amongst problems and links between them is one of the most influential factors in advanced problem solving activities. Analysis of its further development, teaching and learning aspects, and interrelations with other factors is important part of researching problem solving.  
2.6. Two different kinds of insight

The extra-logical processes of insight and illumination remain into the educational research limelight. Multiple cases of a sudden flash of understanding or the ‘Aha!’ experience are described in the mathematics education literature (Davis and Hersh, 1980; Devlin, 2000; Krutetskii, 1976; Rota, 1997). Polya (1965) spoke of “a sudden clarification that brings light, order, connection, and purpose to details which before appeared obscure, confused, scattered and illusive” (p. 54). However, still now the nature of “the sudden realisation of new knowledge” (Barnes, 2002, p. 85) needs further specification, in particular in advanced problem solving. We distinguish two different kinds of insight we observed in students’ work on difficult problems. 
2.6.1. “Logical” insight
This kind of insight is mostly grounded on using prior knowledge, but comes to mind instantly, like a flash of new understanding, without any immediate linkage to thinking strategies used before. However, afterwards a problem solver is able to restore and explain all logical chains in solution, including those ones related to insight. Or, at least that part of solution, which directly connected with insight can be clearly argued afterwards. Students enjoy such experience, though they exaggerate its importance. Appearances of this kind of insight occur quite often in advanced problem solving activities. The following example gives a pattern of student’s work. The part of solution connected with insight is shown in bold italics.   
2.6.2. Problem (Australian Mathematical Olympiad, 1983)
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Figure 3.
Let 
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So, we can conclude that 
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2.6.3. “Tricky” insight
Another kind of insight can be described as related to the specific part of solution (a ‘tricky place’) that might or might not be identified by a problem solver, and not connected directly with other parts. But, getting through that specific part seems to be a necessary condition to complete problem solving successfully. Sometimes that specific part can be clearly argued afterwards, but in most cases it can’t. This kind of insight happens much more rarely. Most cases we observed it was connected with managerial skills in the first instance and with other factors not so substantially involved (though, more evidence is required). Its appearance depends on complexity and structure of mathematical content used in a problem. Its application zone can vary from a simple ‘illogical’ step in attempt to solve a problem to construction a complicated theory for some part(s) of solution. The second problem (Day 1) of the 36th United States of America Mathematical Olympiad (USAMO, 2007) is a good example and source for observation and illustration of this kind of insight.
3. further reflections

Schoenfeld (1985a) has noted a widespread belief that only the brightest students can succeed at problem solving (p.43). Hembree (1992) argued that this belief is not well-founded. Our observation supports Hembree’s conclusion. Saul (1999) suggested that “the minds of high-ability students don’t differ all that much from those of other students – they are just more efficient” (p. 83). Our observation supports this hypothesis. We noticed that gifted mathematics students, though not the brightest ones, after gaining more experience in problem solving, understand, for example, that there are few options for the first step in solving any problem. They can distinguish such situations, though not all students are able to explain their understanding clearly. Furthermore, our results show that insight may have a specific structure and, therefore, specific impact on students’ performance despite the fact that students couldn’t always explain why they made a step in a certain direction. 
Returning to the importance of prior knowledge in solving difficult problems, it is still unclear to what extent specific problems should be proposed in mathematical contests or, even in problems sections of mathematical journals. In the case of journals such a situation shouldn’t be seen as disputable, but for any contest this question assumes some sense of controversy.

Characterising the level of difficulty of problems in Australian national contests Lausch (2007) pointed out the following problem as “turned out to be ‘hard’” (p.90):

Question 2 (AMOC Senior Contest, 2004)
Let 
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We talked with students about this problem and others with the indicated level of difficulty. We asked students to work out solutions, if a problem was unfamiliar for them. We observed that for most problems, which “turned out to be ‘hard’”, there was a great disbalance between student’s perception of a problem and his/her perception of solution. Also, we noticed that those students, who navigate through problem solving with different ideas, even unsuccessful ones, communicated more easily about their approaches than those, who applied an appropriate method (technique) and have got correct result quite quickly.  
The answers to the questions raised and other ones from the context are extremely important for developing further theoretical framework of advanced problem solving as well as for practical implications in work with gifted mathematics students. Most high-profile students regularly participate in numerous mathematical competitions and for them to achieve best results their training should be grounded on a comprehensive theoretical basis. 
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Difficult problem


It’s perception by the student





Solution of a problem


It’s explanation by the student;


Perception of solution by the student





Problem solving


First step of a solution;


Information extracted from a problem;


Final step of a solution;


Time constraints (not necessary)





Schoenfeld’s factors affecting problem solving


problem solver’s mathematical knowledge;


knowledge of heuristics;


affective factors which influence the way the individual views problem solving;


managerial skills associated with selecting and implementing appropriate strategies
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