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Students’ sense making of formal definitions has been central to most investigations of mathematical thinking at upper secondary and tertiary level. In this paper we draw on two examples (limits, tangents) in order to discuss students’ verbal and symbolic descriptions of formal definitions. In particular we address two elements of the tension experienced by the students in their early encounters with a formal definition. In the first example this encounter is strongly characterised by the ways in which the students relate to the symbolisation employed in the formulation of this definition (and the interpretations they assign to this symbolisation) and, in the second example, by the impact of strong, previously held images of the concept.
Introduction

At least since Tall & Vinner (1981) described students’ images of new concepts in terms of the concept image – concept definition theoretical framework students’ sense making of formal definitions has been central to most investigations of mathematical thinking at upper secondary level and beyond (see a review of developments e.g. in Mamona-Downs & Downs, 2002). In this paper we draw on the examples of two concepts (limits, tangents) in order to discuss students’ verbal and symbolic descriptions of formal definitions. We also explore how symbolisation and prior images influence/interact with/are manifest in the ways in which students use formal definitions in constructing and presenting mathematical arguments. 
In the first example we draw on a series of studies (Nardi, 2007; Iannone & Nardi, 2005) which explore students’ encounter with the formalism and abstraction of university mathematics (through analyses of Year 1 and 2 mathematics undergraduates’ written work) as well as their teachers’ perspectives on seminal issues of this encounter (through analyses of data collected in interviews with groups of mathematicians from across the UK). In the second example (Biza et al, 2008), we draw on a study which explores students’ perceptions of tangent lines (through analyses of upper secondary and university students’ responses in a questionnaire). 

The two examples address two elements of the tension experienced by the students in their early encounters with a formal definition. In the first example this encounter is strongly characterised by the ways in which the students relate to the symbolisation employed in the formulation of this definition (and the interpretations they assign to this symbolisation). In the second example this encounter is characterised by the impact of strong, previously held images of the concept in question. 

example 1: The role of symbolisation
In most studies of students’ perceptions of the concept of limit students appear to be in difficulty with the delta-epsilon mathematical formalism as well as with assigning meaning to the formal definition (e.g. Cornu, 1991). For most students the concept of limit is veiled with a certain amount of mystique: there are no computational recipes for finding limits and its understanding impinges upon a very complex network of ideas and an equally complex novel notation. 
In the example we draw on in this paper of particular interest are the ways in which students relate to the formal definition in terms of its symbolisation (for example, with regard to constituent elements of the formal definition such as quantifiers, modulo, inequalities and the nature of ε) and its verbalisation (for example, with regard to the role of ordinary words such as arbitrarily and eventually in their attempts to verbalise the meaning of the definition). While students appear to deem symbolisation as meaningless and redundant, there is evidence (see, for example, the literature reviewed in Episode 6.2 in (Nardi, 2007) where Example 1 comes from) of the strong influence these symbols have on students’ building concept images from their encounter with the definition.
The context of our example is a mathematical problem (included in problem sheets given to students in the early weeks of Year 1) that asked them:

 Write out carefully the meaning of the statement:

the sequence {an} converges to A as n→ ∞.
We note that ‘Write out carefully the exact meaning of’ is rather ambiguous and likely to trigger mere reproductions of the symbolic expression for the definition as well as attempts to express one’s understanding of the formal definition verbally. In fact, some students did one or the other and some blended both – see, for example, Student N’s and Student MR’s responses in Figures 1 and 2.
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	Figure 1. Student N
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	Figure 2. Student MR


Our analysis of the students’ writing – supported by the evidence given in the interviews with the mathematicians who contributed comments on the specific examples of student writing as well as to the more general discussion of issues we touch in this paper – suggests the utter necessity of symbolisation as well as of its comfortable co-existence with verbalisation and visualisation. One interviewed mathematician talked of this necessity, of ‘what students see as madness’, as the norm of mathematical writing – and a norm students are expected to accustom to quite quickly. Another interviewee recalled the characteristic case of a student who wrote down a neat response to a convergence question ( applying the definition impeccably ( and then asked ‘why does this prove convergence?’! As most interviewees stressed students do not quite understand the relation between the symbolic expression of the formal definition and the meaning that this expression aims to convey. 
Our interviewees suggested that the major difficulty with grasping this meaning lies with students’ focusing on the likely-to-perplex successive appearance of quantifiers in the definition – whereas their priority ought to be focusing on the idea that no matter what we choose the ( region around the limit, however small we make this box around the limit, from a certain point onwards, everything fits inside this box. Making this link between this image and the formalisation behind this is utterly important. Otherwise the definition is nothing other than ‘formalistic nonsense’. 
Words such as eventually and arbitrarily were repeatedly mentioned in the interviews as meant to convey the idea underlying the symbolic expression of the definition. However it was also noted that it is not until much later in their studies, if at all, that students choose not to ignore them. This is not to say of course that resorting to vernacular uses of language does not carry its risks. The difficulty students have with distinguishing between limit and bound is one of these risks (and widely reported in the literature: tends to, approaches, gets close to are expressions underlain by the assumption that a limit cannot be attained). In this sense a linguistically informal expression may reinforce ambiguity and result in students’ actually evading a confrontation with their contradictory ideas. As one interviewee told us: ‘Verbalising, geometrisising the definition is fine as long as we stay this side of correctness!’
In this sense, claimed several interviewees drawing on their own learning experiences, sometimes steering clear of intuitions, pictures etc., in fact working through strings of quantifiers, can be less messy, less risky – even if it is at the expense of having a satisfying grasp of what is going on. And meaningful geometrical or other pictures are indeed rare (an interviewee suggested the challenging example of finding a good pictorial representation for statements such as the series does not converge). 

In sum the interviewees commented on Student MR’s response as follows: the response illustrates how difficult it is to use words to describe the meaning of the symbolic expression for convergence – in particular with regard to how he uses arbitrarily and eventually. These words, used not far from their ordinary use, can act as bridges between the symbolic and verbal expressions of the definition of convergence. In fact they can be seen as verbal expressions for quantifiers, as some mediation between what is to students, at least initially, an obscure string of symbols and a sentence that explains what this string of symbols mean. Once this mediation has taken place then dispensing the ‘scaffolding’ of words and working on strings of symbols has its well known epistemological advantages. But achieving a helpful verbalisation is notoriously difficult (one example of the difficulty of this ‘translation’: we often read a mathematical quotation backwards when we try to express it in words). A mere change in the order of quantifiers – and the order in which you use words such as arbitrarily and eventually in a sentence – and the meaning changes entirely. 
Further layers of the difficulty described above are illustrated in Student LW’s response in Figure 3. Summarised comments of the interviewed mathematicians on this response follow.
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Figure 3. Student LW

‘when ( is the difference between an and (’ suggests a notion of ( different to simply a chosen number. The use of a colon in the last line, if it’s not punctuation for its own sake, seems to suggest something like such as. The order of the quantifiers is wrong – as is the positioning of the word eventually (within which actually lies a second quantifier). Tinkering unwisely with this order practically condemns the sentence. Furthermore a sense of implication is absent from the script even though a vague notion that an in some sense has to be near ( does come across.

As a deterrent from falling into the pitfall of elliptic, oblique writing such as in the above examples the interviewees highlighted the benefit of employing consistently full sentences when writing on the board in the course of a lecture. It is not always the case that a fully verbal explanation needs to be overly long. A verbal explanation of, say, the definition of convergence needs first of all to stress the idea that the choice of ( is beyond our control; that the precedence of for all ( in the definition means that subsequently we are not allowed any other assumptions about its nature.

example 2: the role of prior images
In most studies of students’ perceptions of the concept of tangent in Analysis (e.g. Castela, 1995) students appear to be influenced by properties of the tangents they have encountered earlier in the context, for example, of Geometry. Such properties – originating in the properties of the tangent to the circle – are that the tangent has only one common point with the curve or/and it keeps the entire curve in the same semi-plane. Sometimes students, in their transition to the general definition of the tangent line of a function graph, generate new, often not-valid, properties out of the fusion of information from across the different contexts. One of these properties is that the graph has one common point with its tangent in a neighbourhood of the tangency point (Biza et al, 2008).
The example we draw on in this paper is based on the written responses in a questionnaire of one of 182 first year mathematics undergraduates in Greece. All participants had been taught about the tangent line in Euclidean Geometry, Analytic Geometry and elementary Calculus courses during the 10th, 11th and 12th grade, respectively, but not at university as the questionnaire was administered at the beginning of their tertiary education.  The questionnaire included tasks in which the students had to: describe the tangent line and its properties in their own words; recognise whether certain drawn lines were tangents; construct the tangent line of a curve at a given point; define the tangent line; and, calculate the formula of the tangents line of a function graph at a point in general and in aspecific case.
In our example the student wrote in her description about tangent line: ‘If a function is differentiable at a point A(x0, f(x0)), it has a tangent at this point. The tangent line is a line that has one common point with the graph of this function and its formula is y - f(x0) = f΄(x0)(x - x0)’. 
Her sufficient reproduction of the formula for the tangent line and her recognition of the need for the function to be differentiable at the point in question allowed her to respond correctly to the calculation tasks that appeared later in the questionnaire. Also, her recognition of the need for the function to be differentiable at the point in question was related to an image of a smooth curve at this point and allowed her to decide correctly that at an edge point ‘there is no tangent’. The argumentation for her decision was based on the definition of derivative: ‘the function is not differentiable at point A because the partial limits are not equal’. 
Through the above responses, it would appear that the student used and referred to the formal definition adequately. The only controversial part of her description is the statement that the tangent line ‘has one common point with the graph’. The influence of this statement becomes apparent in the tasks in which the student had to decide whether a drawn line is a tangent line of a given curve (through looking at the graph only). In one occasion, where the tangent met the curve only at the tangency point (left figure in Figure 4), she wrote: ‘The function is differentiable at point A. The line does not have any other common point with the function so it is the tangent of this graph at point A’. In another occasion, where the tangent met the curve at another point except the tangency point (right figure in Figure 4), she wrote: ‘Although the function is differentiable at A, so there is a tangent, the line has another common point with the function and then it is not a tangent’. 
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Figure 4. The tangent line has (not) only one common point with the curve
Similarly, she accepted a line at an inflection point as a tangent only if the line had no other common points with the curve. She wrote: ‘It is a tangent line because the function is differentiable at point A and the curve has only one common point with the line’. Especially in the cases in which the tangent coincided with the curve she rejected the line although she recognised that ‘the curve has a tangent at point A’ because ‘the line has an infinite number of common points with the curve’ 

The image of the tangent line this student seems to hold is of a line that has only one common point with the curve. Central to the analysis we presented here is the argumentation she used to justify her choices and how she referred to the formal definition of the tangent line. The student’s encounter with the definition of the tangent at a point of a curve seems to have been unproblematic (in terms of the condition for differentiability and the formula for the line). However she appeared to have integrated into this definition the persistent image of the tangent having only one common point with the curve. The personal concept definition (term borrowed from Tall & Vinner, 1981) of this student for the tangent line, as  derived from her overall responses to the questionnaire, fused the formal concept definition of the concept with properties of this persistent image. 
conclusions
Examples 1 and 2 address two elements of the tension experienced by the students in their early encounters with a formal definition. 
In the first example this encounter is strongly characterised by the ways in which the students relate to the symbolisation employed in the formulation of this definition. We explored the interpretations they assign to this symbolisation through commenting on their attempts to verbalise the meaning of the definition. As our interviewees stressed repeatedly, ultimately the students need to appreciate the succinctness, precision and effectiveness of the symbolic form – its compactness and multi-layered abstraction is after all part and parcel of the communicational and creative tools of the mathematical community, the community they have chosen to join (Sierpinska, 1994). And verbalisation with the explanatory power and the other qualities described in Example 1 is a means through which this appreciation can be achieved. In this sense verbalisation is a means of demystifying symbolisation.

In the second example, the encounter with the formal definition is characterised by the impact of strong, previously held images of the concept in question. The student’s concept image of the tangent line resulted from the fusion of Geometrical (the one common point) and Analytical (the derivative at the tangency point) properties. In this image the analytical local property of tangency is applied globally to the entire curve making the student accept the existence of a tangent at the point A but not in the case where the line and the curve share more than one common points. As a result, the student’s personal construction of concept definition was an erroneous definition of the tangent line as a line that has only one common point with curve in which the derivative of the function is equal to the slope of the line.
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