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In this paper there is a description of a mathematics lesson that extended over two class periods and in which pupils aged 10 - 11 years experienced mathematical insight. The moments of insight were not experienced by all pupils in the group but, at the same time, were facilitated by the whole class collaboration that took place at the end of the lesson. Construction of mathematical understanding in this way has been likened to jazz improvisation in which the performers build on each other’s input and where the outcome is the property of the group rather than of any one individual. In particular, one student’s discussion of an error contributed significantly to the ‘performance’.
Introduction
Consistent with a view of mathematics as a socially and culturally situated activity, the point of reference in mathematics education is the classroom mathematical practice, a perspective that has been described by Cobb (2000) as emergent. Sawyer (2004) maintains that this perspective implies that teaching must be improvisational and ‘that the most effective learning results when the classroom proceeds in an open, improvisational fashion, as children are allowed to experiment, interact, and participate in the collaborative construction of their own knowledge’ (p.14). It is well recognised that argumentation and conflict resolution can result in the development of  mathematical conceptual knowledge (see, for example, Schwartz, Neuman, & Biezuner, 2000; Wood, 1999). However, less attention has been given to the way an error can be built on to construct new knowledge. In this paper, the metaphor of jazz improvisation is used to describe how one student’s discussion of a glitch in her solution pathway led to recognition of an algebraic pattern by others in a primary class.

The Improvisation Metaphor
In theatrical improvisation, a group of actors creates a performance without using a script. Because it is characterized by a high level of unpredictability, the performance has associated with it what Sawyer describes as a ‘moment-to-moment contingency’(Sawyer, 2006: p.153). As the actors play their parts, several potential possibilities are brought into the frame. What emerges is not decided by any one person but rather is a phenomenon that is produced by the group. In jazz improvisation, each soloist is assigned a number of measures to play before the next soloist takes over. Due to the rapidity of the transition, a player rarely develops a completely new idea but rather responds to and builds on the previous player’s input. Berliner (1994: p.356) describes as follows:

The harmony produced by jazz players is not the uniform representation of a lead sheet model, but a lively composite creation, the product of multiple, ever-changing interpretations of the progression. Enriching the basic structure in endlessly varied ways, players may choose to reinforce or complement each other, to diverge at another, interrelating different harmonic pathways. The effects of such decisions may require immediate accommodation across the parts. 

Sawyer (2004) maintains that like the improvisation that occurs in theatre or in a jazz ensemble, creative teaching is both emergent and collaborative. It is emergent because the outcome cannot be predicted in advance and it is collaborative because the outcome is determined not by any one individual but by the participants of the group. Martin, Towers and Pirie (2006) used the improvisational lens to analyse collective mathematical understanding. They describe collective mathematical understanding as the kind of learning and understandings that occur when a group of any size work together on a mathematical activity. Central to their analysis is the idea of co-acting which they define as 

…a process through which mathematical ideas and actions, initially stemming from an individual learner, become taken up, built on, developed, reworked, and elaborated by others, and thus emerge as shared understandings for and across the group, rather than remaining located within any one individual. (p.156)

They make a distinction between co-actions and interactions. While in interactions there is an emphasis on reciprocity and mutuality, co-actions concern actions that are dependant and contingent upon the actions of other members of the group (Towers & Martin, 2006). Through this co-acting, an understanding emerges that is the property of the group rather than any individual. It is not that all individuals bring the same understandings to the scene but rather that individual contributions will result in something greater than the sum of the parts. Neither is it that an individual will not make his or her own personal advancements. Davis and Simmt (2003: p.146) compare this to the discovery of some major mathematical ideas:

At various times and in varied circumstances, intellectual movements can arise spontaneously and may quickly exceed the possibilities of any of their members – at the same time as they provide the conditions for these members to advance their personal understandings and insights, the knowledge is a property of the collective. 
In improvisational performances, errors in individual contributions present additional challenges. What is usually required is a creative, tactful response by other members of the group. However, sometimes, "problematic turns can … provide dramatic, even welcome, contrast to the prearranged performance features, their effective solutions contributing uniquely to the musical journeys of the improvisers" (Berliner, 1994: p. 383). In the next two sections, there is description of the way in which a lesson that led to construction of new mathematical understanding can be likened to an improvisational act with particular reference to the idea of a problematic turn.
Methodology

The aim of my research is to investigate the factors that contribute to the development of mathematical insight by primary school pupils. The methodology is that of ‘teaching experiment’ which was developed by Cobb in the context of the emergent perspective and in which students’ mathematical development is analysed in the social context of the classroom (Cobb, 2000). For a period of three months, I worked with a class of thirty-two pupils (nineteen girls and thirteen boys) aged 10 - 11 years. The school is designated as disadvantaged
. In my pilot study I had found that pupils were most likely to experience ‘Aha’ moments when they worked on investigations that had potential for generalization. I entitled the investigation outlined in this paper ‘Count the Ways’. It is an extension of the ‘Make Ten’ problem described by Rowland (2000) and concerns the number of ways an even number might be formed as a sum of two natural numbers (including zero)
. The lesson took place over two class periods, each lasting approximately forty minutes. All phases of the lesson were audiotaped. When children were working in pairs, audio tape recorders were distributed around the room. Pairs of pupils were encouraged to write about their thinking on prepared work sheets. Each pupil maintained a reflective diary. Follow-up interviews were held with pairs of students, at least one of whom had shown evidence of reaching new understandings over the course of a lesson. 

The focus of this paper is on the plenary session that took place towards the end of the second period. In the transcripts below, the following codes are used, T: The researcher/teacher (myself); Chn: simultaneous contributions from two or more children - these different contributions are separated by the symbol >; Ch: a single child whose name could not be identified, otherwise pseudonyms are used. Three dots (…) represent a pause and comments are inserted in brackets.

Findings

On day one, the pupils were familiarized with the rules of the investigation, i.e., the inclusion of zero as an addend, the principle of commutativity and the focus on pairs of numbers. Worksheets in which pupils were asked to consider the number of ways that even numbers between 2 and 20 might be made were then distributed. In an extension activity at the end of this worksheet, pupils were asked to predict the number of ways to ‘make’ 100. Some pupils used (inappropriate) proportional reasoning to make this prediction, e.g., Cian suggested that it could be 60 on the basis that there were 6 ways for the number 10; Lucy proposed a solution of 55 as that there were 11 ways for 20. 
At the start of the lesson on the following day we revisited the findings of the previous day’s lesson, i.e. a listing of the number of ways from 2 – 20, as follows:

	Number
	Number of ways

	2
	2

	4
	3

	6
	4

	8
	5

	10
	6

	12
	7

	14
	8

	16
	9

	18
	10

	20
	11


The pupils experienced little difficulty when I asked them what the number of ways for 22 and 24 might be. When we went on to consider 100, Ella suggested continuing with the list in their diaries, a suggestion that found favour with the other members of the class. During the plenary session at the close of this lesson, I continued the list up to 40 and then we again looked at 100. Most children who made the list from 2 to 100 found that there were 51 ways to arrive at 100. However some children erroneously omitted one of the even numbers and thus arrived at 50 rather than 51 ways. There follows a transcript of the discussion after this error was noticed: 

Ella:
The first time I done my, em, my eh ways for doing it, I got 50 for a hundred cos I left out a number but I was just thinking that half the number there is 50 … 

Cian:
You left out a number. (stressing ‘a’)

Ella:
So 2 like say in fractions is a half and then a half of a hundred is fifty.
T:
Ok, I am just going to ask you to do this, there’s something very, very important here, you are on to something really important, right … Ok, if you look at the numbers here, 2,4,6,8, is it always half the number?

Lee:
Yeah.
Chn:
No>no>no

Ella:
No because it’s the number that’s next to them, like 4 and 3 … 1, 2, 3, 4.
Ch:
That’s half a … ah no! 

Ella:
Ah, no!
T:
Is it always … is it half of eight, half of ten?

Chn (Chorus):
Oh>oh>Therese (excitedly)

Lucy:
See the way you have eight take away five is three and then half of eight is four. 

Ella:
Yeah, see the way six take away two cos 1,2,3, Therese see there, it goes four take away one is three, so that’s one …

Cian:
Ohh (voice raised)

Ella:
and then six take away four is two, eight take way five is three, ten take away six is 4 and then 12 take away … 

T:
Ok.
Cian:
Oh,oh,oh!
T:
You are onto something there.
Ella:
So that’s …

Cian:
Oh Therese, I know the quick way of doing it … (Voices in background) … I know the quick way.

Ella:
You see 1,2,3,4 …
Ch:
Ok

Cian:
Therese, I know the quick way.

T:
Yes?
Cian:
See the way when you have half of ten, you get five, just plus one you have six, when you half twelve you’ve got eh six you plus one you have seven, so if you half a hundred you have fifty you plus one you have fifty one, I think that’s how you … Cos if you half the number you just plus on one and …
Lee:
Well done, Cian.

Cian:
like twenty, half of eh twenty is ten plus one is eleven so you have eleven ways of doing it.
Lee:
Cian got that right.
Ch:
Yeah, he did, didn’t he?

T:
Do you think it always works, do you think Cian’s idea always works? He says …
Ch:
I think ...
T:
He’s looking at a pattern and he says the answer is always half the number plus one.
Chn:
Yeah>yeah>

Ella made what is no more than a glitch in her listing of ways but had begun to hypothesise that the solution might be half the even number. When I drew attention to the list on the whiteboard, she began to consider that the answer might be found by subtracting one from the even number in question, e.g., one less than four but then realised that this ‘rule’ did not always apply (saying, ‘Ah, no’). Lucy, however, latched onto Ella’s idea of half and suggested that the difference between the even number and the number of ways was one less than half of the even number. Ella then picked up on Lucy’s observation of the difference pattern while Cian built on the idea of a half further and discovered ‘the quick way’, i.e., the number of ways to ‘make’ an even number is half the number plus one. This was immediately affirmed by Lee and another pupil. Ella then began to elaborate on the difference pattern she had found:

Ella:
Six take away four is two … eight take away five is three, ten take away six is four, twelve take away seven is five and then all the rest of the way down.
T:
So you could just keep going that way, that would be another way, that’s another way of seeing the pattern.
Ella:
When you are getting to 20 you start all over again.
As I was drawing the lesson to a close, Roisín interjected:

Roisín:
I’m after noticing there. You know the way it has, you know the way the second number on the even side is four, well if you look on the ways the first one it’s always half it, cos half of four is two …

T:
Hm, hm.
Roisín:
Then half of six is three, half of eight is four. (Child joins in)

T:
So you are looking at, can you come up and show me what numbers … you are looking at diagonal is it … ok so you are looking at half of six, half of eight, oh I haven’t seen that before.

Leah:
That’s good.
Roisín seemed to have reworked the earlier ideas suggested by Ella, Lucy and Cian and has established that the number of ways to ‘make’ an even number is half of the next even number. Her pattern was repeated by another pupil and affirmed by Leah. The lesson now finished, but during their snack break, some pupils continued to search for patterns. Other pupils gathered around Cian to discuss his finding.

Discussion

The above transcripts show that co-acting took place in this lesson. In particular, Lucy picked up the thread of Ella’s input. This was elaborated by Cian and reworked by Roisín. Cian noted this in his diary entry:

When I got it I was very excited. The way I got it was I heard Lucy saying half the number and then it came to me.

Although Cian was aware that he has advanced his own mathematical understanding he did not take full responsibility for finding the solution. He recognised that understanding had emerged at a collective level. There were certainly some ‘main’ players who made several contributions over the course of the lesson. Cian and Ella were among these. Roisín, on the other hand, seemed to be watching from the sidelines and made her entrance when she felt it was appropriate. The fact that there were other observers of the action is evident from the affirmation that was given to both Cian and Claire when they gave their solutions. It is interesting to note that their solutions are those accepted by the mathematics community and the pupils seemed to recognise their elegance. However Ella’s ‘error’ and her willingness to discuss it at the plenary session instigated the insights that followed and caused a ‘new musical journey for the improvisers’. The establishment of classroom practices where pupils feel free to share even tentative ideas is at the core of such journeys.
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� Irish Schools are designated as disadvantaged on the basis of socio-economic and educational indicators such as unemployment levels, housing, medical card holders and information on basic literacy and numeracy.


� If x is a positive even integer and f(x) is the number of pairs (a,b) where a,b ε N and a + b = x then, if a + b is considered to be equivalent to b + a and if zero in included as one of the addends, f (x) = ½ x + 1 or ½(x + 2) (Rowland, 2000)
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