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The notion of limit pervades much of mathematics studied in higher years of secondary schooling and beyond, so it is natural that this area has attracted much educational research.  The literature, in main, takes one of two directions.   The first keeps to a rather isolated perspective identifying students' conceptualization and behavior that do not respect the formal definitions.   The second treats the demands involved in understanding the definitions by relating them to an established, broad educational framework.  However there are other concepts that are intimately related to limiting processes, and this fact is largely passed over.  This is a serious oversight, as in general the identification of the similarities, differences and inter- play of two allied concepts can act as a mutual enrichment of the understanding of both.  In the full paper we will consider the extent that the notion of bound bears on the study of limits and how well students appreciate this.  We shall restrict ourselves to limits of real sequences and limits / continuity of real functions.


Bounds constitute a natural theme to raise vis-à-vis limits.  Even though the definitions of limit of sequences and limit at a point of a function do not explicitly involve bounds, implicitly they are present.

For example, if a function has the limit l at the point a, then for any given ε>0 one can specify an open interval 'centered' around a such that the set of function values on this interval is bounded above by l+ ε and bounded below by l- ε.  The introduction of bounds brings up a set theoretical perspective, as bounds are defined in terms of sets; this perspective can be contrasted with the ordering inherent in sequences.  What is at issue is how bounds can effect the limiting behavior, or vice - versa.  An example is the theorem that says if a sequence converges, then the sequence is bounded.


In many fundamental theorems in elementary Real Analysis, the concept of supremum (infimum) has a central role.  However it is easy to get the impression that a supremum is simply a device to employ in proofs.  We believe that this seemingly utilitarian usage is not completely balanced.  We propose that the supremum should be high-lighted as a concept as much as that of the limit.  To illustrate, it might be profitable to supplement the proposition 'an increasing, bounded sequence is convergent' by the further implication 'and the limit equals the supremum of the set A:=(x((: ( n(Ν s.t. an= x('. A related (but rarely stated) theorem on sequences involves sup(A) both in its conditions and its inferences: If (an) is a convergent sequence and sup(A) (A, then the limit of  (an) is sup(A). In fact the difference between the two cases, sup(A) being an element of A or not, is an important general issue to our theme of linking bounds with limits, both on mathematical and cognitive grounds. 

The full paper will consist of:

(1) A short and selective account of the educational literature on limits and / or bounds.

(2) An expanded and more integrated exposition concerning the connection of bounds and limits to that presented above, and the significance of stressing this connection in educational terms. 

(3) A summary of a fieldwork and its findings.  The fieldwork has several stages.  The first involved the design of a collection of tasks that emphasizes the interaction between limits and bounds.  These tasks were given as an in-class 'test' taken by a population of undergraduate students majoring in Mathematics.  The second stage was to analyze the written scripts for evidence of efficient handling of the usage of the two concepts together, or to the contrary.  The third stage comprised conducting interviews of selected students either individually or in groups of two or three.  The interviews were semi-structured.  We aimed to elicit the participants' more informal and 'mental' argumentation (including usage of diagrams) that guided them to 'style' their final exposition of solutions during the test, or to investigate their difficulties when they were not able to obtain suitable argumentation.  In particular, we wanted to gauge the degree that the students would acknowledge and appreciate the differences and compatibility between limits and bounds, especially suprema and infima.       

