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One of the main obstacle in understanding the reductio ad absurdum strategy is the lack of relationships between the statement that has to be proved and the false proposition that is deduced. In this paper, we show that sometimes students overcome this difficulty treating the contradiction in a particular way, with the goal to transform it in a true property of a modified mathematical object. The analysis of these transformations can be useful to better comprehend the acquisition processes of this method of proof. 

Introduction
Our studies focus on the students’ acquisition and use of the particular method of reductio ad absurdum. The understanding of this method of proof gives something more than a way to validate a statement: because (in general) it does not present a construction and it is based on the deduction on impossible mathematical objects, it contributes to the formation of a way of thinking (in the sense of Harel, 2007) that is particular and very important in mathematics. 

This type of proof is old as the notion of proof itself, it was very common in Euclid and in ancient Greek mathematics (see Szabo, 1978). Moreover, argumentations with structure very close to that of proof by contradiction spontaneously appear in students’ reasoning (Freudenthal, 1973; Thompson, 1996; Reid & Dobbin, 1998; Antonini, 2003; Antonini & Mariotti, accepted for publication). Nevertheless, both in history of mathematics and in classroom activities, proofs by contradiction are sometimes not accepted, for many different reasons.

Briefly speaking, in a proof by contradiction one assumes the negation of the statement and deduces a contradiction, that is a conjunction of a proposition and its negation. A meta-theorem, that is a theorem in a logical theory of inference rules, states that if a contradiction can be deduced from the negation of a statement, this statement is valid. 
We observe that the contradiction can be very far from the statement: in general, there are no links between contradiction and the theorem.

This missed link was a discussed topic in the history of mathematics. In particular, although some exceptions are possible, proof by contradiction could validate a theorem without neither giving any idea on the reasons that make it true nor the method by which it could have been discovered. In many works, Harel (see for example, Harel, 2007) reported the analysis by Mancosu (1996), who reveals that in the Centuries XVI and XVII, some mathematicians, according to the Aristotelian view of the scientific knowledge, requested that a proof, to be scientific, should reveal the cause of the theorem and, because proofs by contradiction do not proceed from cause to effect, excluded them from the scientific proofs: 

“There was a consensus on the part of these scholars that proofs by contradiction were inferior to direct proofs, on account of their lack of causality. The consequences to be drawn from this position are of relevance to the foundations of classical mathematics”. (Mancosu, 1996, p. 26)

This issue is discussed in depth in Harel (2007) where interesting cognitive and didactical consequences are drawn:
“The history of the development of the concept of proof may suggest that our current understanding of proof was born out of an intellectual struggle during the Renaissance about the nature of proof - a struggle in which Aristotelian causality seem to have played a significant role. If the epistemology of the individual mirrors that of the community, we should expect the development of students’ conception of proof to include some of the major obstacles encountered by the mathematics community through history. We conjecture that Aristotelian causality is one of these obstacles. Causality is more likely to be observed with able students, who seek to understand phenomena in depth, than with weak students, who usually are satisfied with whatever the teacher presents”. (Harel, 2007, p. 70)

According to the Harel’s hypothesis, proof by contradiction could be rejected by students because it does not reveal the cause of the statement. 
In many others theoretical frameworks we can explain some difficulties in accepting this type of proof. For example, using the words by Hanna (1991) it could be a proof that proves but not a proof that explains and according to De Villers’ (1990) analysis of proof functions, a proof by contradiction has obviously the function concerned the validity of the statement but it could not be neither a means of explanation nor a means  of discovery, with important consequences from cognitive and didactical point of view. 

In this paper, we investigate more this issue with particular attention to students’ behaviours in relations to the connections between the contradiction and the proved proposition. As regard the methodology, the research has exploratory character and we use different sources of empirical data: clinical interviews, test and questionnaires, recordings of some regular lessons. The subjects are secondary school (from grade 10 to 13) and university students (scientific faculty as Biology, Pharmacy, Mathematics and Physics). 

The contradiction and the statement: a missed link
The following questionnaire was a modification of a part of a more complete questionnaire used by the Professor Rosetta Zan at the entrance of the scientific faculties at Pisa University. A correct proof by contradiction of the incommensurability of the diagonal of a square with its side is presented. We aimed to investigate the recognition and the acceptability of this type of proof. The subjects involved were 87 secondary school students (grades 10, 11, 12) and 19 university students (second year of the degree in Biology). All the students had previously studied some proofs by contradictions.
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QUESTIONNAIRE

Read carefully the following reasoning: 
let us consider the square ABCD; we want to prove that the ratio between the measure of the diagonal BD and the measure of the side AB is not a rational number, that is, it can not be expressed as a ratio between natural numbers. 
Assume that the ratio is rational, that is there exist two natural numbers m and n such that BD/AB=m/n. For Pythagorean theorem, BD2=AB2+AD2=2AB2, then m2=2n2. We can suppose that m and n are relatively prime (otherwise we can divide for the common divisors). From the last equality we deduce that m2 is even, and then m is even  and n is odd (because m and n are relatively prime). Moreover, if m is even there exist a natural number k such that m=2k; from m2=2n2 we have 4k2=2n2 and then n2=2k2. From this it follows that n2 is even and then n is even, too. But n was odd... 

We have then a number n that is contemporarily even and odd, but no number is both even and odd, then...

WE CAN CONCLUDE THAT:

a) This is not a proof 

b) There is a mistake in some passages, but I can not identify it

c) There is a mistake, that is (specify the error): ..........................................

d) We have not proved anything, because being even or odd has nothing to do with which we wanted to prove

e) We have proved what we wanted, in fact:

f) Other (specify):

In the following table we summarize the frequency of the answers. In every row, the percentages over the indicated samples of the students are reported; the size of every sample is in brackets. We observe that students sometimes give more than one answers. 

	
	a
	b
	c
	d
	e
	f
	No answers

	Second. students (68) 
	23,5
	17,7
	16,2
	29,4
	22,1
	10,3
	2,9

	University students (19)
	10,5
	5, 3
	10,5
	52,6
	36,8
	0
	0

	Total (87)
	21
	15
	15
	34,5
	25,3
	8
	2,3


Although the students had previously studied some proofs by contradiction, the number of students who gave the correct answer is low. The most frequent choice was “We have not proved anything, because being even or odd has nothing to do with which we wanted to prove ”. This confirms the hypothesis that, missing the connection between the conclusion and the theorem, the reasoning is not recognized as a proof of the statement. The high frequency of other answers are significant, too, and can be explained also in ways that are not the main topic of this paper.
The contradiction and the statement: a new link
In many cases, the students manage to overcome the problem of the connection between the contradiction and the statement, in particular when they produce argumentations in solving open-ended problems (see Antonini, 2003). Differently from the mathematical way, they assign a sense to the contradiction and they find a new link between it and the statement. We start by looking at some interesting experimental data.
Example 1

In the previous questionnaire, a student (grade 12) chose the correct answer (e) but he commented: 

“we have proved what we wanted in fact one of the two numbers is not natural and then the ratio is not a ratio between two natural numbers”

Instead of rejecting the initial assumption that the ratio is rational, from the contradiction “n is even and odd” he draws the consequence that n is not a natural number and then the ratio m/n is not a rational number. In the proof, after the deduction of the contradiction, the mathematical object m/n has to be rejected, this number doesn’t exist, it has never existed. Differently, this student changes the nature of the number n coherently (in his opinion) with the deduced proposition. Now m/n is changed, is not a rational number any more: a new link between the contradiction and the statement is established and the proof is accepted.
Example 2

The following is a short excerpt of an interview to Maria, an University student of the degree of Pharmacy (for a deeper analysis see Mariotti & Antonini, 2006). She was asked to produce a proof by contradiction of the statement: “let a and b be two real numbers. If ab=0 then a=0 or b=0”.

“… well, assume that ab=0 with a different from 0 and b different from 0... I can divide by b... ab/b=0/b... that is a=0. […] it comes that a=0 and consequently … we are back to reality. Then it is proved because … also in the absurd world it may come a true thing: thus I cannot stay in the absurd world”. 
If we analyse it as a reductio ad absurdum, the contradiction is the conjunction “a is different from 0” and “a=0”. Then, mathematically speaking, once “a=0” is deduced we have to reject the initial assumption on the existence of two real numbers with those properties. This is the particular form of proof by contradiction known as “consequentia mirabilis” and summarised by the formula ((P(P)(P; where, in this case P is “a=0”. Its validity follows considering it with the tautology (P((P, that allows to conclude (P(((P(P). The proposition in the brackets is the contradiction, it arises from the deduction of P, even if P coincides with the statement. As Jacob Bernoulli (1654-1705) wrote in his “Theses Logicae“: “ex falso nonnumquam sequitur verum, et tamen semper absurdum” (“from the falsehood sometimes follows the truth, but it is always absurd”).

Differently, Maria seems to think in another way. The equality “a=0” is not part of a contradiction for her; it is the correct property that the real number “a” initially does not have, but after some manipulations, it has:  “we are back to reality”; now things are rights! 

Reasoning like this, in which the contradiction is confused with the thesis, were common in the history of mathematics in cases of “consequentia mirabilis” where the contradiction arises from a true property. For this, some mathematicians considered direct this type of proof and some debates on its structure were developed (see Bellissima & Pagli, 1996), enlightening the epistemological nature of this problematic. 
Example 3

The following is an excerpt from an interview to two university students (second year of the degree in Biology). In paper and pencil environment, they faced with the open-ended problem: what can you say about the angle between two bisectors of a triangle? 

They named the angles as in the figure, and, evaluating the possibility that the angle δ is right, they have just discovered that if this angle is right then (+(=90 and 2(+2(=180. In this short excerpt only Elenia talks. 
46. E: In my opinion, there is something wrong.

47. I: Where?
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E: In 180

49. I: Why?

50. E: Because, is not the interior sum of all the three angles? 

51. I: Yes, the sum of the interior angles of a triangle… 

52. E: is 180

53. I: Yes

54. E: Right.

55. I: And then?

56. E: And then there is something wrong! They should be 2(+2(+(=180.

[…]

60. E: And then it would become ( =0 

61. I: And then?

62. E: But equal to 0 means that it isn’t a triangle! If not, it would be so [she joins her hands]. Can I arrange the lines in this way? No...

[…]

85. E: And then there is essentially not the triangle any more.

86. I: And now? 

87. E: …that it cannot be 90.

88. I: Are you sure?

89. E: Yes.

90. I: Why?

91. E: Because, in fact, if (=0 it means that… it is as if the triangle essentially closed on itself and then it is not even a triangle any more, it is exactly a line, that is absurd. 
The false proposition “2(+2(=180” is not initially used to validate the statement as it could be done in a proof by contradiction, probably because of its falsehood (“there is something wrong”). It seems that the most important thing for the students is the research of a geometrical meaning (note the large use of the verb “to means”) of this strange proposition. Later, the proposition becomes true by transforming the triangle in a line. At this point the figure “is not even a triangle any more” and students immediately understand and accept this argumentation because the link between the argument and the statement is reconstructed. 
Conclusions
The argumentations produced by students have a structure similar to that of the proofs by contradiction: the starting assumption is the negation of the statement that must be proved. Nevertheless, the argumentation appears significantly different from the proof in the treatment of the contradiction. The objects of the reasoning in proof by contradiction are rejected after the deduction of a false proposition, while in these argumentations the objects are transformed in order that the (false) proposition can become a (true) property of them. After this rearrangement the anomalous proposition has a new meaning and the connection between it and the statement are reconstructed.
These argumentative processes are examples of the transformational scheme (Harel & Sowder, 1998). As in the examples showed by Harel and Sowder the mathematical objects are dynamic entities and the transformations performed on them are goal-oriented: the goal here is to arrange the objects in order to have the properties that otherwise are false, and to reconstruct a link with the statement. 

We are now involved in continuing this research. We think this is important to enlarge our comprehension of understanding processes of an important method of proof. In particular, in this paper, we have enlightened how the acceptability can be based on reasons different from the mathematical ones. According to many studies on proofs (see, for example, Garuti et al., 1998; Pedemonte, 2002) we think that argumentative activities should be promoted but it is important that teachers and researchers consider the elements we can find in the students discourses and that are different from those that are specific of a particular validation method of a particular discipline like the mathematics. 
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