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We present our two-dimensional model of levels of insight vs. Van Hiele levels which we have formulated and tested in a pilot research, and which we continue to explore now in a number of more detailed and profound studies. One of the main features of the model is the evaluation of a student at any level of his or her mathematical development with respect to a specific mathematical topic being currently studied or to his or her mathematical insight in general. Furthermore, it may and should be used to evaluate mathematical tasks with respect to the level of insight they are designed to fit. The model is based on an assumption that the same levels of insight characterize the learning process at any Van Hiele level. We discern five levels of insight and provide a brief description of each level. The descriptions are illustrated by a number of examples. 

The theory of development of individual geometrical thinking proposed by Van Hiele in 50-60 years of the previous century includes a number of components; we refer to two of them, namely, to levels of individual development of geometrical thinking (to which we shall herein briefly refer as VH levels) and to insight.

Later, a number of researchers followed Van Hiele and extended his levels to the learning process in other fields of mathematics, e.g. in analysis (Isoda, 1996), algebra (Stoliar, 1969), arithmetic (Guberman, 2007). Van Hiele (1986) himself suggested that his theory may be extended from geometrical thinking to mathematical thinking in general.

Hence, one may refer to a level of mathematical thinking of a student, accounting for the same characteristics. 

However, characterization of one's mathematical development based on VH levels alone proved to be insufficient for many reasons, see e.g. Guttierez & Jaime (1998): “Students may have a higher or lower acquisition of the different abilities characterizing a given Van Hiele level, so it is necessary to establish a scale to measure the quality of a student’s reasoning.”

We assert that a measure of one's insight is additional information to the VH level; the combination of these two characteristics: VH level and measure of insight, - is expected to provide a more fine evaluation for development of one's mathematical thinking.  Furthermore, following Guttierez & Jaime (ibid.), we assert that a measure of one's insight – whether into a specific mathematical issue or relating to one's mathematical abilities at a given instant – is not linked to a person's present VH level with respect to the issue.

We refer here to insight as characterized by Hoffer:
"A person shows insight if the person: (a) is able to perform in a possibly unfamiliar situation; (b) performs competently (correctly and adequately) the acts required by the situation; and (c) performs intentionally (deliberately and consciously) a method that resolves the situation"(Hoffer, 1983). 

An extent to which these abilities are observed may be characterized at any VH level.  
Attempts to analyze the stages of mathematical learning were undertaken by a number of researchers. E.g., Pirie and Kieren in 1994 structurized the learning process; they did so by decomposing it into 8 hierarchical steps subdivided into four sub-steps: Primitive Knowing and Image Making; Image Having and Property Noticing; Formalization and Observing Structuring and Inventising (Pirie and Kieren, 1994). Williams, summing up Dreyfus, Hershkowitz & Schwartz (2001) ,Krutetskii (1976), Bloom (1956) and others, formulated in 2002 seven categories of higher-level thinking within a learning process: Recall (repeat taught information); Comprehension (of a learnt concept); Apply (a learnt procedure); Analysis (build a solution on a learnt idea with a slight twist and recognize the need for more information); Analytic-synthetic (more advanced ways of solution); Synthesis (combine concepts to create a new one); Synthesizing-evaluation (recognize insufficient information) (Williams 2002). Later she has reduced the number of categories to five. 
Leaving aside the discussion of a need and possibility of more or less fine decomposition of the learning process into sub-levels or stages, we propose to concentrate on a model that provides a reasonably fine decomposition, to our opinion. We focus on one's insight as a characteristic of one's state of mathematical learning and understanding in two possible modes: either with respect to a specific mathematical topic being currently learned, or to one's overall ability to penetrate mathematical ideas and employ the acquired mathematical knowledge. We have formulated and tested the model and used it in a pilot research outlined in Barabash and Guberman (2007). Furthermore, we endeavored to apply it in a related research in Barabash, Gurevich, Gorev (2006). Following our previous findings, we have designed a number of studies to look into variety of learning situations, personal learning achievements of students at different VH levels, and assignments aimed both at different insight levels and at different VH levels.    

Our principal assumption is that the same levels of insight characterize the learning process at any VH level. We discern five levels of insight: Primary comprehension; Instrumental level; Direct association; Indirect association; Free orientation. 

Accepting the assumption of independence of insight development and VH levels, we arrive at a two-dimensional array model which may represent an individuum both with respect to a mathematical issue which he or she is currently learning, and to his or her general profile in math learning (the VH levels include 0-level, or non-recognition level, see e.g. Senk (1989); the nomenclature of VH levels is due to Hoffer (1981)). 

We number the entries of the schematic two-dimensional array as a usual matrix:

	VH levels

 Insight levels 
	0-level (non-recognition)
	1st level:

Recognition
	2nd level:

Analysis
	3rd level:

Ordering
	4th level:

Deduction
	5th level:

Rigor

	1st level:  Primary                

                comprehension
	(0,1)
	(1,1)
	(2,1)
	(3,1)
	(4,1)
	(5,1)

	2nd level: Instrumental level
	(0,2)
	(1,2)
	(2,2)
	(3,2)
	(4,2)
	(5,2)

	3rd level: Direct association
	(0,3)
	(1,3)
	(2,3)
	(3,3)
	(4,3)
	(5,3)

	4th level: Indirect association
	(0,4)
	(1,4)
	(2,4)
	(3,4)
	(4,4)
	(5,4)

	5th level: Free orientation
	(0,5)
	(1,5)
	(2,5)
	(3,5)
	(4,5)
	(5,5)


Table 1 of the Appendix presents brief characteristics of each level of insight, independently of the VH level of a student.

Characterizing every entry of the two-dimensional array embodying the model, we refer to several key parameters, namely:

1. Implementation: the ability to implement the newly learned material in its close "neighborhood", and the measure of closeness (imitation) of this implementation to the form in which it has been taught in the class ("the farther the better"); 

2. Skills: mathematical skills needed at the level indicated by the entry in relation to the current issue;

3. Extension / generalization: the ability to extend the acquired knowledge and / or to generalize it;

4. Mathematical language: usage of mathematical language, including newly acquired terminology; reasoning using relevant mathematical argumentation (appropriate to the level);

5. Teaching tasks and activities: implications for teaching; type of assignments appropriate for the entry of the table. 

The set of first four parameters is equally applicable to characterize a student's advance in learning a single mathematical issue and to characterize an individual leaner's mathematical profile. As to the fifth one, it is specifically intended to impact the teaching procedure and to guide the assignment design so as to teach an issue to students accounting for their levels of insight. It is essential to adjust the level, the aims, the accents and the procedure of teaching to students who fit an entry in order to ensure best chances for them to advance in their insight and to advance (if possible) towards the upper VH level.

Research design and study tool 

We have performed the pilot study in 2004-2005 academic year. The total number of students who participated in the pilot study was 58. We based the pilot study on geometry courses, hence we confined ourselves at this stage to Usiskin's test to determine the VH levels of geometrical thinking of all our students in math teachers' education programs. 
Thus, when the students were presented with our tasks intended to evaluate their levels of insight, we already knew what the VH level of each of them was.   

As a topic for our task we sought for a geometrical issue that had already been learned in our geometry courses, but still enabled to study the geometrical insight of the students, namely: to evaluate their ability to act in a non-familiar situation; to apply newly acquired skills; to approach a problem that needs somewhat new ways of solution; to generalize the acquired knowledge. 

The topic that we finally chose was the relation between geometrical points ordering on a straight line vs. the ordering of real numbers, and distance computations on s straight line based on this relation. The students studied both orderings in separate courses but the relation between these two sets referring to their ordering was not explicitly emphasized or studied in either of them. In the case of geometrical ordering, the notion of a point being between two other points explicitly meant that the three points are on the same straight line. The assignment was designed so as to enable the students to deal with the relation between the orderings at the level fitting their VH level. Since we worked in the framework of a pilot research, we decided to use less fine VH characterization, and subdivide the students in three groups: low (0-1) VH levels, intermediate-low (2-3), intermediate-high (4). We had no students who demonstrated 5th VH level. Each task included questions at the level of students to whom it was presented and a part overlapping the next (higher) level. 

The data obtained from the tasks after we had checked them was processed according to the Grounded Theory. Two-dimensional analysis of the categories that have been thus generated brought about the model representing simultaneously one's VH and insight levels.
Findings 

Due to the space shortage, we confine ourselves to three examples that represent three different entries of the matrix that represents our model. Two of the examples originate in our pilot study; the third one was presented to   

Example 1.
This question is a part of assignment presented to the students at lower (0-1) VH levels. The question presented here is fourth in the series of 10 questions, and it goes as follows: "Or lives at a distance 500 m' from school, and Ora lives at a distance 300 m' from school. The school is situated between the Or and Ora's houses. Make the sketch and find the distance between Or and Ora's houses." 
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The student whose performance is presented here, started from trial-and error procedure of designing triangles and computing their sides – procedure familiar to her or him from the high-school geometrical assignments. Finally the student arrived at the correct answer, but this fact did not advance him or her in the issue of relating points ordering to summation of segments on number axis, since he or she acted at the Instrumental Level of insight. He or she also did not succeed to discover the seemingly straightforward relation between the data and the question asked, hence the Direct Association is not attained yet. 

Example 2.
In a similar assignment designed for higher (4) VH levels, the ninth problem in the series of ten-problems assignment wholly related to the notion of ordering and distance on the straight line was: "Solve graphically the inequality 
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 and explain your solution".  

Though the absolute value as a distance had been taught previously, and eight questions preceding this one dealt with similar issues (including the notion of absolute value and distance on the number axis), none of the students applied the absolute value in this sense. The best they did as a graphical solution was to sketch the graph of function
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, draw the line y=3, find their intersection etc. This indicates that students of higher VH levels, who can master more or less complicated procedures involved in the solution described above, do not arrive at the association levels of insight which could lead to a one-line long solution. Moreover, they did not manage to bring together two closely related notions needed to do this. Hence, they also demonstrated the Instrumental level and had not advanced towards the Direct Association level.

Example 3.
The third example is from Barabash, Gurevich, Gorev (2006) and it is the solution presented by intermediate-low VH students to the following problem: "Construct a right triangle given its acute angles". Previously the students learned to construct triangles on the basis of congruence theorems, learned to analyze the solution and encountered problems with no solution as well as problems having more than one solution. They were able to associate the problem with congruence theorems for right triangles, and their verdict was "There is no solution, since there is no congruence theorem based on equality of two angles". They are still not at the level of mathematical reasoning needed to analyze the given angles and to arrive at the conclusion that there are infinitely many solutions if they sum up to the right angle. We identify their level of insight as the third one – Direct Association: they succeeded to discover the theoretical issue related to the problem, but are still unable to use it, since the complex of needed parameters: mathematical language and reasoning, ability to manipulate the acquired knowledge etc. – was not attained.      

Discussion

The theory of development of geometrical thinking as Van Hiele outlined it is a hierarchical series of a number of levels. Numerous researches that followed publication of this theory pointed at considerable differences between all those who are at the same VH level. Hence, there is a need to introduce additional characteristics to classify students at the same level. Elaboration of such characteristics is important in order to better understand the differences between the students and to develop teaching methods accounting for these differences. Our model suggests combining the VH levels with an additional measure of development of one's mathematical thinking, which is one's insight.   
We formulate a number of assumptions concerning the model. 

·  Not everybody arrives at highest levels of insight at the VH level he or she has achieved; ideally, in this case the person cannot learn at higher VH level; in reality, if he or she still does, e.g. subject to the school curriculum, he or she cannot achieve a higher level of insight than he has achieved at the previous VH level; 

· Advance to higher insight levels is achieved by more or less simultaneous advance in first four parameters characterizing the insight, and are subject to teaching-learning procedures based on the fifth parameter, namely, the assignments are to be designed in view of the learners' profile at the given instant of time. This is a real challenge for a teacher in a highly non-homogeneous class.

We suggest that the model is fit to characterize a student's giftedness, on the basis of Krutetskii's description: "… mathematical giftedness is characterized by generalized, curtailed and flexible thinking in the realm of mathematical relationships and number and letter symbols, and by a mathematical cast of mind" (Krutetskii, 1976):

· Stable and continuing performance in (0,4), (1,4), (0,5), (1,5) entries in various mathematical issues indicates more mathematically able young children; we assert that among other students, the higher levels of inside are not achieved at 0-1 VH levels;

· The first and the third assertions imply that generally, higher levels of insight are attainable among more mathematically able students; the higher the VH level is the fewer are those who manage to advance towards higher levels of insight.

· Very mathematically able students, when they have arrived at 4-5th VH levels, do not pass through the whole sequences (4,j), (5,j); they skip lower insight levels or pass them very quickly. In this we again link to Krutetskii in his reference to mathematically gifted (1976): "The shortening of the mental process owing to the omission to the number of links… is connected with the shedding of these links from the sphere of consciousness…" (ibid).

We assert that the presented model which has gone through pilot research and was applied to a number of mathematical issues (geometric constructions, topics in analytic geometry, points ordering on a straight line versus ordering of real number on the number axis, etc.) is fit to adequately reflect mathematical abilities of students, including the gifted ones, and thus should be thoroughly studied.  
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Appendix A: The individual insight levels as an index of progress in learning:

	First Insight Level
	Second Insight Level
	Third Insight Level
	Fourth Insight Level
	Fifth Insight Level

	Primary comprehension
	Instrumental level
	Direct association
	Indirect association
	Free orientation

	1. If the acquirement of the new issue was inductive in its nature, i.e. by means of presenting a number of examples (this is more characteristic of lower VH levels):   
the ability to deal with an individual example very similar to the one with which the new material has been presented; 
  If the acquirement of the new issue was deductive in its nature, i.e. by means of presenting a definition, a theorem, a general algorithm etc.(this is more characteristic of higher VH levels):   
the ability to perform or understand a straightforward example; 

 The student at this level is incapable to present an individual example by himself or to present or deals only with a very similar example used for instilling the knowledge, or the one directly related to the instilled material;

2. In case of a new skill or new algorithm – the ability to repeat a learned form with no , when, if necessary, the materials learned in class can be used;
3. Lower VH level students are incapable of extending the acquired knowledge at this level; higher VH level students may be able to extend it to a certain extent, but not to generalize.
4. Limited, uncertain and inexact control over newly learned terms or ideas; 
	1. The ability to directly implement the learned material, including recognition of the conditions of its applicability, in the direct  mathematical context;

2. In case of a new skill or new algorithm – the ability to implement it under circumstances which are similar to those of acquisition, when the student is able to continue to perform most of the process by himself, on the basis of memory and/or understanding of the stages.

3. The ability to deal with examples similar to those used to instill the knowledge, or with examples directly related to the acquired knowledge, but with minor changes, with awareness to the change and to the relations to the materials studied during acquisition;

4. In case of a new term as part of learning new material – the student is still not fluent with the new terms, but he uses them in a more relevant and certain manner.
	1. The ability to associate the learned issue with other issues which the student knows at least on the same mathematic thinking level, if these terms are "first degree relative"; the learned term, for example, if the first term is mentioned in the second term's definition, or is based on it.

2. The ability to recognize the new issue as the first or last stage in solving a multistage problem or another multistage mathematical process.

3. In case of a new skill or new algorithm – the ability to correctly recognize the relevant circumstances for their implementation, and the ability to implement them, when the implementation conditions are evident, "obvious and ready". The ability to perform activity based on the new algorithm or skill, without requiring external assistance.

4. Reasonable verbal control of the new term or terms related to the newly learned material.
	1. The ability to recognize the acquired knowledge item in circumstances where it is not "obvious".

2. The ability to recognize the new issue and use it in complex mathematical circumstances, for example, in one of the stages of a multistage problem (interim stages, rather than the first or last stage); as one of the conditions in a theorem with multiple conditions, etc.

The ability to associate the new issue with another new issue which has been learned or with an issue from another "related" mathematics field.

3. In case of a new skill or new algorithm – the ability to make an independent decision as to its relevancy as a stage in solving a problem, or its use in a relatively high level of complexity.

4. Certain and assured use of new terms.


	1. Unrestricted control over the acquired issue; independency in making a decision as to the correctness of using it in a complex situation.

2. The ability to use the newly learnt topic as basis for learning new mathematical issues.

3. The ability to recognize the circumstances for using the new notion or algorithm, even if this use has not been learned in class or brought up by the teacher.

4. Unrestricted and proper control over mathematics terms related to the new knowledge. 
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