The development of Thales theorem

throughout history

In the history, Thales theorem appeared with dffieforms. So, many statements formulated
with distances, algebraic measures or vectorstegkko a figure formed by two secants and
parallel lines or to a figure related to two simitaangles express the same terminology. In
this work, we try to explain the differences betwebese statements by characterizing the
mathematical environments in which they evolve,clhasks the question of the axiomatic
followed in the current teaching, notably in théjsets around Thales theorem.

1. Thales theorem statements
We mean by Thales theorem the theorem which caynelspto Brousseau’s classifications
(1995) or Duperret’s classifications (1995). Thweg, consider only plan statements and we
remind that there are two essential approacheanttioety” and “projection”. the first is
related to a triangle and allows passing from amengle to another, the second can be
characterized by one of the two figures: the figtirangle” or the figure “parallel lines and
secants”, and allows passing from a straight limeatother. To each one of these two
approaches corresponds a vectorial writing:

» Figure “triangle”
The characteristic figure of Thales theorem iniantyle seems to be static whereas it hides

two dynamic aspects which have been at its orDumpgerret, 1995):

“projection” Approach “homothety” approach
Fig 1
The *“homothety” approach proposes ratio equalitietated to two similar triangles:
AB AC BC
AD AE DE




In a vectorial form, it is defined by the relatiohi AB= k AD then BC= kDE
Brousseau (1995) distinguishes two cases in thej¢ption” approach according to whether,
in each ratio, we choose the lengths of the seggnainthe same line or those of a line and

their images on the other line (figures 2 and 3):

= “The conservation of abscissae on the secants”
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Fig 2 : “The conservation of @lssae on the secants”

We haveas - A&
AB AC

In a vectorial form: If AB' = kABthen AC= kAC.

*» “The conservation of projection ratio”
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Fig 3: “Thenservation of projection ratio”

We have:E = E

AC AC



» Figure “parallel lines and secants”

g @

B D F (d")
H /

Fig 4

We can have forms of the type “The conservatiorab$cissae on the secants” or “The

conservation of projection ratio”.

2. Thales theorem throughout history

We intend to analyze Thales theorem statementssinguhe various approaches which we
have already stated, in order to deduce the matieahanvironments in which this theorem
evolves and the evolution of the various figureschcharacterize it. We choose to analyze
particular books of geometry since Euclidean Eleseand which are frequently used
throughout history.

2.1 Euclidean Elements

Euclidean Elements provides us with the first steiet in the history of Thales theorem. The
proposition 2 of Book VI related to this statemémtats the case of a triangle and a straight
line parallel to one of its sides. Its demonstratis based on a preceding proposition
(proposition 1 Book VI) which stipulates that “ingles and parallelograms having the same
height are to one another as their basesitl also on a cutting and a rebuilding of figures
(annex). For Euclid, the method of areas has tharddge of avoiding the problem of the

irrational because it does not require the constmof IR.

This statement uses only the segments which aceglan the sides of the triangle in the

correspondence of “The conservation of abscissathersecants”. In Euclidean Elements,

' Euclid. The Thirteen Books of the Elemefitsanslated with introduction and commentary by THeath.
Second edition, Dover, New York, 1956, p.191



proposition 2 of Book VI does not seem to be aniaritself: it's its immediate application to

the similar triangles which is generally used ia temaining Elements.

2.2 The Elements of Arnold (1667)

In the XVII™ century, Euclidean Elements were criticized bytaiarresearchers as Arnold
and Nicole(1995). The most linked criticisms to our topic dedth the respect of the real
order of nature. In the demonstration of Thale®tém, Arnold rejects the using of areas by
Euclid and prefers to use lines instead.

The first form in conformity with the recent statemts of Thales theorem appears in a first
corollary of the first theorem of Book X. This cdlesy stipulates that, if several lines, being
differently inclined in the same parallel spaces all cut by parallel lines to this space, they

are cut proportionally.
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Fig 5

In Thales theorem applications, we find essentittily search for the™proportional, the
division of a segment with given ratio. The typekaiclidean statement is found in Book XiIll,

and form only application of the principal statetehbook X.

2.3 Legendre’s Elements (1794)
Legendre’s work marks a return to Euclid. Thalesotem is thus limited to the case of a
triangle but we notice the rejection of surface®tinod. The proposition 13 of the book IIl
indicates that:
Any parallel DE to one of the sides BC of a triamg§BC, divides the other sides AB and AC,

in proportional parts.



Fig 6

In Thales theorem applications, we find the prapsrof an angle bisectors in a triangle and
the locus of the points for which the distancesato points B and C are in a given ratirg.
n

Then come the cases of similarity of the triangled the applications to the similar polygons
by breaking them up into similar triangles. The esibn Thales - similar triangles is also
obvious. Since their appearance, the similar ttesgeplace for Legendre, Thales theorem
and find a rich field of applications.

In problems related to book Ill, the main applicas that we find are: dividing a given

straight line into as much equal parts as we waninto proportional parts to given lines,

finding a fourth proportional to given lines, andoeportional average between two given

lines.
2.4 Hadamard (1928)

Hadamard is interested in the comparison of twairég and in the study of their
correspondence by using two methods:
- the traditional method preferred by Euclid amtich consists to apply the superposition
principle.
- the “modern” method which calls the plan tfansations. And then, orthogonal symmetry,
rotation and translations are introduced sincefils¢ Book and cohabit with the traditional

objects of geometry.

After a reminder of proportions and their propastin Book Ill, a statement of the type “The
conservation of abscissae” is proposed. The agsddigure deals with a series of parallels cut



by two secants. The general case of this stateliseptepared by a particular case where
segments on the first line are equal.

The statement related to a triangle is immediadeuced from the first statement by passing a
line by the vertex of a triangle in order to fileetfigure of the last statement.

Fig7

The immediate applications of Thales theorem deith wroperties of the internal and
external bisectors of an angle and the researtiedbcus of points for which the distances to
two fixed points are in a given ratio. In these laggpions, tow results related respectively to
the uniqueness of a point dividing internally otezrally a segment in a given ratio, are of
primary importance.

The cases of triangles similarity which follow rapé the theorem which we are dealing with,
and like with the preceding authors, hencefortly thidl be an important tool in the resolution
of all Thales situations.

The concept of homothety, introduced with distanoesnsolidates for Hadamard, the
dynamic aspect of geometrical figures and mak@®ssible to enlarge the similarity of the
triangles to that of the figures and the polygoyp$®teaking them up into triangles.

Let us note that since the ®@entury, new conceptions of the geometry appeaFedy
benefit from linear algebra works and mark the dbament of the inherited traditions of
Euclid and his successors. With Choquet (1964)udnané (1964) and others, geometry is
based on concepts deduced from several centuriessefrch in mathematics: sets, order
relations and equivalence, algebraic laws, vegpacss. With Choquet, Thales theorem is
reduced to a unique form and makes it possible t&abésh the relation

A(u+Vv) = Au+ Av and then disappears immediately.



3. Mathematical environments around Thales theorem

From the preceding works, we can distinguish twdhesaatical environments which differ
from the approach of Thales theorem that they fieg) what makes it possible to arrive to
this concept and from the corresponding field gblaations. We focus particularly on the
status of the figufewhich passes, in these two environments, fronaditional form, closed

and limited to a triangle, to a modern and dynafmim.

» The Euclidean mathematical environment
In this environment, the main statement of Thaleotem is the Euclidean statement, which
leads to “homothety approach”.
The useful concepts and methods are essentiallyase of triangles equality, proportionality,
surfaces comparison and the method of cutting atdilding figures frequently used by
Euclid. Many applications of Thales theorem appeahis environment: similar triangles, the
cases of triangles similarity, trigonometric ratidssectors theorems, and metric relations
which can lead to Pythagoras theorem. The problerhg&eh mostly characterize this
environment are: the measurement of inaccessijéxish and the study of similar figures of
the space.
In this mathematical environment, Thales figureeduced to a triangle. The statement of the
type “the conservation of abscissae” is not an endself: the cohesion between Thales
theorem and similar triangles and more generaithilar figures is a characteristic from this

point of view.

= The mathematical environment of transformations:
In the second half of the $9century, the concept of “figures movement” becomes
fundamental and is inserted in geometry demonstratmarking then a rupture with the
Euclidean traditions (Abdeljaouad, 2001). For tigsv point of view, a first remark consists
in the dissociation of the cohesion Thales - sintil@ngles. Similar triangles are banned from
the mathematical environment of Thales theorenthigenvironment, the main statement of
Thales theorem has the form of “the conservatioalsttisea” or “conservation of projection
ratio”. The associated figure is formed by “parhliees and secants”. The useful concepts
and methods are essentially: projection, projectiatio and graduated line. In the

? We exclude the intervention of Thales theoremriedr algebra and thus vectorial statements ottirisept
because this does not make in general an obj¢etohing



applications, the concepts and problems which fieen Thales theorem are reduced to
homothety, and to only some traditional types @ipems which are: segments division and
the image of line graduation by projection.

The geometry based on transformations permit theement of the figures and the transfer
of properties between them. Chasles (1889) defihsspoint of view as a method which
permits to find in a second figure the propertiegesponding to a first one by the application

of a transformation.

Conclusion

The historic works which we consulted show the texise of two different mathematical
environments around Thales theorem, characterigetifferent approaches, figures and types
of applications. They also prove that the figuresiilar triangles” and “parallel lines and
secants” are not equally representative of thiscepn With the exception of Euclid for
whom, the statement of Thales theorem is limited toangle, the authors start from one of
these mathematical environments with the statement$ the application types which
characterize it to deduce the other mathematicat@mment.

While teaching, we think that all the statementg béles theorem are worth using, and that
each of them has to have enough time to be ledwpete pupils and to be reorganized with
regard to the others. We recommend to place eadheskestatementsin the appropriate
mathematical environment, which enhances the caberef geometry subjects related with
Thales theorem.



Annex

The proposition 2, Book VI of Euclidean Eleménts
“If a straight line be drawn parallel to one on ttsedes of a triangle, it will cut the
sides of the triangle proportionally; and, if thddes of a triangle be cut
proportionally, the line joining the points of sect will be parallel to the remaining

side of the triangle ".

The proof:

For let DE be drawn parallel to BC, one of the sidéthe triangle ABC; | say that, as BD is
to DA, so is CE to EA.

For let BE, CD be joined. Therefore the triangle B3 equal to the triangle CDE; for they
are on the same base DE and in the same parakgI80. And the triangle ADE is another

area. But equals have the same ratio to the sareegfore, as the triangle BDE is to the
triangle ADE, so is the triangle CDE to the triaa@DE. But as the triangle BDE is to ADE,

so is BD to DA, for, being under the same heighg, perpendicular drawn from E to AB, they
are to one another as their bases.

For the same reason also, as the triangle CDE A6, so is CE to EA. Therefore also, as
BD is to DA, so is CE to EA.

Again, let the sides AB, AC of the triangle ABC bet proportionally, so that, as BD is to

DA, so is CE to EA; and let DE be joined. | sayttb& is parallel to BC.

For, with the same construction, since, as BD iB#£g so is CE to EA, but, as BD is to DA,

So is the triangle BDE to the triangle ADE, andC&Sis to EA, so is the triangle CDE to the
triangle ADE, therefore also, as the triangle BBEGA the triangle ADE, so is the triangle
CDE to the triangle ADE. Therefore each of thengies BDE, CDE has the same ratio to

* Euclid. The Thirteen Books of the Elemeffisanslated with introduction and commentary by THeath. Second
edition, Dover, New York, 1956, pp.194, 195



ADE. Therefore the triangle BDE is equal to thartgle CDE, and they are on the same base
DE. But equal triangles which are on the same baselso in the same parallels. Therefore

DE is parallel to BC. Therefore etc.
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