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Introduction

In this study done in the Philippines, a teacher of a mathematics class with 57 students believed that for his students to learn mathematics particularly geometry, it was important for them to think and to discover mathematical relationships by actively participating in class activities. To achieve this, he created opportunities for them to engage in interactions. This paper describes examples of their learning in mathematical interactions. By making the students work in groups, the teacher deviated from the typical whole class expository style of teaching that involves minimal student participation with students merely responding to the teacher’s questions that required mainly short and factual answers. 

Related Studies

Verbal interactions are important in mathematics learning (Clements & Battista 1992, Clarke 2001, Harel 2007, Hershkowitz & Schwarz 1999, Holton & Thomas 2001, Silver & Smith 1996, Yackel & Cobb 1996). According to Harel (2007) the cognitive products of the mental acts that persons carry out, which he calls “ways of understanding” and the cognitive characteristics of these mental acts which he refers to as “ways of thinking” differ with people. Thus, for students to learn, it is important to create a classroom environment that promotes discussion and debate among them so that their different ways of understanding become compatible with each other. Clarke (2001) has shown how through negotiation involved in interactions, students can learn by resolving uncertainties. Holton & Thomas (2001) have shown that students can provide needed scaffolding to other learners as they interact. Through the interaction of the teacher and the students, they establish mathematical norms that can regulate the kind and quality of student contributions in mathematical discussions (Yackel and Cobb 1996). At times, students may interactively constitute a mathematical norm even without the knowledge of the teacher (Hershkowitz & Schwarz 1999). Relative to learning geometry, there are studies that show that students find it difficult to reason using proofs where they make logical conclusions based on definitions, axioms and previously proved statements (Clements & Battista 1992, Dreyfus 1999, Kuchemann &  Hoyles,  2006). 

Methodology
Fifteen consecutive lessons of a grade 8 mathematics class were videotaped. The class was section 21 out of 52 such classes in a big school in Metro Manila. After every class meeting, video-stimulated interviews were conducted with each of two focus students who were randomly selected daily. The teacher was similarly interviewed after every 5 lessons. The lessons were on geometry, namely triangle congruence and properties of quadrilaterals and special parallelograms. This research was part of the Learner’s Perspective Study.
Results and Discussions:

The results presented here were based only on those lessons that involved the application of proved relationships to parts of a parallelogram to find the lengths of its sides and measures of its angles. There was group work in 8 out of the 10 lessons. After the teacher presented the lesson for the day, the groups with about 10 members each were assigned to work on different items. They wrote their output on a sheet of manila paper which was posted on the board for the presentation. The teacher moved from one group to another interacting with students. Then a representative from each group presented their output for the class to comment. Examples of learning in interactions among students and between the teacher and the students follow.

Learning Mathematical Difference and Efficiency through Interaction

In Lesson 11, Nick’s group worked on the following item.
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When the teacher approached Nick’s group, he asked the students what the relation of E and R was, to get them started. Through an alternation of questions by the teacher and answers by the students, they responded that they are supplementary because their measures total 180 degrees. Eventually they got the answer that the teacher wanted.

	1 Teacher:

	What is the relation in a quadrilateral? Quad, ah, quadrilateral yesterday? These two angles have a common side.

	2  Nick:
	That’s it! …What was it? Con…con, what is it? I don’t know.

	3  Jean:
	Concave?

	4  Nick:
	Con, no!

	5  Teacher:
	Con-con. What con-con?

	6  Mark:
	Consecutive angles.

	7  JR:
	Consecutive!

	8  Nick:
	No.

	9 Teacher:

	Oh consecutive. Oh here. Write your solution here …for this one. Oh do you know what to do there? Faster. You still keep on changing!


Before Nick’s group presented, Mar’s group presented. Their item was similar to that of Nick’s group only that the name of the parallelogram was CARE and m
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E = 5x and m
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A = 7x. Using the relation that consecutive angles of a parallelogram are supplementary, they were able to get the value of x from 5x + 7x = 180 and consequently the measure of each angle of the parallelogram. The teacher expected that Nick’s group would also use the same method and get 5x + 4x = 180. While the teacher interacted with Nick’s group, he assumed that the members were of one mind. Apparently, Nick thought differently as Lines 4 and 8 indicate. This exemplifies that while an individual may be learning in a social setting he may be actively constructing knowledge (Clarke 2001) and may have a different way of understanding (Harel 2007). True enough, what he presented differed from what the teacher expected. He reasoned that 
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R, respectively were congruent to them so their measures, respectively were 4x and 5x. Since the sum of the measures of the angles of a parallelogram is 360 degrees, then they have 4x + 5x + 4x + 5x = 360. After Nick had presented, this interaction followed:

	10 Teacher:

	What can you say about the solution of this group (pointing to the work of   Nick’s group on the board) and this group (pointing to the work of Mar’s group on the board)? Is there a difference?

	11 Students:  
	Yes.

	12 Teacher:
	Yes. But you get, ah, the same answer. Let’s see. What did Mar use here? This is your answer Mar. What did you use here? The? Yes, Mar.

	13 Mar: 
	The … The what, equal measures.

	14 Teacher:
	 Measures… Here, here. Angle A and, ah is equal to 5x, 7x. So 5 plus 7 is equal to 12x. That is? What did you use? … Mar.

	15 Mar: 
	Consecutive angles.

	16 Teacher: 
	Yes, consecutive angles. So what about Nick? You use here?

	17 Nick: 
	The sum of quadrilaterals.

	18 Teacher:
	Okay, the sum of the measure of angles of a quadrilateral. In here, he used many. Angle E and angle O… You know, that is opposite angles, right? So, 4x, 4x, 5x, 5x, … Although this is a bit longer, but this is correct. And, and I encourage you to…ah, to use, ah, that kind of behavior. Because, if you really cannot think about that, at once, then try another, what try another, method? Isn’t it? Or another way of finding the correct answer. Oh last group?


Apparently, the teacher did not expect a different answer. However, he took this situation as an opportunity to teach students some very important things. Lines 10 and 11 indicate that the students learned two different methods of solving the routine problem, which according to Harel (2007), were ways of understanding. The teacher calling the students’ attention to this was significant because it rarely happened that he or the students offered different methods. And it seemed that he did not consciously work this out for he himself structured the students’ responses as can be inferred from Line 9. In Line 18, the teacher in effect remarked that the different ways of understanding were equally correct but they reflected different ways of thinking – that one way was more efficient. He hinted that the students needed to find not only a correct way of understanding but also use an efficient way of thinking. However, if they could not immediately achieve this, they needed to be resourceful and explore other ways of understanding even if the thinking associated with them might be inefficient. These interactions provided a natural setting for establishing mathematical norms of difference and efficiency (Yackel & Cobb 1996) which are expectations of the quality of responses of students which the class can interactively establish.

Learning Meaning through Interaction
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 In Lesson 12, Arn’s group was assigned this item. Through Sher’s leading, they came up with an answer. 
But Arn had two uncertainties about their work as suggested by the questions he raised as Clarke (2001) would put it.

	1 Arn:
	How did that happen? Why are I and Y 90? What’s this consecutive? Who’s going to explain?

	2 Sher: 
	Arn

	3 Arn:
	Consecutive? Consecutive angles?

	4 Rub:
	Angle I and angle T?

	5 Arn:
	What’s that? Supplementary? Are these supplementary? Supplementary? What?

	6 Sher:
	What? Which? Which is your problem here?

	7 Arn: 
	I’m asking if these are supplementary.

	8 Sher: 
	Supplementary? They are equal because aren’t C and T opposite angles?

	9 Arn. 
	Yes.

	10 Sher: 
	Opposite angles are congruent, oh. So it is written there (pointing to their group’s work already posted on the board), angle C is equal to angle T. 5x minus 10 is equal to 4x plus 10.

	11 Arn: 
	Yes.

	12 Sher: 
	There, then just find their values.

	13 Arn: 
	Okay. Why does it not have this? (pointing to his notebook.)

	14 Sher: 
	What? It’s there already, oh.

	15 Arn: 
	What I mean is, why is it like that?... Why?

	16 Sher: 
	There’s no more like that because 5x minus 4x is already x. You don’t need to get it.

	17 Arn: 
	Wait, wait.

	18 Sher: 
	4x. 5x minus 4x is equal to 1x. We divide don’t we?

	19 Arn: 
	5x

	20 Sher: 
	Minus 4x.

	21 Arn: 
	Oh, 1x.

	22 Sher: 
	So do you still need to divide 1x by 1? Isn’t that you don’t need to? Isn’t it that it’s just the same as x? (Arn left Sher and sat elsewhere to practice how he would present.)

	23 Arn: 
	Sher… Sher… Psst, Sher. What is, what is angle I. Consecutive angles?

	24 Sher: 
	Yes, because C and angle what, angle C and angle I are consecutive angles. It means that they are supplementary. Their measure is 180.

	25 Arn: 
	Whatever is the measure should they be 180? (Sher nods and Arn struck Sher’s right palm with his right palm).


These uncertainties were: (1) how were the measures of angles C and T obtained as can be inferred from Lines 1, 3, 5, 7, 13, and 15; these angles were part of the given conditions and (2) how were the measures of angles I and Y obtained as can be inferred from Lines 1 and 23; these angles were not part of the given conditions. In a sense, Arn was engaged in metacognition in that he monitored his understanding by asking those questions (Holton & Thomas 2001). By seeking answers, he tried to resolve the uncertainties and find their work meaningful. This situation indicates that some members of a group might not have understood what the group supposedly had accomplished and that those who were insistent to understand were forced to because they would present the group’s work. Using the relationship that could be deduced from the given conditions, Sher who was the best student in class, explained to  Arn in Lines 8 and 10 that since the opposite angles of a parallelogram are congruent, then their given angular measures are equal. When Arn agreed in Lines 9 and 11, Sher assumed that he already knew how to get the value of x. Apparently, Arn had in mind a procedure for doing it which he referred in his notebook but which he wondered why their group did not use (Line 13). This was dividing both sides of the equation by the numerical coefficient of x so that only x remained on one side. Sher invoked through questions, a preexisting meaning that they both shared (Clarke 2001) which was “dividing a number by 1 gives the same number” (Line 22), and Arn finally had his first uncertainty resolved. While preparing for his presentation, Arn realized that his second uncertainty which was finding the measures of the angles that were not given was not yet resolved so he asked Sher again (Lines 23 and 25). Sher explained that C and I were consecutive angles and so they were supplementary and their total measure is 180 degrees. Through his action in Line 25, Arn signified that he understood and his second uncertainty was resolved. This exemplifies the resolution of uncertainties through negotiations that led to learning (Clarke 2001). All throughout their negotiative interactions, Sher’s explanations provided the scaffold that advanced Arn’s understanding (Holton & Thomas 2001). Missing in their interactions was the reflection in which after they had obtained the answers, Sher and Arn could have asked why the given figure looked as such when the obtained measures of its angles were 90 degrees each. Even after Arn’s presentation, the teacher did not relate the answers to the given conditions, unlike in the episode cited earlier where the students’ works were evaluated after their presentation. 

Learning from One’s Mistakes through Interaction

In Lesson 14, while Mar’s group was supposed to work on the item below, the teacher approached them. However, it was only Mar who did the work. 
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Mar showed his answer to the teacher, which was obtained from this equation: 5x - 10 + 3x + 20 = 180. The computed value of x was 170/8 or 21.25. The teacher asked Mar to express the simplified answer in fraction form. Based on this value, Mar computed the measures of all the angles. After he presented what he did to the class, Sher made this comment.

	1 Sher:
	Sir, angle 1 and angle 2 are not supplementary. They are congruent. (Students cheered.) Because what you (referring to Mar) did was to add the two and equate to 180 which should not be.

	2 Teacher:
	Oh that’s right! (Teacher analyzed the problem. Students were noisy.)


Mar in embarrassment said that his answers were all wrong but the teacher assured him that it was alright and asked him to work with his group on the item again. When the teacher asked him to present again, all his answers were already correct. Based on the interviews, many students did not want to present in class. Thus, the teacher’s response to Mar’s mistakes was important in making the students feel comfortable in presentation and public discussion (Silver & Smith 1996). Since each group worked on different items, they needed to listen attentively to those reporting in order to make a good evaluation of the work presented. This required a higher cognitive level (Yackel & Cobb 1996). Possibly because the teacher was attending to many groups when they worked, he failed to catch the mistake of Mar. Moreover, because Mar was also a bright student, the teacher must have trusted that his answers were correct. Sher detected his error. Later, in the interview Mar admitted that he was only confused. Nevertheless, this instance showed that Mar ignored the meaning of the symbols that he manipulated which Harel (2007) called as non-referential symbolic way of thinking. If at the outset Mar recognized that angles 1 and 2 were parts of angle D which was an angle of the rhombus, then he would have realized that they could not be supplementary. Or after obtaining m
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1 = 96.25º and m
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2 = 83.75º, he could have reflected and could have found the same. Classroom interaction provided the opportunity for the mistake to be exposed and for the class to know that it was alright to make mistakes. 

Conclusions and Implications

This paper described how in their mathematical interactions, students learned. Interaction was instrumental in surfacing students’ different ways of understanding and ways of thinking. It provided a natural setting for the establishment of mathematical norms of difference and efficiency. It also enabled more competent students to provide the needed scaffolding so that other learners’ understanding might progress through negotiation involving questions and explanations in resolving uncertainties. It also made possible the evaluation of others’ work and the consideration of mistakes as a learning opportunity. In a class that was big, the potential of interaction through small group work and class presentations of group results in helping students think and learn was very important for there were students who could provide the necessary scaffolding to others. This was even more important because the teacher was not always accessible to attend to every student’s intellectual need and even when he was, he might not always be as helpful as desired because he was attending to so many different concerns at the same time.
Writing proofs is difficult for students (Clements & Battista 1992, Dreyfus 1999, Kuchemann &  Hoyles 2006). But results here show that the application of proved relationships to find the measures of the angles of parallelograms which also involved reasoning was likewise not straightforward for students. They reveal that students could have a non-referential symbolic way of thinking. They further show that reflecting on their work was not always part of their mathematical practice. They indicate that the teacher did not have prepared answers so that he could check students’ incorrect answers nor was he expecting students’ different ways of understanding and ways of thinking. They show that only a few members of the groups substantially participated in the discussions, and worst at times only the leader did the output and so only his/her idea or work was presented and the other members did not know whether it was correct or not. Despite all these limitations, to some extent the interactions helped the students to learn. So that more can be achieved through these interactions, several changes have to be made. In planning lessons, the teacher can answer the items and anticipate most if not all the possible student responses so that he/she can foster a classroom environment that encourages diversity of ways of understanding and ways of thinking. The teacher can help students to align their ways of understanding to institutionalized ones and raise their ways of thinking to better ones, and along with students, develop mathematical norms. The lessons can also provide for student reflections on their work and activities to deepen students’ understanding of the meaning of symbols. To encourage genuine interactions, group size can be made smaller, rotation of group roles can be made, and the functions and ways that the group should work can be defined again by the teacher so that groups can truly have outputs which are personally mathematically meaningful to each member. 
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MORE is a parallelogram.  If m� EMBED Equation.3  ���E = 4x and m� EMBED Equation.3  ���R =5x, find the measure of each angle.





CITY is a parallelogram. 


C = 5x-10 and T = 4x +10. Find the measure of each angle of �CITY.
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DRUG is a rhombus. If m� EMBED Equation.3  ���1 = 5x – 10 and m� EMBED Equation.3  ���2 = 3x + 20, find the m� EMBED Equation.3  ���D, m� EMBED Equation.3  ���R, m� EMBED Equation.3  ���U, and m� EMBED Equation.3  ���G.
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