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The objective of this research is to gain knowledge about some of the beliefs activated within the framework of the mathematical-argumentation processes that arise in the classroom setting. We are interested in analyzing the evolution of those beliefs and explaining them in view of the possible reasons subjects have for holding those beliefs, their personal motives and the contexts within which the beliefs take shape.  In this research our interest lays in discovering the beliefs that arise spontaneously in class, which is the reason why the research was undertaken in the natural classroom scenario, where researchers limited their participation solely to observation. 

Interpretative Framework

For purposes of this paper, the researchers considered that: 

a) The beliefs of a subject S are representations (Goldin, 2002) that possess an apophantical function (Duval, p. 98, 1999) to which S associates:

· A degree of probability (0,1] to their truth (Villoro, 2002)

· And a degree of personal relevance (that can start at zero), which relates to the importance the subject attaches to the belief, in turn producing in the subject a conative, affective, interest or expectations-related charge (Villoro, Ibid.; Schoenfeld, 1992, p. 358).

b) The beliefs lead the individual holding them to respond consistently in favor of the belief held under different circumstances (Cfr. Villoro, Ibid. Schoenfeld, Ibid.). This condition enables assuming, with fair well-founded basis, that behind a regular or uniform behavior practice lies a guiding belief –or system of beliefs.

The truth or verisimilitude of a belief may be based on reasons –and in this case the subject is said to be convinced to a certain extent of that truth, yet it can also or only be based on affective aspects or on the interests of the subject holding the beliefs. In the latter case, the subject’s belief is said to be based on his/her ‘motives’ (Villoro, Ibid.).  

Unlike formal logic, in the domain of beliefs the veracity load is not based on dichotomic principles. The subject professing a belief can associate to that belief a truth likelihood that ranges within a continuum from complete certainty of its veracity (“belief in the strong sense”) to uncertainty (“belief in the weak sense”) (Villoro, Ibid.).

The types of beliefs present in mathematics classes are (Schoenfeld, Ibid.; Thompson, 1992): a) Beliefs and value judgments of students and teachers concerning their participation in classroom mathematics activities, with the how and why they participate; foremost here are those related to teaching and learning. b) Meta-mathematical beliefs; foremost among which are those that deal with the ways of justifying in mathematics, validation criteria and the semiotic systems involved. c) ‘Mathematical beliefs’; foremost are beliefs in the truth or verisimilitude of the mathematical statements and those dealing with the validity or plausibility of a mathematical argument (in the broadest sense of the terms) (Goldin, Ibid.).

Methodology and Data Collection
This is an ethnographic case study of the instrumental type (Stake, 1995) and of a longitudinal nature, undertaken of three primary education centers (two public schools and one private school) in Mexico City. Data collection and interpretation consisted of the actions listed below, although such actions were not necessarily carried out sequentially. i) Design and application, within the context of a pilot study, of a school-type test for third and sixth grade students, dealing with proportionality problems and of a questionnaire for their teachers. ii) Interviews of the teachers from the three schools, dealing with their beliefs concerning mathematics and its teaching. iii) Observation of sixth grade classes on the subject of proportionality (ten observations of one teacher from each school, undertaken throughout the school year). The classes were video-taped using two video-cameras, one of which focused on the teacher and the other on the students. iv) Transcription of all video tapes taken. v) Analysis of the data collected in the video tapes as compared with the data from written records. Given the nature of the study, project researchers limited their classroom involvement solely to observation. During the classes observed, the teacher usually uses the official mathematics textbook as a guide. The didactic proposal of such official mathematics textbooks focuses on solving exercises and problems. Consequently in this study, a classroom argumentation consists of a process of social interactivity among teacher and students, in which reasons are presented in order to sustain the solution of problems raised in the classroom.

Interpretation and Results

For this paper, the authors chose a single episode of one of the classes observed (Lesson 80). The episode corresponds to the participation of a student (Mar) who stands out, not just because of the mathematical quality of her interventions, but because of the strength of her beliefs and the determination with which she attempts to convince the teacher and her classmates of her ideas.  Below readers will find a chart analysis that highlights the most significant steps in Mar’s participation and in her interaction with her teacher (T). In italics, readers will find the possible beliefs and the epistemic states (certainty, presumption, conviction) that are eventually associated with those beliefs. The Annex to this paper contains the text of the exercise and several lines (L.) that are representative of the extract transcribed. 

	· T: “How can we prove who swam the fastest?” Mar: “By proportionality” (L.14-20)

The T asks about the strategy and the student (Mar) answers. 

Mar’s belief that proportionality is the method that must be used to solve the problem.



	· Preparation of Table 2 (L. 23)

Mar constructs a proportionality table. She uses the distances covered by the competitors as her point of departure and calculates the times that Be would have registered ‘had he swum the same as’ –or at the same speed as- when he swam the 50 meters. 

Table 2 provides Mar with the elements needed for her to know that she stands on more solid ground.
The logic behind Mar’s reasoning is unknown, but several feasible options exist:

i. Solution and confirmation argument. In this case Mar has a clear strategy, but initially she does not know what the solution will be. To find the solution, she goes to the blackboard and begins to analyze the simplest case –that of Be, because the distance he swam is divisible by the rest of the distances, so constructing the proportionality table is easy. This is a feasible option given that in the video she does not initially propose a result. Also the teacher has asked for a strategy, which is what Mar provided. 

With her participation, she seeks to convince the T and the group of the method used.
ii. Presumption and confirmation argument. Presupposes a conclusion based on a few quick calculations that Mar carried out prior to her presentation at the blackboard, where she proves that her presumption is correct.
She has confidence in the method and is to a degree certain of the answer.
iii. Argument dealing with a hunch or intuition. This appears to be the least feasible option because in the video Mar is doing operations while the T is posing the initial questions.

In this possible case, Mar is persuaded of the solution and has confidence in the method.




Chart 1. Comments on students and teacher’s interactions
Continuation Chart 1

	· Mar: “… in order to find … the amount of time it took them”. (L. 29-33).

Mar compares pairs of reasons possessed by a common term (distance), which reduces the problem to a linear comparison of two amounts (times). Her idea of speed consists of ‘the one who swam the same distance in the least amount of time’.  There does not seem to be any relative thought, rather it is absolute based on additive procedures.

Mar appears convinced of her procedure and of her interpretation of speed in the register. It is likely that her conviction and decision to externalize it increased after having drawn the table. Mar conveys her beliefs about her role as a student and about self-confidence.

	· Teacher: “I think the amount is wrong …” (L. 34-52).

Some of the possible explanations for the T’s behavior include:

i. The T had another type of strategy in mind. This option is fairly likely given that the T showed signs throughout the entire course of her preference for general, parsimonious and symbolic strategies. The manner in which she closes the solution (L 65) and the way in which she later solves the exercise (in Solution 2) are also evidence in favor of the assumption. (L. 64-68).

ii. The T did not understand Mar’s strategy. Possibly because she was distracted thinking about another way of approaching the problem (in the video, she is seen to do calculations in her book while Mar is at the blackboard) or because Mar did not explicitly state her conclusion. Nonetheless one must admit that the T truly masters this type of strategy, in addition to the fact that it is precisely the type of strategy recommended by the textbook for the exercise. Hence her distraction was probably the result of her having other plans and expecting another type of intervention from her students.

The T makes it possible for observers to perceive some of her meta-mathematical beliefs (‘the more general it is, the more mathematical it is’ (Hersh, 1993)) and some of her ideas about the teaching of mathematics. Her intervention also reveals the techniques of the maieutics art that she resorts to and the underlying credences.


	· Mar: “It’s just that … you didn’t understand me” (L. 58).

Perhaps the T’s attitude in L (34-56) served to spur Mar on to reinforce her arguments, explain her conclusion (L 62) and increase the certainty of her beliefs.

Mar gives indications –by way of persuasive rhetorical resources- of how sure she is of her belief in the result found and the method used.  Her ideas about her role as a student and the role of her T can be perceived. She proceeds in response to her own interpretation of the T’s behavior: if the strategy is not understood, then it has to be clarified.


	· Mar: “I think Be was faster, so if we have Be taking 50 seconds for 50 meters, then he would have swum differently …” (L. 58-62).

Mar allows observers to more clearly see the logical structure of her procedure: She makes an assumption (‘Be is the fastest, based on certain mathematical elements) and verifies that it is correct on the blackboard. This is a presumption and confirmation argument (possibility ii, previously alluded to). Mar’s argument is to a certain extent logically complex, given that she applies –implicitly- an exhaustive reasoning of the type:                          (dC) If B(dC) then B>C,

which can be translated as

For all distances (d) covered by Competitors (C), if B had swum them all at the same speed as he did for the 50 meters, he would have swum faster than anyone else.

In solving school-type problems, Mar is both intuitive and talented which is why she knows –perhaps implicitly- that the simplest assumptions generally work, as is the case in this exercise.

Her reasoning appears to enhance her certainty that her conclusion is indeed correct, that the method used is valid and pertinent, and she attempts to share her conviction with the T and her classmates.


	· T: “¿… how many seconds did it take A…?” (L. 64).

The T does not institutionalize Mar’s solution and her question suggests a change of strategy (her question cannot be answered using the strategy proposed by Mar). She thus prompts for a new manner of solving the problem (based on quotient d/t) (L. 64-66). 

The T calls on her authority and the obligations she feels she must honor as a teacher: to lead her students to ‘discover’ methods and processes they would be unable to arrive at alone. Once again she demonstrates her disposition for the pedagogical resources offered in maieutics.



Chart 1. Comments on students and teacher’s interactions
Chart 1 identifies several of the student’s beliefs, as follows:  inter alia, her confidence in the conclusion of the exercise and in the validity of the solution (mathematical beliefs), and her firm conviction that the ‘table’ strategy is the most suitable for solving the problem (meta-mathematical belief). Observers can also distinguish her ideas regarding her role as a student, the role of the teacher and self-referred beliefs.

As regards the teacher, one can perceive her certainty about the teaching of mathematics based on usage of general formulae, a certainty which she underscored throughout the course and which appears to orient her standardized didactic practices. Also of note to observers was her confidence in the maieutics of Socrates, as revealed in her carrying out of daily routine pedagogical duties. 

The beliefs highlighted in the extract chosen can be explained from the standpoint of different levels. One takes into account the possible reasons that led the subject to believe. Another considers a person’s own motives, interests and preferences. While yet another looks to the socio-cultural context within which such credences were generated, in other words the background and circumstances that led a person to believe (Cfr. Villoro, 2002). The foregoing concepts are used below in analyzing the beliefs identified.

Mar’s beliefs
Toward the end of her intervention, Mar gave indications that she had confidence in the conclusion and in the value of her procedure. It is plausible to think that her belief underwent a change as the solution process evolved. She may have had a hunch at the beginning that then became a presumption as a result of some of the calculations she did in her head. The student ended up providing a high degree of probable truth to the result and her certainty was substantiated by firm and conclusive –for her- reasons, although her reasons did not receive the inter-subjective backing of her Teacher. The fact that she was so very sure of the veracity of her conclusion could also have been derived from the treatment and objectification that she undertook in one of the registers (tabular) that she is so certain of (personal motives) and from the fact that the procedures she used are usually recommended in the Textbook (context).

Mar showed that she was sure of the truth of the conclusion. However it is very much possible that that was not the vector of her argument, rather her certainty was about the pertinence of the strategy she chose (‘table’). What convinces her of the strategy and why does it convince her? 

Several reasons can be cited, to wit: that she has proof of reliability or that she has evidence that the exercises in the textbook can usually be correctly solved using the same type of strategy; or those relative to the characteristics of the method per se in which, as in informal procedures, it is possible to signify each step and operation involved, which makes it possible to objectify the mathematical notions and obtain treatments imbued with meaning and sense. 

Surely Mar bases her certainties on personal motives and intentions as well. Throughout the course her special disposition for and liking of tabular registers was apparent, and this denotes the importance and appreciation she attaches to that method. 

Mar’s belief in the strategy could also have been induced by the classroom context. In that context the textbook affords a prominent role to that particular solution method, as did Mar’s own teacher in the previous course (a teacher well respected by Mar, her classmates and the entire school). Moreover tables and tabular registers used as a means of problem solving are well known by all her classmates, thus Mar can share the method with them. 

The Teacher’s beliefs

The teacher’s scarce acceptance of Mar’s proposal and the emphatic support she attached to the introduction of quotient (s/t) as the means to solve the problem analyzed (L.64-66) does not seem to be either circumstantial or casual. As previously stated the Teacher showed (at every opportunity that we observed) a marked interest in use of general rules and mathematics laws, even taking her own initiative to introduce them.  Through her attitude during Mar’s participation –where Mar resorts to what is in the teacher’s opinion a particular, ad hoc, hypothetical and inconclusive argument- the Teacher deliberately or involuntarily conveys to her students that she is firmly convinced of her own didactics and of her conception of mathematics focused on use and mastery of general mathematics rules. Surely, the teacher has her own reasons that support this didactic position (symbolic formulae are efficient and universal; they work in practice and are easy to apply and learn). It is also very likely that her reasons are driven by her motives, values and intentions (that her students go beyond that called for in the official curriculum, that they get better grades in official evaluations or that algebra pose less of a problem for them), and by aspects having to do with the context (the school’s plans may place a high priority on this type of strategy, or that may be the way she learned mathematics).

It is quite clear from that previously stated that the disagreements between the student and her teacher have to do with the strategy chosen and the beliefs underlying that choice. Teacher and student appear to have their own reasons and motives for supporting the ideas of which they are convinced, and what was witnessed in class was the asymmetrical struggle between them, each aiming to implement her own ideas. 

During the confrontation, meta-mathematical meanings and beliefs were constructed concerning how to proceed in mathematics, how to go about expressing a justification and what type of register should be used. Another belief that was built has to do with who makes the decisions in class. There is little doubt that the students took note of all of this and constructed their personal interpretations based on their own belief nodes and networks. As part of an accommodation process, the reference frameworks will be changed by the experiences filtered through the frameworks themselves. 

Final Remarks

The interpretative belief model introduced in this paper is supported by the epistemological position that considers beliefs to be a part of a subject’s stock of truths. That is to say, that knowledge is a proper sub-set of a subject’s beliefs. The model is furthermore supported by a didactic position according to which in a successful learning model as students progress they associate meaningful mathematical deeds with levels of confidence and certainty that increase in line with the generality and conclusiveness of the reasons to which they have access (epistemically). 

The interpretative framework used makes it possible to identify different types of beliefs that arise in the classroom setting, focusing on mathematical and meta-mathematical beliefs. The framework also made it possible to analyze changes of epistemic states and values as they are conveyed by the actors with regard to those beliefs. In the class being studied, in particular terms, the model enabled interpreting the evolution of a single mathematical belief of one student, and her confrontation with the teacher’s position. 

Of interest in the study are questions such as precisely what are students convinced of in mathematics class? How are they convinced of it? And what roles are played by conviction and certainty?  In the case analyzed, one student seeks with great determination to persuade her teacher of the pertinence of a particular strategy for solving an exercise, showing that not all students can be dissuaded easily, contrary to that stated by Hersh (1993). Her case also provides evidence in favor of another point. Although arguments must be constructed in the mathematics classroom to convince people of the truth of conclusions and to explain them (consistent with that reported by De Villiers (1991) and as occurs with the experts proof (Hanna, 1996)), there is also a desire to convince people of other issues, such as the suitability of a particular type of register or of a method to solve problems (as also occurs with expert rigor criteria (Tymoczko, 1986)).
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Annex. Lesson 80, Episode 2, Solution 1
[image: image1.emf]1.   2.                   10.   14.   17.   19.     20.                 23.       29.   31.  T :  Who swam the fastest? (repeats several times)   A:  Beto … Catalina … Beto …   ( The Ss, and Mar  in particular,  do operations in their notebooks)      

0 40 0 1500 m.  Da

51 2 0 150 m.  Ca

50 0 0 50 m.  Be

0 2 0 100 m.  Am

seg min Horas

Tiempo Distancia

0 40 0 1500 m.  Da

51 2 0 150 m.  Ca

50 0 0 50 m.  Be

0 2 0 100 m.  Am

seg min Horas

Tiempo Distancia

  (Table 1. Textbook)   T :  Can we know just like that?    How can we prove who swam the fastest?   Mar : By proportionality …    Mar : To see if, for example, 50 m. were covered in 50 sec., for 100  they would have had to take (pau se) one minute and forty seconds.   T : You’re relating distances to times, right?    

25 min. 1500 metros

30 seg. 2 min. 150 metros

40 seg 1 min 100

50 seg 50 metros

seg min m.

25 min. 1500 metros

30 seg. 2 min. 150 metros

40 seg 1 min 100

50 seg 50 metros

seg min m.

  (Table 2. Drawn by  Mar  at the blackboard; does the operations in the  book that she has in her hand, erases them and writes the results in  the table on the blackboard).   T :  Ho w can we compare those amounts?    Mar:  (asks to participate) seeing this (points to table 2, that she drew  on the blackboard) with what they did, to find what’s missing … and  their times.   33.       34.     36.   42.   48.     52.         56.     58.     59.   60.   61.   62.       63.    64.     65.   66.  Mar : “Amalia swam 100 m in 2 min., but here she’s  got 1 min. 40 sec. (points to the amount in table 2 on  the blackboard)   T :  One hundred meters in how long? I think the  amount is wrong. Check it … .   T :   Can someone tell her what’s going on with  Amal ia?   T :   There’s a mistake there sweetheart, erase it!   Ale : The thing is that where it says 150 meters it’s 2  minutes 51 seconds…   (Upon the teacher’s instructions, Mar erases the  entire table she had drawn on the blackboard. The  teacher then dictates , with  the help of the S s, the  table in the Textbook).   T :  How can we compare this time and these  distances?   … Who swam the fastest?   Mar:   It’s just that , I had already done the table but  you  didn’t  underst and  me …    T :  Ah ha! Now I underst and  you! (astounded)   Mar:   I based it on what Beto did  …       T .  In other words  … the table was just for Beto!   Mar:  It was to see, … because I think that Beto was  faster, so if Beto took 50 seconds for 50 meters, then  he would have swum differently …”   T :  Very good.   T :   What can we do  to find out how many seconds it  took Amalia, Catalina and Darío?   Di : Divide the distance by the time.   T : Divide the distance by the time! Of course!  (emphatically).    


