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INTRODUCTION
Defining mathematical concepts is an important theme. Many researchers have indicated the importance and necessary of the defining skills for learning geometry (e.g., Vinner 1991; Govender & de Villiers 2002; Matsuo, 2004) Only the definitions give a mathematical justification for the existence of hierarchical concept structures and class inclusions between concepts belonging to different abstract levels.  Many researchers have recognized the importance of  developing students’ understanding of the idea of mathematical defining  and attempted to propose methods for helping students to achieve a more sophisticated understanding of the connection between the definitions of concepts and the mutual relationships between the concepts (van Hiele, 1984; Matsuo, 2000 & 2006; Silfverberg 1999 & 2000; Keiser 2000). However, little close attention has been given to how these processes are actually related in students’ reasoning. 

The purpose of this article is to clarify Japanese and Finnish students’ understanding of defining geometric concepts and its relation to understanding class inclusion relations between these figures. Specifically, we present some results about the connection between students’ understanding of the defining process and hierarchical categorization of geometric figures. We also shortly discuss some possible linguistic factors behind the differences found between Japanese and Finnish students’ geometric reasoning. 

DESIGN OF THE STUDY
Framework of the study

Defining is a multifaceted process. From one point of view it is a mathematical task and there are some specific mathematical characteristics and norms of a definition (Leikin & Winicki-Landman & 2000; Govender & de Villiers 2002). On the other hand it is a psychological process (Linchevsky et al. 1992). Thirdly defining is also a linguistic process. From the linguistic point of view definitions have especial, subject and context dependent structure (c.f. Morgan 2005). In mathematics, definitions have a central role when we are introducing new concepts to the learner. In traditional teaching, based on a deductive approach, the definition of the concept acts as a starting point for clarifying the meaning of the concept. In an inductive teaching method, @b@2@e@2 the meaning of the concept is learned part by part but the final goal usually is however to get the concept meaning condensed into a form of definition. The common way that textbooks tell a reader what is meant by a certain concept is to present the definition of the concept and a few examples of the concept or to present these in reverse (a few examples and then the definition). 

It is clear that understanding the idea of mathematical defining should be more than just passively remembering the names and the definitions of the concepts. From a constructivist point of view students should form new concepts by themselves, name them, try to discover necessary and sufficient conditions for the concepts and tentatively try to define the concepts. Over time, the learner gradually learns to know that there are some demands which @b@6are set for the form of a mathematical definition. The definition is at least in principal arbitrary, it includes only previously defined concepts, a set of the defining conditions is normally minimal and so on. In many cases there are also several optional possibilities to define concepts (Leikin & Winicki-Landman 2000; Govender & de Villiers 2002).
Learning the idea of mathematical defining takes time and is affected by many psychological factors. Many researches have shown that the definitions, which students write, don't for instance normally fill the minimality demand (Linchevsky et al. 1992, Silfverberg 1999). The younger the students are the more probably they write lexicon-type definitions which are descriptions of all the knowledge they have about the concept which they try to define (Silfverberg 1999). It is also shown that one important part of the learning process of defining is the growing skill to handle both the figural and the conceptual aspects of the concept in constructing the definitions (Mariotti & Fischbein 1997). The concept’s definition is generally based on the so called concept image (Vinner 1991) and the class membership is in many cases judged on the basis of phenomena like family resemblance described in prototype theoretical research tradition (c.f. the classical one Rosch 1978).
The tests

In the whole research project, three different tests were used each of which focuses on different points of view of pupils’ geometrical thinking. The tests were 1) free classification test (Test1), a forced classification test (Test2) and a defining and class inclusion test (Test3). In this paper, we restrict our analysis only to the data obtained from the Test3, so we firstly provide detail about this test. 

In Test 3, we firstly asked pupils to select which one(s) of the following seven statements 
A:  A rectangle is one of the geometrical figures;
B:  A rectangle is a quadrangle, which has four right angles;
C:  A rectangle looks like a stretched square;
D: A rectangle has four right angles, four straight sides, two equal diagonals and two equal and parallel opposite sides;
E:  A rectangle is a quadrangle, which has four right angles and which adjacent sides are of different length;

F:  A rectangle is a quadrangle, whose opposite sides are parallel;

G: A rectangle is a parallelogram, which has one right angle;
could be used as a definition of a rectangle (question Q1). After that, students were asked to decide which of the given alternatives would be the best definition for a rectangle (Q2). In this test, we also showed pupils a picture of a typical rhombus and a picture of a typical parallelogram and asked them to write a definition for a (slightly slanted) rhombus (Q3) and for a typical (long and slightly slanted) parallelogram (Q5). Finally, we showed a picture of a square and a picture of a rectangle without naming the figures and asked if the figure representing the square was a rhombus (Q4-1) and a figure representing a rectangle was a parallelogram (Q6-1) and reasons for both of pupil’s decisions (Q4-2 and Q6-2).    

  Test 3 included three components each focusing on a different aspect of the defining and classification process of geometric concepts. The first component (Q1 and Q2) measured above all how well a person understood kinds of linguistic-mathematical form including the necessity and sufficiency of the conditions, and minimality demands, which definitions should have (Winicki-Landman & Leikin 2000, 17;  Linchevsky et al. 1992, p. 49). The second component (Q4-1, Q4-2 and Q6-1, Q6-2) measured especially the understanding about the status and task of the definitions in a mathematical system. In our questionnaire, this component was especially emphasizing the primary role of the definitions in determining the meaning content of the concept and through that also the class inclusions between concepts. The third component (Q3 and Q5) measured a respondents’ own skill in producing formally correct and workable definitions. 

The tasks included in each of the tests were carefully content validated by both of the authors, one from Japan and one from Finland, in order to be sure that the tasks were as suitable as possible for the mathematics curriculum of both countries. After joint discussions, some revisions were made to each of three sub-tests. 

The participants

The final versions of the tests were administered to 68 sixth graders (35 boys and 33 girls) and 94 eight graders in Finland and 89 sixth graders (41 boys and 48 girls) and 63 eight graders (28 boys and 35 girls) in Japan. Students had about fifteen minutes to work on each three sub-test. 

METHODS OF ANALYSIS

The quantitative data were analyzed by using the statistical software SPSS 15.0 for Windows. The variable Total measuring the total understanding of the different aspects of the defining and class inclusion was scored as follows: 

Q1: If the selection of the possible definitions for a rectangle included the correct choice B, score +1 and/or included the choice G, score +1, and did not include E, score +1 

Q2: The selection for the best choice either the formally correct alternative B or G, score +1

Q4-1: A square considered as a rhombus, score +1 

Q4-2: The reason for the above class inclusion was based on the definition of a rhombus, score +1

Q6-1: A rectangle considered as a parallelogram, score +1 

Q6-2: The reason for the above class inclusion was based on the definition of a parallelogram, score +1

The qualitative part of the analysis consisted of the content analysis of the definitions written by the students. In this part, we categorized definitions given by the students into the seven classes a: naïve definition; b: insufficient characterization; c: a sufficient list of attributes, some attribute(s) incorrect; d: a sufficient list of attributes, all correct, not minimal; e: Formally correct, minimal, but not connected to any upper level concept; f: formally correct, connected to some upper-level concept, but not minimal; g: Formally correct, connected to some upper level concept, and minimal. If the definition was missing, we coded it as ‘none’ and if we could not categorize it to any of the categories a-g we coded it as ‘other’.  

RESULTS AND DISCUSSION
Firstly the following table is about the total score T of Q1 & Q2 & Q4 & Q6 measuring the level of understanding of the formal demands and tasks of mathematical definitions for sixth (6) and eight (8) graders in Japan (J) and Finland (F).
  Table 1. Total Score (%) in Japan and Finland.

	Group/ T
	0
	1
	2
	3
	4
	5
	6
	7
	8

	J6
	7.9
	31.5
	24.7
	15.7
	6.7
	9.0
	4.5
	0
	0

	J8
	7.9
	11.1
	14.3
	11.1
	7.9
	16.0
	22.2
	9.5
	0

	F6
	33.8
	8.8
	20.6
	5.9
	30.9
	0
	0
	0
	0

	F8
	22.3
	1.1
	47.9
	2.1
	26.6
	0
	0
	0
	0


In Japan the number of students who obtained at least five scores significantly increased from elementary to secondary school (
[image: image1.wmf] = 2.27, 
[image: image2.wmf]= 1.59, 
[image: image3.wmf] = 3.84, 
[image: image4.wmf]= 2.22, t = 4.808, p = .000). Because Japanese eighth grade students systematically study the relations among triangles or quadrilaterals and their dependence on the definitions of the figures the eighth grade students have become to be able to understand how the standard definitions of geometric the quadrangles imply the inclusion between squares and rhombi, rectangles and parallelograms. On the other hand, in Finland there is no statistically significant difference between elementary and secondary school students (
[image: image5.wmf] = 1.91, 
[image: image6.wmf]= 1.66, 
[image: image7.wmf] = 2.10, 
[image: image8.wmf]= 1.41, t = 0.769, p = .222). An explanation for this can be the fact that in Finland lower and secondary school students do not do much practicing of defining geometric figures and the inclusion relations among geometric figures are learnt mostly by heart. The means of the Finnish and Japanese 6th graders did not differ statistically significantly (t = 0.002, p = .499). However, the Japanese 8th graders obtained statistically significant better results in the variable Total than the Finnish 8th graders (t = 6.139, p = .000).
There were differences between Japan and Finland for the variance of scores. At elementary level, many Japanese students got one or two scores, on the other hand many students got zero or two or four scores in Finland. Japanese elementary school students usually do not give correct answers to contents which have not been learnt in curriculum. However, some Finnish elementary school students seem to answer correctly also these items by intuition. At the secondary level, almost a half of the students got a score five, six or seven in Japan, on the other hand all students scored below five Year 8 in Finland. As describing above, in Japan the results show the effects of systematic teaching and learning of definitions and of the structure implied in the definitions to the system of geometric figures.  

Secondly we qualitatively analyzed the definitions which students wrote for a rhombus and for a parallelogram coding the answers to the categories a, b, …, g explained before plus the categories ‘none’ and ‘other’ . The following table shows the quality of students’ definitions of a rhombus in Japan and Finland.  
Table 2. Categories of students’ definitions of a rhombus (Q3) in Japan and Finland (%).

	
	a
	b
	c
	d
	e
	f
	g
	None
	other

	J6
	16.9
	16.9
	25.9
	34.8
	2.2
	0
	0
	1.1
	2.2

	J8
	3.2
	30.2
	11.1
	34.9
	3.2
	3.2
	7.9
	6.3
	0

	F6
	19.1
	51.4
	5.9
	5.9
	5.9
	2.9
	1.5
	7.4
	0

	F8
	14.9
	37.2
	7.4
	18.1
	11.7
	4.3
	2.1
	4.3
	0


Most typically the definitions given by Japanese students were encoded in the category d and the definitions given by Finnish students in the category b. Many of the definitions of a rhombus given by Japanese students included some characteristics of parallelograms. Neither Japanese nor Finnish students seemed to have learnt what distinguishes the definition of a geometric figure from a pure collection of the properties of the same figure. Moreover in Japan the numbers of students who are assigned b (insufficient characterization) increase from elementary to secondary school, on the other hand the numbers of students who are assigned b decrease in Finland. Japanese secondary school students came to know many kinds of properties, thus they used them when they described a figure. For Finnish students, a rhombus is a less familiar concept and they clearly tried to form a definition by stating the most salient visual properties of the given example.

Third the following table shows students’ ways of defining a parallelogram in Japan and Finland.  
Table 3. Categories of students’ definitions of a parallelogram (Q5) in Japan and Finland (%).

	
	a
	b
	c
	d
	e
	f
	g
	none
	other

	J6
	10.1
	75.3
	4.6
	2.2
	3.4
	0
	0
	2.2
	2.2

	J8
	3.2
	66.7
	0
	14.3
	3.2
	0
	6.3
	6.3
	0

	F6
	22.1
	39.4
	13.2
	8.8
	9.2
	0
	2.9
	4.4
	0

	F8
	13.8
	21.3
	29.8
	24.5
	2.1
	2.1
	3.2
	3.2
	0


Most of the Japanese students and Finnish 6th graders were assigned the category b (insufficient characterization) in the item Q5. In both countries, many of the students’ definitions of parallelograms did not refer to the qualifier “two pairs of”. In general Japanese people do not distinguish between ‘quantifying’ nouns and ‘non-quantifying’ nouns in their spoken language. They think that it is not so important to distinguish one from more than one. Also many native Finnish speakers interpret the expression “the opposite sides are parallel” so that it implicitly means that both pairs of opposite sides are parallel.  In Finland the categories c and d are more frequent at grade 8 than at grade 6. In Silfverberg’s (1999) previous study the same result was reported. The so called long list definitions become more frequent as students’ knowledge of geometrical figures increases. 
The transition of the number of students from elementary to secondary in Q3 in Finland is similar to the transition of the number of students from elementary to secondary in Q5 in Japan. The reason for this is probably the fact that in the Finnish curriculum the parallelogram is considered to be a much more important concept than the concept rhombus and therefore students know it much better than the concept rhombus. In Japan, the curricular status of the concept rhombus is stronger than in Finland. 

Fourth we discuss the interdependence between understanding inclusion relations among geometric figures and defining the figures. First the results of Q4-1, 4-2, 6-1 and 6-2 showed that almost all of the students who understood the inclusion among two figures could also describe the reason for it based on their definitions both at the elementary and the secondary school level in both countries Japan and Finland. Both in Japan and Finland students who accepted the class inclusion among two figures in Q4-1 and Q6-1 did not however, usually select the appropriate definitions for a rectangle in the item Q1 (selection of the suitable definition for a rectangle) either at the elementary or at the secondary level. On the other hand, in the item Q2 many students who accepted the class inclusion among two figures in Q4-1 and Q6-1 selected the choice d (list definition) at both elementary and secondary level in both Japan and Finland. The understanding or remembering the fact that there holds a class inclusion relation between two concepts seemed not to guarantee that a student has a developed idea of the meaning of defining. Contrary to our findings, in the van Hiele theory the understanding of class inclusions and the understanding of the definitions are normally placed at the same van Hiele level.

Furthermore in the Q3 (defining a rhombus) the category of answers of many secondary and elementary school students who understood the class inclusion among two figures was d in Japan, but b in Finland. In Japan the definitions which students wrote for a rhombus in many cases included characteristics of parallelograms. Similarly in the Q5 (defining a parallelogram) the category of answers of many secondary school students who understood the class inclusion among two figures was b (insufficient characterization) in Japan, but c (a sufficient list of attributes, some attribute(s) incorrect) or d (a sufficient list of attributes, all correct, not minimal) in Finland. Both in Japan and Finland many students wrote merely that “the opposite sides are parallel” instead of “two pairs of opposite sides are parallel”. 
To summarize, we found that there are similarities and differences between Japanese and Finnish 6th and 8th graders’ ways to interpret and apply the definitions of geometric concepts. There are correlations between student's understanding of defining geometric concepts and its relation to understanding class inclusion relations between these figures in both countries, however understanding the fact that there holds a class inclusion relation seemed not to guarantee that a student has a developed idea of the meaning of defining. Moreover a student's understanding of defining geometric concepts depends at least to some extent on the curriculum or mathematical contents for teaching in schools. 
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