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Introduction

At New Mexico State University in Las Cruces, NMSA, we offer a one-semester calculus
course intended for practicing and future middled high-school teachers, which is very
different in both content and format from most alls courses that are offered at the college
level. (See for example texts such as Stewari8 200 Hughes-Hallett et al., 2008, which are
often used in college courses.)

1. The student population and the organizaticimefcourse

Most students who take this course are practicirfgtare teachers, but the course
attracts a broader and more varied audience. Sisithke it for a variety of reasons; some of
them already teach calculus or expect to teachthe future; others want to extend their math
knowledge; and some just need to get some matlit tyaars. The course has no formal
prerequisites except permission of the instrucorthe mathematical background of students
who enroll varies. Some have already taken twmare semesters of calculus, and others do
not even have the typical prerequisites, such begmalgebra and precalculus.

The course can be taken for either graduate oengnalduate credit. It is run in a
laboratory format (two 100-minute sessions per wieekhree credit hours), and most of the
work is done in the classroom where students wadkvidually or in groups depending on the
task. There are almost no lectures, and there iexibook for the course. Instead, students are
given extensive handouts, so at the end of theseaiey have a portfolio of materials over 100
pages long.

There are no in-class tests. But each studenbhaske a notebook of write-ups of
selected tasks done in class. The instructor logks these notebooks biweekly and returns
them to students with detailed comments. The tyuafia student’'s notebook determines 70%
of the student’s grade.

2. Content of the course

a. Applied calculus
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The course is centered on applications of calcuitsidents are given a task; for example, they
are asked to design and construct a physical obgdhg some required properties. They have
to create a mathematical model of the situatioshmyosing and defining appropriate variables
and writing appropriate equations. The tasks aos@h so that their completion requires the use
of calculus; for example, students might neednd the maximum value of a function. After
finishing the mathematical part of the task andyiag out the necessary calculations, students
are still required to construct the object. Softhal product is a physical artifact. Within suah
framework all mathematical concepts are introduced.

b. Examples of tasks

(1) Take a cylindrical soup can and measure idtar D and height H. Attach to it a string (or
a piece of clothes line wire), forming a spiralnfréhe bottom to the top, going around exactly
once. Compute its length using an integral formatel compare this value to the measured
length of the piece of string.

(2) You will be given a strip of rectangular post@ard having length L and width W, and an
index card. You should use the poster board tcenaagidewall (lateral surface) of an elliptic
cylinder that has axes in the ratio 2 to 1. ItBet) base will be made from the index card. L
will be the perimeter of its base and W will behtsght.

After you plan the design, I'll give you materials you can measure W and L, and then
do the computation and make your cylinder. Thettdag you are going to do is to compute the
volume of the cylinder and measure the volume wvitth, comparing the two.

(3) (Each student is given a golf ball.) From po$toard construct a cone with the smallest
volume that encloses the ball.

(4) (Students are given a one-meter-long piecdastig-coated clothesline wire.) Cut the wire
into two parts and form from them a circle and aasg. The sum of their areas must be as small
as possible. Think twice, cut once!

Not all tasks have a hands-on component:
(5) Compute the volumes of a cone and a spheng adgebraic formulas and integrals.

And not all tasks require calculus:
(6) Write a program for the TI-84 calculator thahstructs a k-th degree polynomial P(x) which
provides the best fit for n points;(x), i =1, ..., n.

Here is an example to show how mathematical coe@ptembedded in the tasks:

In order to do task 1 (string around a can):

Students need to learn how to use parametric emsati

They have to write equations for a spiral, x(tfeos(t), y(t) = r*sin(t), z(t) = c*t.

And they have to learn the formula for the lengtbfla curve defined by parametric equations,
L = ° V(™o +Ma® + Pef) dt.

(Students were shown an informal but rigorous @giaw of this formula.)

It is expected that most students will need sonhe fnem the instructor or from more
knowledgeable colleagues to carry out the assitped.



Topic Study Group 16: Research and development in the teaching and learning of calculus

c. Mathematical concepts

Defining mathematical models of physical objectgasy time-consuming, and it is difficult for
most students, independent of their mathematicgtdraund. So the amount of time that might
have been spent on discussing mathematical conisdptsted. As a result the only concepts
that are fully investigated are the concepts oivdéive, integral, and anti-derivative. Also the
selection of elementary functions that are stutetkbtermined by the applications. Because
most applications deal with physical objects, exgtial and logarithmic functions are
practically absent, and trigonometric functions @averrepresented.

But the main difference between this course ahdratalculus courses is in the way the
concepts of derivatives and integrals are introduddsually the derivative is described as the
slope of a line tangent to a graph of a functiord #he integral is the signed area between the
graph of a function and the x-axis. (See Hughedelttat al. and Stewart, cited above; and also
older books, eg., Wylie, Jr., 1953.) These dating create serious conceptual problems when
calculus is applied. In applications we use dematei numbers, and we require that students
always use appropriate units. But in task (1),mibegral is used to compute a length, and
therefore the result is measured in centimetensabres. If the integral is introduced as an area,
the result is expressed in the wrong units.

Such discrepancies are endemic, but they can bdea/arthen we use more abstract definitions
of derivatives and integrals which are not tiedmny specific physical quantities. So we may
define the derivative as the rate of change ofvammble relative to another, when the first one
is a function of the second. And we may defineitivegral of a function f(x), where x varies
between a and b, as the average of values f(xpthnea. After working with several different
applications of derivatives and integrals, evenlstis with a weak math background have found
these definitions intuitive and not difficult. Biitis worth mentioning that this concept of
integral is equivalent to the Lebesgue integralrkB2007; Bressoud, 2008), and not the
Riemann integral, which is usually used in undetgede calculus courses.

d. Computations

Most applications require a considerable amoumiuoherical calculations. In this course TI-84
calculators are used. The features used most afeenDeriv, fnint, Solver, Matrices, and the
graphing facilities. But the extensive use of ntoa computations also influences which
calculus topics are stressed and which are omifieel.use of numerical methods almost
completely removes the need for hand computatiateafatives and anti-derivatives. So these
topics, which usually form the bulk of a calculusicse, are practically absent from this course.
On the other hand, it is better when students khnow the calculator carries out its
computations, so such topics as Newton’s method;hwdmderlies Solver, are included in the
course.

3. Students’ comments and opinions

This course has been offered three times (andeitiffered again fall 2008), and each time
students have given it a grade of A, on a scala f##oto F, so the total number of negative
comments has been very small and has reflectedrstidndividual dissatisfaction with some
aspects of the course (for example, grading andrtieethe class meets, i.e., late in the evening).
Positive comments have varied. Teachers and figahers often mention the value of a
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portfolio of lesson plans, which contains matertaksy can use in their own classrooms. Some
students, who have taken calculus courses befave, $aid that this course made calculus
meaningful. Some students liked to work with cadtoils. Many liked creating actual artifacts.

There have been almost no complaints about theofiakextbook (only one such complaint
during three semesters), and several studentsrhamgoned it as a positive aspect of the course.

We expected that better-prepared students whoth&ee the course at the graduate level would
find it rather easy, and students with a weakeheragatical background would find it difficult.

But the distribution of judgments about the diffigrof the course has not been different in these
two groups. Students work in groups, and bettep@ared and less well-prepared students are
seated together, with instructions that strongsdestts should help weaker students. This may
explain the lack of a difference.

4. Observations and evaluation

Not having prerequisites for this course, andrésellting spread of students’ math
backgrounds, happen to be less troublesome thaxperted. A background in algebra,
geometry and trigonometry is needed mainly for tongamathematical models of physical
situations. But even students who have takeruah sourses have only the technical skills
required; they have had no experience in usingetbktls in real situations.

Based on anonymous course evaluations, the ciaslsden successful in presenting
calculus as meaningful and interesting and ofteprsing.

But it would be better if it were stretched intbna-semester course, which is not
unreasonable because the course doesn’t requnegprgites whose fulfillment may require two
semesters.

Teachers and future teachers have received pogfol materials that they may use in
their own classrooms.

But the course does not prepare students fordakjpical calculus tests, which require
knowledge of many formulas and skills in computitegivatives and anti-derivatives by hand.
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