Tracking students’ mathematical thinking online: Frame analysis method
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Scholars, mathematicians and mathematics educators define mathematical thinking as a process which contains at least one of the mental and math-related operations such as reasoning, abstracting, conjecturing, representing and switching between different representations, visualizing, deducing, inducing, analyzing, synthesizing, connecting, generalizing, and proving (i.e. Carroll, 1996; Harel, A. Seldon, & Seldon, 2006). Schoenfeld (1992) describes mathematical thinking as a process of information performed in working memory by using mathematical tools such as abstraction, symbolic representation, and symbolic manipulation. Given that mathematical thinking is a mental process, attempts to assess this process require access to working memory and to be able to monitor the processes performed. In order to able to achieve this goal in face-to-face environments, many methods such as thinking-aloud, video-recording, and interviewing have been implemented.


However, accessing students’ mathematical thinking in computer environments is rather challenging. Students use computers for manipulation, communication, multiple representations such as visual and numeric, and interaction with mathematics (Leung, 2006). Assessing these processes and providing feedback to enhance their mathematical thinking is the key element of mathematics learning. NCTM (2000) suggests that “to ensure deep, high-quality learning for all students, assessment and instruction must be integrated so that assessment becomes a routine part of the ongoing classroom activity rather than an interruption.” (p. 23).


In this paper, we aim to contribute to the studies in assessment of technology use in mathematics education. To ensure this contribution, we propose a method to track students’ problem-solving processes and to interpret their mathematical thinking associated with these processes. Thus, the main features of our method are to (1) record students’ problem-solving processes in computer environments, whether online or offline, without distracting them and (2) analyze these recordings in order to access their thinking processes. 


 We briefly review the literature related to the level of technology use in current mathematics education, the relation between technology and assessment, contemporary trends in assessment strategies, and recent studies to access to students’ cognitive processes while they are solving their problems in computer environments.

Assessment for technology supported mathematical thinking


Galbraith (2006) provides a metaphor to describe the impacts of technology in today’s mathematics education and introduces the terms “surface waves, swells, tides, and sea level change” (p. 278). The term “surface waves” denotes local effects performed by individuals such as teachers, researchers, schools, etc. whereas the term “swells” describes a wider scale effect caused by new technological devices or system movement by a professional organization. He argues that many contemporary applications regarding to the use of technology in mathematics education are representatives of these two and a sustainable impact could be achieved by either “tides”, which represents a wide scale didactical perspectives in teaching and learning by using available technologies, or “sea level change”, which causes a whole change in educational perspectives and reshapes the education itself. He describes a taxonomy of sophistication with using graphing calculator as “technology as master, technology as servant, technology as partner, and technology as an extension of self” (p. 286) and suggests sea level changes instead of “ad hoc use of technology” (Forster, 2006).


Galbraith’s metaphor could explain the challenge in the assessment applications in mathematics education. The use and the purpose of using technology in assessment varies from “translating paper-and-pencil test items into their computer equivalents” (Threlfall, Pool, Homer, & Swinnerton, 2007, p. 335) to “assessing the inaccessible: metacognition and attitudes” (C. A. A. Nunes, Nunes, & Davis, 2003, p. 375). The former study uses computers as a different medium in contrast to the paper-and-pencil environment whereas the latter suggests using computers to explore students’ thinking processes. For this exploration, they separate possible problem-solving processes into steps, provide user choices for each step, and monitor the steps chosen. This, their model is based on monitoring the problem-solving process and interpreting the steps chosen during this process.


Contemporary trend in assessment is moving from “assessment of learning” (summative assessment) to “assessment for learning” (formative assessment), and many scholars support and acknowledge this trend toward the use of formative assessment (i.e. Elwood, 2006; Sadler, 1998; Wiliam, Lee, Harrison, & Black, 2004). Their rationale is based on using traditional feedback mechanism to “feed forward into the future” (Keppell & Carless, 2006, p. 182). However, Torrance (2007) draws our attention into the “danger of removing the challenge of learning and reducing the quality and validity of outcomes achieved” (p. 282) and defines this unwilling situation as “learning as assessment” which can be occurred when coaching is used extensively. Another counter example is documented by Smith and Gorard (2005). They provided formative feedback with no marks to their treatment group and found that the method was ineffective and also unpopular with the students.


In a study done by Ashton, Beevers, Korabinski, & Youngson (2006), a method for providing partial credits for students’ online solutions is investigated. Given that “assessment on computer normally leads a discrepancy when it marks an incorrect answer wrong and awards no marks” (p. 93) compared to the assessment on paper-and-pencil media, they develop a method by separating the original question into parts and award these parts with partial credits. However, the overuse of this separation may lead to coaching students and “learning as assessment” purpose as described by Torrance (2007) and therefore prevent deep understanding. 

Tracking problem solving and mathematical thinking


Accessing students’ mathematical by tracking their problem solving processes has been an interest of many researchers. Jonassen (1992) suggests that “if possible, it is the process of knowledge acquisition that should be evaluated, along with the product” (p. 141). Protocol analysis based on thinking-loud and video recording is the one commonly used. 


However, Marshall (1995), as do many others, criticizes these methods in terms of their accuracies and effectiveness. She questions the effects of talking frequently about student thinking performance and the student self-awareness of what he or she is thinking. She proposes a computer-based protocol based on recording student’s mouse clicks and interpreting these records. She argues that computers are ideal for recording students’ problems solving processes without interrupting them to ask them what and why they are doing and for an assessment tool, which allows to document the quality of scheme acquisition. 


Moreover, eye-tracking and the index of cognitive activity have been suggested as more advanced versions of record keeping studies (Marshall, 2008). The former records learners’ eye movements while the student interacts with the computer and uses the data recorded as a result of more conscious attempts whereas the latter measures the change in pupil dilation and deals with the data based on reflex movements.


Hosein, Aczel, Clow, and Richardson (2007) used screen-casting software to record students’ problem solving processes as well as webcam to record students’ thinking-loud protocols in order to triangulate their quantitative data rather than using as an assessment tool. Given that they had prompted students to encourage explaining what they do and why, their data seems to have the same conditions criticized by Marshall (1995). Their students may be distracted while working on their problems and the data could be affected with this distraction. 


In our study, we asked students work on their problems and feel free to use any software they needed and installed in their computer or available on the Internet. They knew that their work, including every mouse movement and keyboard entry, was being recorded. However, they demonstrated no evidence of discomfort during the study because the software was recording behind the screen without distracting them. 

Data collection  


In this qualitative exploratory study, we used Geogebra software as cognitive tool and Wink software as a screen-casting tool and recorded students’ problem-solving processes. The reason for choosing these tools is that they are freeware software and easy to use. Participants of the study were mathematically and technologically talented high school students living in Ontario. Although they are technologically talented students and the software was easy-to-use, the students were taught how to use both screen-casting and dynamic mathematics software before starting the study. 


Participants were given 24 problems in the 6 sessions - 4 problems in each session - and asked to solve the problems in the computer environment by using any software without any restriction. However, most of the questions were designed to be solved using the Geogebra platform. The students recorded their solution processes without any hesitation and delivered to us on CDs after saving in the software’s own format. Though it is possible to ask them to export the recordings in video format, we did not ask them to do very much technical work in order to avoid possible technological problems.

Data collected on CDs were analyzed by employing the frame analysis method. The frame analysis method is based on analyzing students’ work recorded by focusing on each frame. A frame is defined as the snapshots of the computer screen at a specified moment, which was set at every half-second in our study. Given that the recording software was set to record 2 frames per second, we could easily track every mouse movement and keyboard entry done in each half second. During the analysis, the solution processes were separated into chucks, which could be defined as any meaningful move or any period of time with “no change” on the screen. Those moments with no change are analyzed by taking into account what is done after that particular period of time. We could clearly track what they were doing and how they were employing the cognitive tool. As a result of this tracking, we could describe first what they do and then interpret how they do. The interpretation provided us an opportunity for accessing their thinking processes as the third step of our analysis. 


 The question shown in the figure 1 is about to find the minimum sum of line segments AC and BC, where A=(0,2), B=(4,1), and C=(k, 0) – meaning that C is a point on the x-axis. One of the students found the minimum sum by manipulating the slider after defining the points as described (figure 1: left frame). However, another student defined two functions representing the length of each line segments (figure 1: middle frame) and a third function representing the sum of first two functions (figure 1: right frame) so that the minimum value of the third function would be the answer. Both answers are “quantitatively correct” but what about “qualitatively”? We may need to re-define the meaning of correct by considering “quantitative” and “qualitative” assessments when talking of the process-oriented assessment. We, as mathematicians and mathematics educators, know that there are multiple solution procedures for some problems each providing a correct result, however, some of those solution processes look qualitatively better because they contain mathematical creativity. As the frame analysis method or some other similar and/or diverse tracking techniques are integrated into the assessment process, the quality of solution may become more significant.
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Figure 1: Qualitatively two different solutions for the same problem


 Open-ended problems, in contrast to the single-result problems, provide students an opportunity to explore and discover the connections and relations between different domains of mathematics. They can analyze the problems in order to understand and develop possible solutions, to make conjectures, and to evaluate these conjectures. In other words, they spend their time doing mathematics rather than to guess and/or to find what the problem creator has thought because students are supposed to find an expected solution in the traditional contest problems. In our study, we used the open-ended approach for most of the problems. For example, instead of asking “the inverse of the function
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”, we provided the following set of the questions in order to let them explore the function and its inverse and find a general rule for this situation.

Step 1: After drawing the function
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 by typing “f(x)=exp(x)” into the input field of the Geogebra screen.

…..

Step 3: Create a point A with the coordinates of (k, f(k)) by typing “A=(k, f(k))” into the input field and be sure to check that the point A is controlled by manipulating the slider k. 

….

Question 1: How do you interpret the movement of the point A? What do you say about the properties of the point A?

Step 4: Create another point called B with the coordinates (f(k), k) and make the point traceable and colored by using properties toolbox.

Question 2: How do you interpret the properties of the point B? What can you say about the locus of B? 

Question 3: How does the point B relate to the point A? 

Question 4: What would you say to someone who asked you generate a rule for this particular situation?


Problem posing has a significant effect in promoting students’ problem-solving abilities which could be very challenging in paper-and-pencil environments. For example, by changing the type of the function and/or the definition of the dependant point, point B, students may create as many problems as they want. They can easily test their proposed functions and/or the relations for the second point in order to understand the quality and applicability of the new problem.
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Figure 2: Annotating on students' work for feedback


Annotation feature of the software used for this study, as many others, provides us with the ability to write notes on any frame. We used this feature to provide feedback, ask students for clarification of their purpose for performing a particular operation or writing a comment at that specific moment, and to elaborate a specific comment or solution. The strength of this feature is to provide opportunity of just-on-time commenting. 

Discussion


In this study, we can either analyze our qualitative data in video format or software’s own format. In each analysis, we can also investigate different steps of thinking processes and provide feedback by annotating on any single frame of students’ work. The feedback we have provided have two different purposes depending on the situation on that particular frame: (1) To clarify their thinking type by asking why they have done in a particular attack; (2) To provide formative feedback in order to promote their progress. 


Although this is an ongoing project and we keep working on discovering the possible features of this method, preliminary results provide us some clues for further implementations on both “for learning” and “of learning”. Some results are:

(1) Due to the software’s annotation feature, teachers can provide feedback by identifying thinking processes on a single frame,

(2) Researchers can use the annotation feature to collaborate on a project,

(3) Students can use the annotation feature to collaborate with each other and comment on peers’ work,

(4) Teachers can identify students’ mistakes if the source is because of mathematical understanding or technical understanding (i.e. syntax error),

(5) Online math contests can be set up by using this method as solutions can be decomposed to identify advanced thinking patterns,

(6) Online learning environment can be designed by integrating this method within online collaborating tools such as Knowledge Forum®.


Besides these implementations, we take this opportunity to elaborate the idea of qualitative assessment in computer based mathematics education, whether offline or online: Rubrics and digital portfolios. A portfolio is a limited collection of a students’ best work or progress over a period (Nitko, 2001). Woodward and Nanlohy (2004) investigate the use of digital portfolios in their pre-service teacher courses. According to their preliminary findings, digital portfolios may be alternative to the paper-based portfolios and may increase students’ understanding of their own learning. Given that mathematics educators’ goal is to provide students an iterative learning opportunity with a support of formative assessment, portfolios, digital portfolios in computer environments, this could be a rich and productive method for achieving this goal. 

Jewitt (2003) argues that attempts for the computer-mathematics education integration demands new approaches in assessment because of the multimodality of computer environments. Moreover, she argues that learning outcomes should be assessed in analogous modes. That is, the learning outcomes developed in computer environments, i.e. Geometer’s Sketchpad, should be assessed in computer environments. 

Regarding to the assessment of the portfolios, scoring rubrics could be an effective strategy. Nitko (2001) focuses on two types of rubrics for educational purposes: analytic and holistic scoring rubrics. Analytic scoring rubrics could be used to focus on particular elements of the processes or products and to analyze these elements in detail whereas holistic scoring rubrics are developed for making an overall quality judgment. Rubrics could be particularly useful when confronting quantitatively same but qualitative distinct problem-solving strategies as illustrated in figure 1.

We developed tentative rubrics for assessing mathematical thinking skills (see appendix A) and problem-solving skills (see appendix B) of the students in guidance provided by Nitko (2001) and Ontario Ministry of Education (2007). These rubrics may provide a sense for understanding of the type and degree of the skills employed for each particular problem by each student. In addition, we will develop holistic scoring rubrics in order to have a general perspective of each student’s understanding as well as the skills required by each problem.

Conclusion

This study is performed to explore students’ mathematical thinking procedures by tracking their problem-solving processes in computer environments. Students were mathematical problems to study in their computers by using any software they needed, and their work on the screen including every mouse movements and keyboard entries are recording by employing screen-casting software. The major advantage of this type of recording process is to let students work on their problems without prompting and distracting. 

In this study, we propose a new analysis method, called the “frame analysis method”, to monitor and track students’ problems solving and learning processes without distracting students while they are working on their tasks. The method is basically based on recording students’ work in computer environment by using screen-casting software and monitoring what they have done and how they have done. Our preliminary results provide evidence for a detailed interpretation of their solution processes along with their final solutions could help us to access their cognitive processes.

Preliminary results we have obtained from this study suggests that (1) the frame analysis method provides an opportunity for a close interaction with the data and well-documented result, (2) the frame analysis method could be used for assessment purposes with a specifically-designed software to assess students’ problem-solving processes, (3) the annotation feature of the software, as many others, may help teachers to provide formative feedback as needed and just-on-time (see figure 2), (4) digital portfolios for a collection of students’ either best work or progressive work could be a possible assessment tool, and (5) specifically-designed rubrics may provide invaluable information based on students’ processes and product of problem-solving. 
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Appendix A

THINKING RUBRIC

	
	Novice
	Apprentice
	Proficient
	Distinguished

	Analysis
	Analyzes the problem with limited effectiveness
	Analyzes the problem with some effectiveness
	Analyzes the problem with considerable effectiveness
	Analyzes the problem with a high degree of effectiveness

	Synthesis
	Synthesizes the findings with limited effectiveness
	Synthesizes the findings with some effectiveness
	Synthesizes the findings with considerable effectiveness
	Synthesizes the findings with a high degree of effectiveness

	Deducting
	Deduces the properties of the concepts with limited effectiveness
	Deduces the properties of the concepts with some effectiveness
	Deduces the properties of the concepts with considerable effectiveness
	Deduces the properties of the concepts with a high degree of effectiveness

	Inducting
	Induces the definition of the concept with limited effectiveness
	Induces the definition of the concept with some effectiveness
	Induces the definition of the concept with considerable effectiveness
	Induces the definition of the concept with a high degree of effectiveness

	Connecting
	Connects the concepts to each others with limited effectiveness
	Connects the concepts to each others with some effectiveness
	Connects the concepts to each others with considerable effectiveness
	Connects the concepts to each others with a high degree of effectiveness

	Conjecturing
	Conjectures the rules based on the results with limited effectiveness
	Conjectures the rules based on the results with some effectiveness
	Conjectures the rules based on the results with considerable effectiveness
	Conjectures the rules based on the results with a high degree of effectiveness

	Generalization
	Generalizes the problem findings with limited effectiveness
	Generalizes the problem findings with some effectiveness
	Generalizes the problem findings with considerable effectiveness
	Generalizes the problem findings with a high degree of effectiveness

	Abstraction
	Abstracts the concepts with limited effectiveness
	Abstracts the concepts with some effectiveness
	Abstracts the concepts with considerable effectiveness
	Abstracts the concepts with a high degree of effectiveness

	Parallel Representation
	Demonstrates parallel representation with limited effectiveness
	Demonstrates parallel representation with some effectiveness
	Demonstrates parallel representation with considerable effectiveness
	Demonstrates parallel representation with a high degree of effectiveness

	Reasoning
	Demonstrates reasoning skills with limited effectiveness
	Demonstrates reasoning skills with some effectiveness
	Demonstrates reasoning skills with considerable effectiveness
	Demonstrates reasoning skills with a high degree of effectiveness


Appendix B

Four phases of problem solving (Polya, 1945)

	
	Novice
	Apprentice
	Proficient
	Distinguished

	Understanding the problem
	Demonstrates understanding of the problem with limited effectiveness
	Demonstrates understanding of the problem with some effectiveness
	Demonstrates understanding of the problem with considerable effectiveness
	Demonstrates understanding of the problem with a high degree of effectiveness

	Devising a plan
	Demonstrates a planning skill with limited effectiveness
	Demonstrates a planning skill with some effectiveness
	Demonstrates a planning skill with considerable effectiveness
	Demonstrates a planning skill with a high degree of effectiveness

	Carrying out the plan
	Carries the plan with limited effectiveness
	Carries the plan with some effectiveness
	Carries the plan with considerable effectiveness
	Carries the plan with a high degree of effectiveness

	Looking backward
	Checks the results with limited effectiveness
	Checks the results with some effectiveness
	Checks the results with considerable effectiveness
	Checks the results with a high degree of effectiveness
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