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Introduction

There is no doubt that there is a strong relatietwvben different teachers’ teaching styles and
their students’ actual learning in mathematics.chees are of course influenced by their
theoretical knowledge from a didactical and subgecttent perspective, but also by quite
specific cultural and geographical matters. loisifistance quite obvious that teaching and
learning can not be conducted or organized in éxdwe same way around the globe. In fact
there are huge differences also between countrigsiiope. In November 2007, | and other
project members in the DQME Il project had the apyaty to experience mathematics teaching
on an ordinary day in a typical gymnasium in Bilatia, Slovakia. We, the observers, were all
seated in the back of the classroom. About 15 stsd=ame in and sat down at their desks, silent
small talk could be heard. When the teacher arritrezy all raised into an almost military
“attention”, standing silently beside their desksgaring straight forward. The teacher walked
up to her desk and called out: "God morning, sttefeithe students, who were about 18 years
old and in a natural science program, answeretanus: "God morning, teacher!"

After that the lesson started with carefully, wakpared exercises -- the content were
geometrical series, both finite and infinite. Thadher set the agenda and the students
immediately reacted when the teachers gave thagndastep up front and do some
calculations at the black board. No loud discussemong students were heard. The students
were allowed to borrow fairly modern calculatorsnfra mutual cabinet, but as far | as could
notice no student actually used the calculator. Sthdents seemed rather contented in the silent
classroom experience we took part of.

| like to compare this experience with a so caflearmal’ lesson at a Swedish gymnasium,
which | visited two weeks later with students ie game age and also in a natural science
program. The teacher went in first into the clagsrdo make sure that everything was in order.
Then she opened the door to the hallway outsidel#tssroom, allowed the students to come in,
looking them in their eyes and exchanging some Isial&lto each and every one when they
passed her. When the class was in order after smminutes, the teacher and the students
started a negotiating discussion. What should weudis today? What did we do the last time we
met? Are you all satisfied about what they knowudlgeometrical series? (The content was
more or less the same as in the school in Brai¥lahfter some discussions, the teacher
clarified some basic concepts within the theorg@dmetrical series on the black board before
the students started to work on a small projeét, taagyanized in small groups. The teacher
walked around in the classroom, assisting the graulpen they asked for help, but not really
teaching. She seemed to be listening more thamgglRll students had their own calculator,
which they used frequently together with differpaper and pencil techniques. The level of
discussion was sometimes very high.

Is it really self evident that | saw the facilitaiand growth of the same mathematical
knowledge taking place in these two different alasms? Is it possible to use exactly the same
tasks in these two different classroom situatioisild it be possible to just switch the two
teachers? Would it be possible to neglect the kbelaavior of students and teachers when
comparing results? Do the students in these twerdifit classrooms have about the same
mathematical platform to stand on when they ardemged with a new problem? No student
acquires exactly the same toolbox of mathematodks &s any other student, but it is of course
important to know that students who are expectaddkle the same modeling problem also have
about the same preparation.



Classroom practice

During the last ten years or so, a rather intendaleate has been going on regarding the relation
between teacher’s teaching and the learning antowlgsts that eventually becomes the result of
that teaching. TIMSS video studies has among dhiegs clearly illustrated that teaching
traditions are heavily depended on cultural antbnat background (Straesser, 1998).

Lipings (1999) comparisons of teaching practic€mna and USA together with Stiglers &
Hieberts book The Teaching Gap (2000) has causatther extensive public discussion in the
USA regarding teaching practice. The Learner'spective Study is examining the patterns of
participation in competently-taught eighth gradehmenatics classrooms in fifteen countries
spread over Europe, Asia and in Australia and enUBA.

There is also a growing concern that of all theaesh that is done regarding teaching practice,
not much actually reaches the classroom floor bhagtacticing teachers. Therefore it is of
utterly importance that collaboration regarding pinactice of teaching mathematical modeling
involves teachers from the very start and at akle of the intended collaboration. The
classroom is a very complex milieu, almost impdssib interpret, analyze and understand from

mainly a distant researcher’s perspective. Seer&igu
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Figure 1: An attempt to illustrate how the actuaqpice in the classroom is affected by the tedslzard the
students’ circumstances.

The model in Figure 1 is developed from a modeBbynet (1999). It demonstrates in a
simplified manner how the complex interplay thatays exists in some sense between teachers
teaching and students learning may be seen. Lepahivays take place in a complex web of
contexts — any student is affected by many diffefactors, depending on internal as well as
external circumstances.

With this theoretical insight in hand, the fieldnigw able to grasp the idea that interaction
in any mathematical classroom is not merely thgeptmn of what an individual teacher,
individual students, or the discipline of mathemsitself brings to the encounter, but
rather the joint construction of a viable respoiasthe conditions and constraints that
make possible as well as affect their encounterligte& Silver 2007, p. 63).

Regardless of how we for instance interpret ancetstdnd the statement, so very ambiguous
and full of nuancedearning of mathematics in a classroowe probably would agree that
learning itself has not only a cognitive dimensibuat obvious also emotional and social
dimensions (llleris, 2004). The social dimensionlddurther be divided into two sub-
dimensions: one focused on the spontaneous satéahctions, and the other focused on
interactions that are structured by an organizatitwpefully we could also agree that there is a
distinct difference between spontaneous and oftstamnt learning in the so-called “everyday
life” and the more well-defined goal oriented lotegm learning in school. Quite different



subjects or concepts are learned and different whifsnking are developed. Learning
mathematics in a mathematics course may also lve djtfierent from learning mathematics in
the workplace; in financial or engineering insibat, or in technical positions in factories or
offices, where it is mostly tacit knowledge thahecessary. Each of these domains has their
individual and very specific learning discourses.afy theoretical framework connected to any
of these various discourses, would have differensa

Theories generated by reseaitimathematics education have various functions. Taay
have adescriptivefunction, providing a language to frame a wayea#isg, and in this
sense they affect an ideology. They may offer golagration of how or why something
happened, thus relating what has been observée foaist, whether through statistical
correlation, cause-and-effect-analysis, influemce;o-evolving mutuality. They may
attempt tgpredictwhat will happen in similar situations throughtstg necessary and
appropriate conditions (and for this they needpecdy what constitutes 'similar’ and
'situation’). They may serve iiaform practice by sharpening or heightening sensititaty
notice and act in future.

Which ever of these functions a theory contribiitest comes from, belongs to, even
constitutes, aveltenschauungand communication between different world-vies/ati best
problematic. (Mason and Waywood, 1996, p. 1060¢c#an original)

Any classroom in mathematics has its boundariescandtraints, in terms of curriculum, content
in text books and number of mathematics hours pakwteacher attitudes, beliefs, and
competencies, outer resources, technology, andrduo The list of frame factors may easily be
longer. The fact that some frame factors actuadlg anfluence for instance the implemented
curriculum makes the situation even more complexa project where we are sharing materials
across geographical and cultural borders, it isoitigmt to acknowledge that learning always
take place in a social and cultural framework.

Sharing teaching materials

To share educational materials, courses or evépriajrams across national or cultural
boundaries is becoming more and more common. Oneewen say that it is a clear trend at
present time to share educational experiencesgjiobal world. A number of factors are related

to the growth in institutions offering courses tstdnt students in other countries, whether to one
other institution half way around the world, ordispersed students in many distant countries, or
to their own citizens that are resident in othartges. Some factors are financial, other factors
could be technological, and some might be mainkgiical. Sometimes researchers and/or
teachers enjoy the idea to share educational res®across borders for a variety of reasons. In
the European project Developing Quality in MatheosaEducations 1l we have decided to do it
because the project has several common goals a@btesal and cultural borders. To share
mathematical modeling projects is also an exceltgportunity to compare and learn more
about the teaching of mathematical modeling.

It is in the nature of mankind to compare thingd dmwe share we also start to compare. There
has been a huge expansion of major comparisondadtis on the learning of mathematics
during the last decade or so; TIMSS, PISA, andrsdrogeneral these studies may be seen as
rather high scaled studies with main focus of #sning outcome among the students and not so
much on the actual teachers work. One nice exaaf@eaelatively high scaled but nevertheless
more direct and personal study is the study reddasyelLudwig and Xu in this TSG21. It seems
that it is easier to relate to one or at leastguigw problems that the students are supposed to
solve and thereby in some sense understand theacismp. How one peels a pineapple in the
most economical way is an excellent example of hathematics is used all around us in
everyday life. The comparison between Chinese arth@n students’ accomplishments also
raise questions about how school students actdaliglop their mathematical competences over
time.



Nevertheless, teachers are often omitted and unseeternational comparisons. There are good
reasons for this and one major problem is to comfiee teaching as such, what instruments can
possibly be used to do the comparisons betweeerdift schools in different countries? A
regular international comparison is defined by déadized tests at a certain time and date;
school coordinators; test administrators, and natiand international monitors. A modeling
project is stretched out over time; it includeseasive group work and the use of advanced
technology. Our project has no school coordinatoogest administrators, and no national or
international monitors. Nevertheless, as pointedrothe beginning in this article, there are
many good reasons why one should also observeanohebnt what teachers do with the
students in their class and reality enables us¢onhat we can; video cameras and notebooks.
Of course a small scale comparison study creats®ns for other differences. The teachers in
different countries and different schools are inedl in both the teaching and the documentation
of the event. The researchers in different cousitaied different schools are involved in both the
documentation and in some events also in the tegch any such low scaled and low budget
endeavor, there are major difficulties when tryiognake sure that the different classrooms
activities in different countries will be videotap about the same way. That is naturally
connected to the fact that the researchers antldesam the different countries do not have
exactly the same idea about what it is that is nmopbrtant to document.

A collaboration takes place

Already in Bratislava in November 2007, some ofriégearchers and teachers from Germany
and | decided that we should collaborate arourghehting experiment in a German school. The
class was a class in grade 8, which means thatdlkents are around 15 years old. For a
Swedish point of view, it is impossible to be ademt in the gymnasium when you are 15, since
the Swedish gymnasium is for grades 10 — 12. Baf@ewe have a compulsory school with the
same curricula across Sweden. Germany contaiessit16 different curricula and modes of
school culture. In addition to that, Germany haedhdifferent secondary school forms called
Hauptschule, Realschule and Gymnasium, while Swadpresent time has one unified
Gymnasium with all different programs coveringsailts of vocational and theoretical programs.
In Sweden the pupils enter their 3-year Gymnasiumgnam after 9 years in compulsory school,
in Germany pupils are divided into different schfmsins at the age of ten or eleven. The
Gymnasium in Germany is organized over 8 yearsgactl state has its own mandate to
organize it, which has led to a great variation.

Nevertheless, we decided that | should communeétgpical” task regarding the concept of
volume from a Swedish textbook and that the Gerteacher would see if it was useful for his
intentions. In fact the concept of volume is taughgrade 9 in Sweden so | translated a text
from a grade 9 book and mailed it to Germany itydaecember. See Figure 2.

Despite the rather cool weather during winter, $imatidoor swimming pools are popular among privaiase
owners in Sweden. Imagine a swimming pool thatrisular with a radius of 2.75 meters and a depth b3
meters. The distance between the water surfacéhanabol edge is 0.06 meters. Every spring the sofled
through two water pipes, each of them deliverindit2®s of water per minute. The water cost 2 Hueo cubic
meter.

Questions

a. How much water is there in the swimming pool3wer in the unit cubic meters.
b. How much does it cost to fill the swimming pool?

c. How long does it take to fill the swimming pool?

d. How many humans should be in the swimming pbth@same time in order for the water to pour dkier
edge? Find out the average volume for an averagepegourself.

From Matte Direkt /Mathematics Directly (Grade 903, p. 53). Translation: Thomas Lingefjard

Figure 2: A mathematical task regarding volume feo®wedish textbook.



Within one week | received an answer from the Gerteacher that he would be happy use this
task, but that he would not use the questions &seel Figure 2). Instead he would prefer to
organize his students in groups and ask the grambars to invent their own questions. See
there for a cultural change! The classroom expeeeaturing one lesson was filmed and three
minutes of the film was cut out and subtitles irgksh were added, and then this three minute
cut was sent to me. At the end of January | wasgmting the project and our cross national
collaboration at a mathematics education conferen&tockholm where it was very convenient
for me to actually show the film as a genuine prafodur collaboration. That short film, and the
description of how our collaboration changed tlsk taeemed to draw much more attention than
| had expected. Overall, it tuned out that the lelmgles and opportunities within this
collaborative project were larger than | thoughfirat hand, but the outcome turned out to be
more spectacular than | could imagine. See Stefdrier’s article in this TSG21 for an
extensive description of the Swimming pool problem.

The Asthma project

The next endeavor in the DQME Il project was thatDanish and Swedish members of the
DQME Il research group decided to use a mathenmatiodeling problem from medicine (see
appendix) as their next mutual project. It is & taat many students seem to appreciate
modeling problems from the area of medicine as meakand more interesting than others
(Lingefjard 2006, p. 111). After some negotiatiafyo the Hungarian and Romanian colleagues
in the DQME Il project agreed to use the same @mhh their schools. One main concern was
what the gymnasium (upper secondary) teacherspentively country would think about the
problem? Would they approve to the level of matheahthinking? Would they approve to the
directions of inquiry? Mutual teaching experimeadsoss cultural and national borders require a
lot of work and concern some very delicate issligs.a fact that no one in the research group
knows much about the actual teaching that takesptaDanish, Hungarian, Romanian or
Swedish classrooms as existing apart from their countries. The research group agreed about
the intention to film the experiments in the classns. Would that become an obstacle or an
opportunity to run the project even better? Whaiudlthe actual teaching and learning that will
take place? In what way will that effect the faaifion of mathematical thinking in the
classrooms?

Research questions:
« What can pass as a good mathematical modelinggbiiojéour different countries?

* How will mathematics teachers in upper secondanpais in four different countries
actually teach the same mathematical modeling gi®je

* What will the students in these four countriesreand how will it be assessed?
* What will be different in learning outcomes betwélea four countries?

At present time the problem has been introducddeinmark, Romania and Sweden. Students in
these three countries have been working on themdsibroblem at different levels and events in
different classes in these three countries hasbaeo video documented. When sharing a
common project over national borders, it is likédgt one apprehend also different schools in
one own country or in this case one own city aswhele. In contradiction it seems as if the
difference between the two Swedish teachers wagpnalle the Asthma problem was maybe
larger than any cross cultural difference.

One major surprise was the message | got from Hyrgst a couple of days ago. Within the
mathematics community of Europe, | dare to allége Hungary is viewed as a true
mathematical country. When | was a student, thenewumors that in Hungary all families
went for small mathematics contests during the wedg, walking around in the hometown,
looking at various mathematical tasks that somgueip on public places, and solving them
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together family wise. Well, that was a beautifut ptobably mostly false picture. Nevertheless,
in Hungary some students are taught advanced mattosnabout functions already in grade 8.
The very same content Sweden teaches in couries gymnasium, approximately two years
later. So | was surprised of the content in thesags from the project member in Hungary.

Dear Thomas

| have very bad news. | have heard form the tho#leagues who | asked about the
Asthma project. Unfortunately two of the teachexgehstepped back from the Asthma
project. They told me after long hesitation thas fbroject is too hard for their students.
The third teacher could make it only in Septembleave heard from the teacher in Cluj-
Napoca in Romania that they are working togethehwhiversity students. Is it possible
to use some similar solution in Budapest as wélkd)] maybe in September the third
teacher could bring a video about this asthma pbje

| am very sorry that it is so slowly ongoing but thsthma problem is very alien for
Hungarian pupils since there is nothing about sepstatistics and calculus in Hungarian
curriculum. | thought it would be suitable for spdanathematics classes but they are
currently working hard on more elementary probleand preparing for international
olympiads.

I am looking forward to your opinion about collaladion with university students?
Best wishes

Conclusions

So far we have video documentation of studentsrsplhe Asthma problem in one gymnasium
in Denmark and in two gymnasiums in Sweden (Gotheg)b| have been promised a film from
the project members in Cluj-Napoca (Romania) whytenough have carried through the
problem, but | haven’t seen it yet. | will be venyeresting to compare the way the teacher and
students in Cluj-Napoca handled the Asthma proigtm how the teachers in Denmark and
Sweden did. It is interesting that the two Swedjgmnasiums only are about 5 kilometers from
each other in a geographical sense, but the wayih&wedish teachers handled the Asthma
project were quite different.

One of the Swedish teachers gave her studentsabéem and allotted them a couple of weeks
to work on the various tasks before | came andédlrithe presentations of the different groups in
the class. Her students were organized in groufigsebr six students in every group and almost
all students in her class showed up. The wholetevas taking place within one lesson in April
2008 (45 minutes) and was regarded as an impartatitematical application within the course
the students were studying: Mathematics D. Theestigdalso gave me group wise written
solutions afterward, and it was clear both fromghesentations and from their written solutions
that they had worked carefully and enthusiasticatiythe problem.

The other Swedish teacher organized a workshopdest®w8.30 and 12 on a day in June 2008
when school actually was over. His students weréysg mathematics D over two semesters,
spring and fall, and were asked to come in to sclow@n extra enterprise they would benefit
from. The students did not know anything aboutgiablem when they came and had no chance
to really select groups. The teacher organized tinegnoups of two and two (and one group

with three students) from how they were seatedassc Altogether seven students showed up at
08.30, several other students came around 10.0Gié&whad no chance to really accomplish
anything with such a short time to work on the tas#d refused to present anything. For me it
was quite a surprise that the students who carae08.30 actually could accomplish anything,
with such a short notice and when being forcedddwinder the presence of a camera. One
group actually gave me a report of the accomplistirtteey had done during that morning.



The Danish team decided to video film one classduhree different occasions, namely
January 3, January 7 and January 14 (2008). Theratagether ten different video cuts from
these three occasions each covering a double les@d minutes. | addition the class worked
with the project for one more double lesson of Wtleere is no video documentation. Although
I not can follow the Danish easily, it seems tothreg the teacher in Denmark carefully
introduces and tries to problematize the Asthmgeptdor the students during the session at
January 3. Among other things, he introduces tine@ot of compartment models in relation to
the Asthma project. The students were also encedragask questions during that session. The
students are mainly scattered around the computevBat seems to be a computer laboratory,
although the film cuts sometimes shows an interwigtih just a few students where they can
explain how they think about the Asthma project.

The next session, at January 7, starts with theh&gavho asks the students if there are any new
questions since the last time. The teacher emptmthat the task at hand is to select the suitable
model out of several different models. Then theaesher also becomes more and more
involved in the students work, asking probing gieest and giving support to several groups.

The fact that the researcher takes active pahamtodeling process the students are going
through unfortunately also affects the qualityted filming in a negative way. It is hard to be a
film producer, a researcher, and an involved teaahthe same time.

The final session, January 14, is a session tata@Nypted to group wise presentations of
solutions the different tasks within the Asthmajgct The students show over head images and
write on the black board. It is hard to read the ta the images and the writings the students do
on the black board for some of the presentatioeselNheless, it seems as if the students are
presenting throughout solutions. Other studer@sacouraged to ask questions and some
interesting discussions seem to take place. BuDarysh is poor and at this part of the session,
a sub title in English really would be wonderful.

A look back at the research question | put forwarthe beginning of this paper might be useful.

* It seems as if the Asthma project will pass as@lgonathematical modeling project in at
least three out of four different countries.

+ Even without the Romanian contribution we couldatode that the two Swedish
teachers and the Danish teacher all taught thewestroject quite differently.

* Itis hard to exactly define what the students enBark and Sweden learned, but at the
same time it is evident from the video films tHagy did learn. Hopefully the teachers
will bear that in mind when grading her or his snts.

* When we receive the film from Romania, it mightfeasible to answer to what was
different in learning outcomes between the foumtoes. It is also necessary to get the
Danish film sub titled in English.

Here are the comments from the different teacheggarding the Asthma project in their
teaching:

Mikael: The students were generally positive working i Asthma. They seemed to
appreciate the fact that this was “a real” problamroblem they could actually see the use of
trying to solve. Examples of negative aspectsweat brought up was that they were given to
little time to work on the problem and that thegit understand that this was actually a part of
the mathematics course (which would have made tagethe task more seriously). It seemed
that the few negative comments were usually reladdack of proper communication regarding
the importance and the seriousness of the prolllamthe actual problem itself.

One difficulty for me, as a teacher, when workinghwhis kind of problems, is to know how
much help | should to give to my students. A car@anount of help is of course necessary to
deepen their understanding of the problem. Busd &klieve it is very easy to "give away to
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much help” which results in that it is more thecteaxr than the student that solves the problem.
I've experienced that | need to decide for mygdlfvant the students to arrive at a
"mathematically correct solution” or if | am moxtised towards trying to develop their
problem solving capabilities. These two perspestimeen up for two very different types of
methodologies when working with the cases.

Tatiana: It feels rather important to choose the right tiimeworking with new problems or in a
new manner. To solve the Asthma problem was ngt &aall for my students. It was exiting to
see the several different suggestions to soluamsthe many different constraints which the
students acknowledged such as: not wakening thenpait night, not expose the patient against
to large fluctuations in medication, and so fofithe students we surprisingly enthusiastic and
they appreciated that data was authentic; theydasieea lot about measuring methods and about
the accuracy of the measuring instruments that weed. It is my opinion that they worked
much more seriously with the Asthma problem thathway of the problems they find in the
text book. And when the students finally got a ggag around the large amount of
mathematical concepts that actually play a pattiénAsthma problem, then they really
acknowledge deep Aha feelings.

I, as teacher, consider the lessons within the DQIMdMEoject as rewarding. To solve the Asthma
problem has been difficult for many students, bbés also given many students the possibility
to surpass their own expectations. That is pertiapmost beneficial with using this kind of
working method.

Peter The translation from differential equations toegmisheet layout caused the students some
trouble, which we found was due to conceptual clifties concerning the concept “rate of
change” rather than technical problems with theagsheet “language”. The oral presentations
by the groups from the last session of the projese repeated during a seminar open to the
public (“The Day of Research”), and were followgdabgood discussion between the students
and the audience (upper secondary teachers, uityweachers, upper secondary students). The
discussion showed that the students really hadderesl details of the situation where two
different models can fit the same data. The auibelata did in fact enhance the motivation,
which was notably higher than normal. This proghidtnot train the early part of the modelling
process (translation from “the real situation” todthematical model”), nor did it focus upon the
use of modelling as a means of learning mathematocecepts, which therefore might be
worthwhile to dwell more upon in a future project.

Final remarks

It is extremely beneficial as a researcher to ligeopportunity to actually be part of what takes
place in the class room where | do my video docuatem. It is also exceptionally beneficial to
be allowed to see how different teachers handlsdige problem quite differently and in
harmony with what they consider possible to achiawbeir class. In one of the Swedish classes
the students used graphing calculators as the teaimology but mainly worked with paper and
pencil techniques, nevertheless they got involwveglite advanced mathematical discussions. In
the other Swedish class they used a computer bagkbly name Graphmatica and although
restricted by a tight time frame they also did @mnathematical work. The Danish teaching
experiment were much more ambitious with six videmrded lesson over the occasions, the
class was also more mathematically matured andidbatefore use more sophisticated tools in
their modeling process and reach more throughaudtsee The main technological tool in the
Danish class room was Excel. For me as a reseatabex diligently conclusion that all students
in these three classes learned a lot of mathematm@snnection to their work with the

medication problems although not necessary ex#wtlgame mathematics. That is something
we must accept and be happy with when working watimparisons of the teaching and learning
of mathematical modeling over national and cultwa@iders. | am convinced regarding the fact
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that we all learn a lot from our fellow mathematachicators around Europe, including both
researchers and teachers, is something most b@h&icboth researcher and teachers in each
participating country.
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Appendix

Humans that suffer from Asthma are often treatdt thie medicine theophylline. Theophylline,

also known as dimethylxanthine, is a methylxanthiney used in therapy for respiratory
diseases such as asthma under a variety of branésn®atients are often treated with an

equally large dose, D mg, over equally large tintervals, T hours. A doctor has measured how
the concentration of theophylline in the blood né@atient varies after the patient has being

injected with a dose of 60 mg. The results fromns theasurement are the basic data for the

project. See table 1.

Table 1: Accumulation of theophylline in the blood

Time (hours)

Concentration mg/liter (mg/L)

10.0
7.0
5.0
3.5
2.5
1.9
13
0.9
0.6
0.5

The students will be asked to construct a mathealatiodel for the whole situation and to write
a report to the doctor that addresses the followjungstions:

1. How will the concentration of theophylline in thebbd decrease over time?

2. How can we plan a continuously medication schentl afixed dose D over a

fixed time interval T, so that the concentratioteaf couple of injections is in the

interval 5-15 mg/L?

3. How can we plan a continuously medication schenth svstart dose and
thereafter a fixed dose D over fixed time inter/abo that the concentration

directly will be within the interval 5-15 mg/L?

4. What considerations must be taken into accountreafpe use this medication

plan for a patient?
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