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All students deserve high-quadity programs that include significant mathematics presented in a manne that
respects both the mathemati cs andthe nature of youngchildren. These progranms mus build on andextend
students intuitive andinformal mathematical knowledge They mug be grourded in a knowledgeof child
developrent and provide environmrents that encouragestudents to be active learners and accept new
challenges. They need to develop a strong conceptua framework while encouraging anddevel oping
students skills and their natural inclinaton to solve problems.

N NCTM Prindples and Standards

| NTRODUCTION

Therecommended focal standadsfor teaching mathematicsin Pre-K throughGrade 2,
according to the NCTM@ Prindples and Standadsfor Scool Mathematics are ONumber
and OperationgDand GGeometry.OAs for the Content Standardsfor grades 3-5, the
NCTM Prindples and Standadsidentifies Qhree cruda mathematica themesN
multiplicative thinking, equival ence, and computationd fluency.O

TheNCTM therein also recognizes, pedagogically, that (it is essential for studentsin
the elementary grades to study mathematics E unde the guidance of teachers who enjoy
mathematics and are prepared to teach it well.O Overall, | take the general tenor of the
NCTM Prindples and Sandadsto bethat teaching and learning whole numbersin the
early grades are ultimately subservient to teaching and learning real numbers and related
topics such as fractions decimals, percentages, measurement, and applications using
rationd andreal nunbers.

In this paper, | wish to arguetha teaching and learning whole number arithmetic and
elementary number theory form a necessary component to teaching and learning real and
rationd numbes and related topics, but aso, more specifically, discrete mathematics, and
quite likely aspects of other areas of mathematics, such as combinatorics as well.

Preserviceteachersare generally notat all knowedgeable aboutthe conceptud, viz.,
number theoretical, aspects of whole numbers, their relationsto rationd and real nunmber
representations viz., fractionsand decimals. Moreover, they are typicaly quite insecure
and anxiousaboutthar undestandingsof elementary arithmetic, if nat when they begin
thar preservice education, then when it becomes evident to them tha they have little to
no undestanding of theformal or conagptud connectionsbeween such condruds.

| have written aboutthese matters in more scholarly manners elsewhere, and recommend
thereader to pursuethose readings in thereferences asthey feel so indined. My approach
here is more anecdotd, althoughinformed by my research and scholarship in this area, |
will bedrawing mainly uponmy experience as a teacher educator.

WHAT 1sA NumBER?



Thisis oneof my favorite opening questionswith any new cohat of preservice teachers.
Students confidently pipe up with responges such as G12,00,0(i,00Q ,005,0and
occasiondly more general statements, such as G number is a quantity.O

| typically like to follow up the more specific responses with a question like Qvhat isthe
difference between X and Y ?0where X isawhole number andY isarationd or real or
decimal number fromthe set provided by the studentsin respon to my first question.

| ask this question concerning differences first because | am mog likely to be met with
blank stares, at least for a few moments. Some students may venture answers such as Q42
ismade of nunbers and pi is made of lettersOQ isafractionand 7 is awhole number,O
and Qhedifference between 7 and! is6and! .O

Not wanting to neglect those students venturing forth with more general responses to my
opening quay as to what anumber is, | will ask Qvhat is common between al of these
answers tha you have provided? | am paticularly gratified if someoneoffersthe
following obviousresponse: Orhey are dl numbers.O

| can then, with my most Socratic air, come full circle: Orhese are all examples of
numbers, but | ask you all again, what is anumber?0lf someone had ventured forth with
amore general respong, such as Ga numbe is a quantity,Othisis my moment to gaze
straight at them, with an encouraging nod,if necessary, hoping to evoke tha more
generd response again, and to follow up accordingly.

Providing definitions discerning differences, and making connections, for and between
arithemetic concepts, in manna's tha can be conaeptualy articulated, is not, in my
experience, a strength for mos preservice elementary school teachers.

Asimportantas | think it isfor students, in the condrudivist tradition, to condruc ther
own undestandings | view my role as ateacher educator to hdp students develop and
reconcile ther conceptud undestandings of mathematical conaepts with the
mathematical formaisms they will beresponsble for teaching.

First, and foremod to my mind, isto hdp students unde'stand that a number is a concept.
What, then, isaconaept? Well, conaepts result from abstracting and generalizing. | find
many of my students cringe however, when wordslike concepts and abgractions are
thrown around and typically for goodreason. They are usudly empty shdls.

Task number one then: concepts. Let@talk first aboutwha conaepts are, how conaepts
are formed, and wha makes a conagpt a number conacept, and then it might make more
sense to tak aboutnunber theory, tha is, abouthow number concepts can be
distinguished, related, and undestood,if notrigoroudy formalized.

So | ask: QVha is aconcept?0l loveit when | get answers like Qwunber is aconoeptOor
Gaconcept is an idea.OWe go througha similar diaectic on another level. Some students
are shodked when | assert that @har(s a concept, @able('s a concept, Oor even tha @upO
isaconaept.



Thefollow upis: QVha makes a concept aconaept?OAgain, | am usudly met with
blanks stares with this question. How could thinking aboutthingsso familiar now seem
so strange? What is so familiar, and yet what is so strangeto this popuktion, isthinking.

| admit to being irked with wha has become awiddy adopted teacher education mantra
Qel me, and | forget; showme, and | remember; involve me, and | undestand OTo me,
this sayingmay aso indicate that students are undedeveloped in the basic faculties of
thinking: memory, imaginaion, and reasoning, respectively.

How to engage students in thinking?Asking thequestion Qvha makes a concept a
concept?Ohas in my experience offered an excellent start. | don®expect my studentsto
be able to come up with answersto this question. It isrheorical. It is posed to hdp them
become consciousof thefact tha, despite 16+ years of schooling, they have yet to
become very knowledgegble of the naure of the basic atoms of thought

First point: Thinking is quite different from perceiving.| can see or hear or toud or taste
or feel something, or | can think aboutwhat | see, hear, smell, taste, or feel. Second point:
| can see, hear, smell, taste, and feel this cup,and | can think aboutwha makesacupa
cup. Isit thecolor?Isit thesound?Isit thesmell? Isit thetaste? Isit thefeeling?

Again, these questionsare mainly rhetorical. We can get into a nice conveasation about
what acupis, tha is, abouthow to definetheword @up@s a concept. When we preclude
or sepaate some characteristics of a specific object from our consderationin defining a
concept, we are abgtracting.

Throughthe course of abgracting characteristics from a specific cup in d€ining a
concept like @upOwe are generalizing This is because as we preclude say, the color or
patern ona particular cup fromour conaept of cup, then any other cups with different
colors and paterns al ese bengequd, can fal unde tha concept of cup.

Second point: Thinking aboutconceptslike @upds quite different from thinking about
concepts like umber Ol can see, hear, smell, taste, or feel acup, tha is, an ingance of a
cup, but how can | see, hear, smell, taste, or feel anumbe? What isit aboutthe conoept
of numbe that is different from the concepts of chair, table, or cup?

These questionsare not so rhetorical. Actudly, they speak to differences between what in
a Piagdian termsis often referred to as conaete versus reflective abgraction. In concrete
abstraction, the particulars of a conaept are objects of sense. Those concepts themselves
areintellectud objects. Abdraction over intellectud objectsis reflective abgraction.

If al of this soundssomewhat abstruse and recondite, | invite thereader to condder
Plato@ emphasis on the interdependent importance of similarity and difference when it
comes to the nature of the human soul, psyche, or intellect. Indead, it is not untoward to
consider smilarity and difference, in compaing onething and another, as founddiond
agpects of rationdity tha are certainly fall within theintellectud grasp of children, in
mannerstha areintuitively accessible, in tha they draw onlived experience.



What is more accessible for elementary school kidsthan comparing everyday objectsto
identify amilarities and differences? Wha is similar between this cup and tha cup?Wha
isdifferent between this cup and tha cup?What is similar between this book and tha
blackboadE ? Findly, what issimilar between all possible such objects?

What really gets interesting, and relevant to our study of number theory, progressive
abstraction and generalization throughreflection on objects and ther attributes, on ther
differences and similarities, is to think of the concept of an externd perceptud object in
generd. Theonly characteristics externd obijects share, theforms of perceptionin
Kantian terms, are extenson in space and duration in time.

| leaveit to thereader, as| domy students, to reflect for afew moments uponwha kind
of object onewould have were those last two perceptud attributes or characteristics of
externd objects are removed (i.e., abgracted) from consideration.

Thekind of genera object that onewould have would be an object that onecould only
instantiated in one@ mind. Such an object would bea purely intellectud object. In fact, it
would be an arithmetic unit. Thereisa sense in which thearithmetic unit, conceived of in
thisway, is now a pure abgraction, a pure object of thought Itsingantiationsare externd
perceptual objects. Hence, the unit appliesto the perceptud world in very general ways,
and not surprisingly, arithmetic aswell.

What is the point these first two points? In sum, thefirst pant isthat there is an important
distinction to be made between objects of perception and objects of intellect. The second
point isthat thereisan important distinction to be made between conaete objects of
intellect, like cups and pure objects of intellect, like the arithmetic unit.

So whé then, isanumbe? According to Eudid, number is defined as a multitudeof
units. | raise this famousdefinition as a case in point to further my considerationsbd ow.
It is hard to imagine much meaningful progress beng madein theteaching and learning
of arithmetic withoutsome conaeptual basisfor number and units. Alas, thisbasisis
seldomfoundin preservice teachers of elementary school mathematics.

Indeed, it is hard to imagine making much meaningful progress in theteaching and
learning of discrete mathematics, which is often viewed or defined as Gipplied number
theory,Owithoutsome conaeptud basis for number and units. Unfortunaely, even with
such aconceptud basis asjud articulated in place, many confusonsand conflations
aboundfor theunwary. | turn to discuss some of those now.

WHAT 1sA WHoLe NumBER?

We return now to some answersto my initial question: 7 and 42, for ingance, are whole
numbers. Extengondly, whole numbers are elements of theset {0, 1,2, E} (imagining,
tha is, that onecould actudly write outsuch an infinite list). Intensondly, awhole
number isanumber from which successive subtractionsof 1 eventudly yield 0.

More commonly consdered, awhole number is an element of the set of whole nunbers,
which in turn isasubset of theintegers, which in turn isa subset of therationd nunbers,



whichintumis asubset of therea numbers, whichin tum, isa subset of the complex
numbes... This approach does not make the question Qvha is a numberOeasier for
elementary school children, let aloneelementary school teachers of mathematics.

Jug sticking with whole numbers, we have some tricky questionsto address. Neither
Eudid nor hisandent and classical compatriots had any concept of 0N for how, they
pondeed, could nothing exist? How could nothing possibly be a something?For tha
matter, it is hepful to note that according to Eudid@définition, 1 is notanumber.

Sticking with Eudid, we may beable to work ourway out of these difficulties by
defining theunit asa specia nunber tha we can cal, well, aunit. A multitudeof one
may soundlike a contradiction of terms, but it isonewe can live with, much aswe do
with that famoustrinity, @ne, myself, and IO For kids, 1@n sure they would bethrilled
thinking even further alongthese lines, about0 as a multitude of noné

What isthe aternaive for elementary school children, or for preservice teachers of
elementary school teachers, for that matter: Dedekind cuts, perhgps? | think nott A much
more intuitive distinction when it comes to distinguishing between whole numbers and
rationd numbes (viz. fractiond numbers), and onethat is more readily accessibleto
kids, istha whole numbe units cannotbedivided. The Greeks, by theway, were
adamant aboutthis. Rationd nunmber units, however, can bedivided.

What isit, then, tha best characterizes awhole numbe? | clam it istha, at least when it
comes to elementary school and theandent and classical originsof numbe theory, whole
numbers congst of indvisible units. That isto say, the unitstha conditute whole
numbers cannotbedivided.

| can imagineraising the chagrin of many in such an augug audience with such aclaim.
It would seem there isa sense in which | am advocting setting mathematics back by a
couple of millennia. Well, truth betold, yes, with respect to elementary mathematics
education, | am advoating something quite like tha.

We have confused the heck out of elementary school kidsand teachers alike by expecting
them to grasp, at an elementary level, two millennia of advances in forma mathematics.
Perhgpsthe chagrin can bemitigated reflecting on the absurdity of such an approach.

What isit tha elementary kids and teachers find so confusng?Nothinglessis more
confusing for this popuktion than undestanding relationsbetween whole numbe's,
fractions decimals, and percentages.

So, let@try to introduce some conceptud clarity by distinguishing between arithmetic
units that cannotbedivided, and othe arithmetic units that can bedivided (viz., in avery
special way) and see how far dongit geisus In my experience, | have found both
conceptudly and pedagogically, tha it geis usavery longway.

Whole numbers, then, are made of units that cannotbedivided. Tha iswhy we have
divisonwith remainde. As amatter of fact, jus because of tha form of division, we can
talk aboutwhole number arithmetic. Indeed, | claim we can go further. We can then talk



aboutnumber theory and discrete mathematics. | now provide afew choice examples.

Consde multiplicationtables. One of the great revelationsin my experience as ateacher
educator was jus how few preservice teachersreaized tha a multiplicationtableisjust a
truncated table of multiples. Wha?! It isaso, now, oneof thegreat joys of my teaching,
hdping preservice teachers make conagptud connestionswhere noneexisted before.

Some of thequestions| have used in my research that have hdped lead meto such
revelations are questionslike: Congder the five digit numbers 10651and 10661:Isthere
anunmber between these two numbers tha isdivisible by 7? Therangeof responses my
colleagues and | have received from preservice teachersto thiskind of questionis
remarkable. Some actudly divide every numbe before answering.

How could someonewith 16+ years of schooling notanswer Gyes, thereis at least one
and perhapstwo?20An answer to this question is readily appaent if oneislackingin the
most rudimentary undestanding of basic concepts from elementary nunber theory. The
division theorem, commonly referred to by mathematicians as the @ivision algornithmQ
states tha for every whole number dividend A and non-zero divisor D, there exists an
uniquequotent Q and remainde R where 0" R<D, such that A=QD+R.

Whole number division, viz., divison with remainde, rests on repeated applicationsof
thedivisontheorem. Divisibility, pertainsto tho cases of the division theorem where
R=0. Here, connections between multiples, divisors, and factors, become evident.

Indeed, the division theorem provides much of the basis for the multiplicative and
additive structure of whole nunbers. | am aghast to read of mathematiciansand
mathematics educators advoaating we dispense with longdivision.

Having elementary school kidswork with whole nunbers, and exploring the unending
plethora of relationsand structures to befoundamongst and within them, isaroyad road
to engendaing endless fascinaion with nunmbers and deegp undestandingsof them. To do
any less, to confuse kids with unannected and conflated conacepts serves theoppdasite
effect. Imagine, rewarding kidsfor doing what they are told withoutundestanding.
Mental endavement, | say, notintellectud enlightenment.

WHAT 1sA RationaL NumBER?

When we talk aboutnumbers like fractionsand decimals, nunmbers that are made of units
tha can bedivided, divided, that is, in avery specia way, (viz., into equd pats), then we
have a different kind of division (thoughsimilar in some ways), and we have a different
kind of arithmetic tha, for elementary school, | call rationd number arithmetic.

Isit such adifficult discernment for e ementary schod teachersand learners alike to
make? Whereas whole nunmbers congst of unitstha cannotbedivided, rationd numbers
like fractions and decimals consgst of unitstha can bedivided. Any child recognizes tha
grandme@ antiquelamp loses, shall we say, some Ontegrity,Othat is, shal we say, its
Ontegral Onature, if it is broken into pieces?



Any child that has argued tha ther sibling@ hdf of thecookie is bigge than theirs,
knows tha thefairest way to dividethe cookie isfor the two hdvesto be exactly equd.
Alas, it isimpossible, when it comes to externd objects, to divideany of them exactly.

In our minds, though,when it comes to an arithmetic unit, we can imaginetha such a
form of divisonispossible. Tha form of divisontha involves dividing an arithmetic
unit into awhade number of patsthat are, each and every one exactly equd, | call
@enominaionOThen we can count or enumerate, those resultant parts.

Where, then, isthe mystery in referring to the denomnators and numerators?
Denominating theunit and numerating theresulting parts forms the whole number basis
of themathematical concept of rationd numbers we refer to as fractions Indeed, ratios
are the comparison of onewhole nunber in terms of another whole nunmber.

WHAT 1sa ReaL NumBER?

A further interesting considerationis to question how all this may be extended and
relevant to real nunmber units. Formally, of course, so far asrationd numbers and whde
numbers are defined as a subset of real numbers, such questionsare smply notrelevant.
From psychological and pedagogica perspectives, aswe have seen, such questions are
relevant. So it is appropriate for usto continuealongthese linesand ask: are rationa
number unitsthe same as real numbe units? Or, in wha ways may they differ?

Jud as we saw that whole and rationd number units can clearly bedistinguished in a
conceptud sense by thepropety of denomnation, viz., thearithmetic units comprising
rationd numbea'scan in prindple bedivided into equa parts and units comprising whole
numbers cannot isthere asimilar or related propeaty tha we can use to distinguish units
comprising rationd numbers from units comprising real numbers?

Clearly, real numbesthat are also rationd numbers can be denomnaed. For such cases,
the propeaty of denomnaion applies to both, and so, denomnaion as already considered
may notbe sufficient to conceptudly distinguish between rationd and real nunber units.
It isinteresting to note tha not denominaingthe arithmetic untt, i.e., by leaving it whole,
can betaken as a degenerate case of finite denominaion, which we might choo to call
unity. In thislight, we can think of the denomination of rationd numbers, at least in the
sense of fractions in terms of finite denomination, and extend the concept such tha
whole numbe denomnaionisrestricted to unity.

Thisrefined notion of denomnation, induding the degenerate case of unity, becomes
consistent with theformal notion that whole nunmbers comprise a subset of therationd
numbers. Continuing alongthis vein, the notion of denomnaion can be extended to
indudeinfinite denomnation. This extended concept of denomination allows usto
characterize rea numbersin terms of unitstha can beinfinitely denominaed.

What does it mean, though to divideaunit into an infinite number of parts? Such
considerationsare far from intuitive and are left, for now, to further reflection.

ConcLubpING REMARKS



When there is afocuson teaching and learning the conagptud undepinningsand
structure of whole numbe arithmetic, groundel on elementary school children®lived
experience, ther intuitive and informal mathematical knowledge, combined with
knowledge of concept formation and child devel opment, much improvement in
undestanding basic nunmber theory and discrete mathematics may result.

When we alow denomnaion, we allow afundanentaly new form of division. Itis
important, or so it seems to me, that we hdp elementary school kidsto undestand tha,
and tha we begin by hd ping preservice elementary school teachers of mathematics to
undestand tha they are responsble for teaching two related, but conaeptudly quite
different arithmetics. One whole number arithmetic, concerns basic conaepts of
elementary number theory. Whole number arithmetic isthemore intuitive and
intellectudly accessible arithmetic, and the basis for discrete mathematics.
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