Drawing from Cognitive Studies of Mathematical
Learning for Curriculum Design

K. Subramaniam
Homi Bhabha Centre for Science Education, TIFR, Mumbai
subra@hbcse.tifr.res.in

Abstract:One of the problems that has engaged the attention of matienealucators is how
to facilitate learners in making sense of symbolic mathé&saMeaning for symbols, and war-
rant for reasoning about representations in mathematissjrawn from different sources of
control, which | broadly classify as semantic (real worldeeents), syntactic (rules and pro-
cedures) and structural (translations between repredemma). Researchers have explored in
detail how to enrich semantic sources of control for reasgréibout symbolism. Recent re-
search on mathematical representations however has gbintthe importance of structure as
a source of control. A long range view of different topics lleneentary mathematics - whole
numbers, fractions and beginning algebra - shows the ingmme: of structural understanding.
| provide an analysis of students’ understanding of the darndwhole numbers drawing from
available literature. Following this, | indicate briefly moby drawing on students’ understand-
ing of whole numbers, structural control on symbolic matagos can be provided for while
designing the curriculum in the topic areas of fractions degjinning algebra.

I ntroduction

Cognitive studies of students’ learning of mathematicselgteadily accumulated findings for
some decades now. By cognitive studies, | mean studies tbhestudents’ understanding
and the change in this understanding as learning takes. plHoe category includes studies
of student errors and misconceptions, theories that exgiaident conceptions, studies that
examine students’ response to instruction and micro-gesaidies of changes in strategies
used to solve specific types of problems. In this article Ivtamexamine the implications such
studies have for curriculum and instructional design ofcefmeareas of school mathematics
education. In doing so, | will not be describing new trendmiathematics education research,
as much as revisiting some older trends. | believe that thdiet that | shall refer to, some
of them from two decades ago, hold important implicationsifstruction that are yet to be
elaborated. Indeed, some recent teaching studies have dnaights from the earlier body of
work. Such studies are difficult to implement and do not akuagve clear generalizable results.
However, they push the understanding of the domain furtiied, a clearer and more refined



understanding of topic domains, especially when sharek thi# community of practitioners,
contributes to improving teaching and learning.

A recent review article attempts to comprehensively exantive implications of cogni-
tive studies, as described above, for the domain of wholebeurknowledge (De Corte and
Verschaffel, 2006). The article develops a four-part frevordk to draw implications from the
findings of research studies for designing instruction. fithe components discussed are (i)
Competence (ii) Learning (iii) Instructional environmgrand (iv) Assessment. Some of the
implications discussed by De Corte and Verschaffel gerzerddeyond the domain of whole
number arithmetic, especially those concerning the legrprocess or the instructional setting.
For example, the principle that learning is situated ant¢hbokative is valid for learning any
topic in mathematics or the learning of other school subjélct this article, | shall not address
such issues in any detail. Rather | shall take a more donsitric view, and examine how
studies of learning help to illuminate the structure of tbenadin from the viewpoint of teaching
and learning. Hence of the four components listed above anys will be on the first, namely,
competence. Here | shall seek to go beyond whole number legys| but still restrict myself
to elementary mathematics.

A part of the aim in this article will be to study multiple doma to extract common features
and also to become aware of important differences. The dwrawill focus on are whole
number arithmetic, rational numbers and beginning algebftaile each of these domains have
been studied in great depth and detail over the last few @scaattempts to systematically
compare the findings across these domains have been few.nsights are likely to arise from
such a comparison; in this article | shall take some initiaps in this direction. As may be
expected, one will need to go beyond empirical findings httddo specific tasks or concepts
in order to obtain a more general perspective. At the same, filnis necessary not to restrict
oneself to theories that are too general in scope, sinceigtginal design has to concern itself
with the details of a particular domain. Hence middle letaelaries will recieve more attention.
In particular, | will try to interconnect conceptual and sartic theories of the domains of whole
number arithmetic, rational numbers and algebra.

Researchers in mathematics education are paying incgeaemtion to the role of repre-
sentations in mathematics learning. Mathematics is dista in that the objects of discourse
are not accessible to direct perception or through instriatien. The objects of mathematics
have been described as virtual and as being constitutecehrgpinesentations and the way rep-
resentations are used in mathematical discourse (Sfa@f)) 2Researchers have attempted to
systematically outline a theory of the way representatfanstion in mathematics and in the
learning of mathematics (Goldin and Kaput, 1996; Duval,&@0®\ careful attention to repre-
sentations is certainly an important part of curriculumiglesHence some ideas and concepts
introduced by these theoretical studies will inform thecdssion below.

Besides natural language, humans use a wide range of rafagses (or ‘signs’ to use
the terminology of semiotics) for communication and as ahtairemembering and thinking.
A majority of non-linguistic signs in human cultures, whicftlude icons, diagrams, certain
kinds of inscriptions, gestures and tokens, have a visuapatial aspect. These signs have
a variety of functions. Some of them point to or call attentio something. Some stand for
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or represent other objects, and some add emphasis or tomentmunication. Each function
may be performed in a variety of ways. For example, repr@sgietn be depictive, iconic or
metaphorical (Goldin-Meadow, 2006).

The use of one kind of representation, namely written syssasalient to children in their
experience of school mathematics. This may be a consequénhe fact that current peda-
gogical practices lay undue emphasis on symbol manipulatitowever, learning to interpret
and use symbols is an inescapable part of modern mathematiesdevelopment of power-
ful mathematics became possible as increasingly efficigmbslism was invented. This is
because in mathematics inscribed symbols have, apart fienfunctions of representations
discussed above, an important additional function, nanoelsnputation. When a problem is
mathematized and represented with symbols, the solutmeepds usually by computing with
symbols. Computing with symbols involves transformingsuail array of (written) symbols in
specified ways to yield other interpretable symbols. Thesfi@mations are usually multiple
transformations chained into a sequence. The computhtoarepresentational functions of
mathematical symbols are often in tension. Preoccupatitmame function may obscure the
other. By virtue of the fact that computational processesathematics typically act directly on
symbols (usually) inscribed on paper, symbols acquire gecobke character. In the course of
computation, symbols direct attention away from their g@egeferents and seemingly empty
themselves of meaning (Arzarello et al., 2001). This leadsrie of the central problems of
mathematics pedagogy that has engaged researchers andlaarplanners — to restore mean-
ing making as an integral part of learning mathematics.

Making sense or meaning is related to the assurance withhwifierences are made. Sources
of meaning are also at the same time sources of warrant fantéeences that one draws, or
in the words of some mathematics educators, sources ofat@Balacheff, 2001). There are
multiple sources of meaning that can and must be drawn uporaik@ sense of mathematics.
To take an example discussed by Sfard (2000), how does orweﬂqam% and% are the same
(equal)? One can produce a diagram that shows how 2 part$ 8us the same as 12 parts out
of 18. One can explore the situations where 2 cakes are skqredly among 3 children, and
where 12 cakes are shared equally among 18 children, andvdisthat the children in both
the situations recieve the same share. One may apply a futgyloplying the numerator and
denominator ir§— by the same number 6, and obtz%a For an individual student, each of these
sources of meaning lead to different strengths of beliesueance. Moreover, the sense of ‘be-
ing the same’ or ‘being equal’ in each of these situationsfier@nt. There is a danger that the
use of multiple sources for meaning making can result in tstdeding becoming fragmented
rather than integrated. Instructional design must not enure that there are opportunities to
students to use these multiple sources, but must also allalests to integrate these different
sources by noticing and drawing parallels between theréiffesituations. Hence analogical
reasoning has an important place in learning mathematics.

One can distinguish three sources of meaning or controlyiobslic mathematics, while
remembering that such distinctions will at times prove gtagate in dealing with the complex
processes of reasoning and understanding. One sourcerisaiheorld, which includes both
physical or material objects and cultural objects belogdmthe sphere of economics. The



most common control of this kind comes from interpreting meatatical symbols to stand for
quantities and operations with quantities. We will calsteource of meaning and control ‘se-
mantic’. Another source of meaning or control is the set tdsuhat govern the transformation
of symbols, which we will describe as ‘syntactic’. A thirchki of control emerges from drawing
correspondences and analogies between different maticahrapresentations, which we will

term ‘structural’.

As students progress with learning mathematics, the velatnportance of the different
sources of control will change. As more diverse represemsibecome accessible, one would
expect reasoning to take on a more structural characteref#@m@nce for syntactic control may
be a result of instructional exposure, or of extent of pcactiWe have come across instances
where students who were exposed to concrete represestatiohe base ten units after years
of unsuccessful learning of multi-digit algorithms for waamumbers, still preferred to check
their inferences using algorithms rather than concreteesgmtations. For example, to be sure
of the result of adding 3 hundreds to 4 hundreds, they wouldsand implement the vertical
column addition algorithm.

Briefly speaking, when reasoning in a source domain exexcisetrol over a target domain,
the possibility and the extent of control depend on how wetlerstood the source domainis and
the richness of the connection between the source and thet Bomains. As several analyses
have pointed out translating between representationaadmcan strengthen the understanding
of not only the target domain, but also of the source domaine 6f the claims made in this
article is that students’ understanding of whole numbees risbust and continuing source of
control for later learning. The curriculum designer is offaced with the challenge of how
to allow for the possibility of such control. Since numbers aot objects in the world, but
mentally and discursively constructed entities, in thegifecation that | have presented above,
it would be appropriate to call this form of control ‘strucaii.

Under standing Whole Number Arithmetic

Small counting numbers are among the simplest and the mattral’ of mathematical con-
cepts acquired by children. (By ‘counting numbers’ or ‘wdolumbers’, | mean the positive
integers.) This s attested by the fact that many cultures taveloped counting numbers. What
accounts for the ease or ‘naturalness’ of the counting nummtrecept? One explanation may
be found in the accounts by developmental psychologiststl¥sithe perception of numerosity
may have an innate basis that is shared with many mammalsthedamimals. Many animals
can distinguish between collections of objects that diifenumber, as long as the numbers
are small, or the differences are large. Human infants algaay this ability. Counting acts
are readily imitated by young children and may be a part ofgifesving language capability.
Children reflect an understanding of the principles govegrithe language game of counting
surprisingly early (Gelman and Gallistel, 1978). Howewengther this has a link with innate
conceptual preparedness to perceive numerosities isewmt children interestingly fail to use
their counting abilities, which may be well developed, tokeanferences about quantity in
comparison tasks. The Piagetian number conservation Issklgcits failures from young chil-
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dren indicating that it takes time to align their ability &rlsal counting with their understanding
of cardinality (Sophian and Kailihiwa, 1998).

Another explanation for the ease of the counting number ginmay be found in the na-
ture of the mental representations that constitute the eurobncept. There are suggestive
findings from neuroscience research that number repreasargan the brain may reflect spatial
organization akin to a mental number line (Izard and Deha20@7). There are also converging
analyses of students’ developing competence in the donfiamall whole numbers, which take
into account the detailed findings of empirical studies (fyd992; Steffe, 2002). In the act
of counting, number words function like symbolic tokensttiige put in one-to-one correspon-
dence with objects. The fact that the sequence of numbersamad a natural correspondence
with a set of objects attended to sequentially, facilitatesconsolidation of the internal rep-
resentation of number. Indeed, spoken words are not eXtezdaepresentations that have an
enduring presence like material objects or inscriptiongidlly the number words are used in
the presence of objects, then in the presence of symbolectsbiike the fingers or counters,
and finally the number words themselves serve as objects tolrged (Steffe, 2002, p.269).
Reflection on the experience of counting and of adding antratting small numbers leads
to the emergence of structure in the mental representationumber words. One fundamen-
tal change is the development of the cardinal structure profadhe ordinal structure of the
number words, signified at first by the count-to-cardinal #relcardinal-to-count transitions
and by the gradual development of a nested, breakable,aldergequence of numbers (Fuson,
1992). The development of such a representation of numipersisilated to underlie the grow-
ing competence of the child in counting, and in addition anatiction tasks. For sophisticated
counting strategies such as counting up from a given numimsunting up by a given number
to emerge, the mental representation of the number sequeustebe available as an object on
which actions can be performed. These actions include théipaing of the sequence into
fragments or joining fragments of the sequence to form nemeeces. Such actions form the
basis for children’s developing strategies to deal withanyj as opposed to multidigit addition
and subtraction operations (Fuson, 1992).

Analyses such as the above indicate that counting, unitidifian and subtraction are car-
ried out by actions on internal mental representationsat@analogous to actions on objects.
Moreover, the analogies between actions on objects andcareeits of the number sequence are
direct and simple. Such internal representations fundiaih as symbols, and as objects. Since
they can be produced at will, they have an immediacy that isarfeature of external repre-
sentations. This provides students with a strong sourcesahing and a ground for assurance,
atleast in dealing with small numbers.

Extending the secure understanding of the number concephntdehe first few numbers
depends on understanding the decadal structure of theingumimbers. Internalizing this
structure for increasingly large numbers takes place ipsst&hich constitute major cognitive
achievements. Beyond the first ten or twenty numbers, theeseg must be continued on
the basis of the decadal patterns implicit in the spoken mumiords. The complexity of this
pattern varies across languages. Beyond hundred, a faglylar decimal pattern takes over
counting. Initial experiences of imitating or using the aeéal and decimal patterns may be



in the spirit of the language game of counting. Soon, cultuegessity drives and reinforces
the identification of the decimal units in spoken number gokith the concrete embodiments
in the form of monetary currency. The syntax of the spokenlmemwords in the language of
instruction and the extent to which the children’s livesiategrated into the monetary economy
are both likely to influence their learning of base ten nurslirethe early years of schooling.

The generalization of the number concept to larger numisepgires different acts of inte-
gration. Firstly, individual counting acts only cover fragnts of the number sequence; integra-
tion of these acts takes place by inserting the fragmentsin tight positions. Such integration
is guided by the decadal and decimal structure of numbecmrfsy, the decimal structure also
provides a compression of the counting acts and facili@ageneralization by analogy. One can
thus count in jumps of ten by counting the tens as though thexe wnits. Both forms of inte-
gration facilitate the development of the representatfanaeasingly large number sequences.
Sequential structures presumably develop in stages faterk of the powers of ten, and is
generalized beyond them again by analogy. The number ndreefdare show a periodicity in
addition to the base structure. The thousands for examplearnted in tens and hundreds,
as though they were a new unit. One must note that the couatihggher units signifies an
advanced understanding of multiplication, although itk isnplicit. Over time, a generalized
linear representation of the number sequence that incatgmthe decimal structure develops
and remains into adulthood. This is described by reseassdsethe sequence or ‘positioning’
understanding of numbers (Fuson, 1992; Treffers, 2001).

The sequence understanding is different from the struataderstanding in which the num-
ber is composed through addition, subtraction or multgtlan operations. Again this is guided
by the base ten structure which facilitates the decomposaind recomposition of a number on
the basis of the numbered and named decimal units. Thewtalicinderstanding of multiunit
numbers is an operational rather than a counting conceps. clhinsequent upon experiences
with the operations of addition, subtraction, quantiattemparison and estimation, which call
for composing and decomposing a number. Further, dealittgmultiunits extends the implicit
understanding of the multiplication operation. The numberds use linguistic cues to code the
additive and multiplicative composition of a number. In thember ‘two thousand and twenty
two’, we have ‘two [x] thousand and [+] twenty2[x 10] [+] two’. We notice that ‘and’ is used
between ‘thousand’ and ‘twenty’ to indicate addition, vedddition is implicitly indicated by
juxtaposing ‘twenty’ and ‘two’. On the other hand juxtapesn of two and thousand implicitly
indicates multiplication. Despite these inconsistenabgdren learn to distinguish multiplica-
tive and additive composition, presumably by using a comitdm of cues such as, linguistic
modifiers, sequence, stress or rhythm in vocalisation. Htiem of cues changes and becomes
more consistent as the units become larger.

For example, in Tamil, one of the major languages of Southedia, the additive and mul-
tiplicative composition is distinguished by linguistic rkars. The word for ‘twenty’ in Tamil is
iruvathuwhich is a modified form oiru pathy, which literally means ‘two tens’. The word for
‘twenty two’ in Tamil is Iruvathi erendu The multiplicative composition embedded in ‘twenty’
(two tens) is indicated by prefixing to the word for ‘ten’ thejectival form of the word for
‘two’ — erenduchanged taru. The additive composition implied by juxtaposing ‘two’ aft



‘twenty’ is indicated in Tamil by the vowel suffige The suffixeefor additive composition is
consistently followed even when bigger units are introdudgendayirathiirunoothiiruvathi
erendufor ‘two thousand two hundred and twenty two’. Notice that timguistic marker for
multiplicative composition remains for the hundreds, bisagpears for the thousands. In En-
glish, while the tens are modified to indicate multiplicatsomposition, for the hundreds and
beyond, multiplicative composition is indicated by juxtagion, as is additive composition. It
is not clear if such language differences have instructionplications although it cannot be
ruled out. After all these linguistic markers may have ariseorder to sensitize native speakers
to the compositions embedded in number names. In many Indguages, these modifiers
appear in the way multiplication tables are recited, incigdn the multiplication tables for
fractiong.

We have chosen an example from an Indian langague that shielatisel regular number
word pattern, which is moreover transparent with regarddoirdal structure. North Indian
languages are less regular in this respect. The point ofitiggistic exegesis however is that
implicit understanding of additive and multiplicative cposition is already in place when chil-
dren begin to understand larger numbers. This implicit uvstdading is not often exploited
in generalizing the understanding of the composition of benthrough different units. Most
instructional approaches may focus on familiarising stislvith number names and consoli-
dating their sequential understanding.

The complex understanding of the decimal composition of lmens receives support from
the culture in the form of the base ten multiunits for mongtaurrency and other decimal
measures. Monetary value is of course an abstract measuadways appropriate for young
children. Additional pedagogical support for the multisrthrough various concrete embod-
iments help children grasp the structure of numbers. Indgedies of students’ learning of
decimal numbers support the effectiveness of supportingtoacts both for sequential and for
structural understanding of multiunit numbers (Fuson,2t @avemeijer and Stephan, 2002).

The positional encoding present in the base ten numeratgiars imposes a different order
of difficulty. Here not only must children know the multiugibmposition of numbers, but must
decode the positional cues that indicate how many of eadhsupresent. Although this fact
is well recognized, the distinction between the grouping tre positional principle is often
obscured in designing curricular sequences, with bothcppies being conflated into a ‘place
value’ concept. Many historical numeration systems sucheag&gyptian, exhibit the grouping
but not the positional principle. Children need to mastdahlibese principles. The decoding
of the positional cues may happen in two ways, the first bystedimg the numeral into the
number word, which explicit names the different units. Hearechildren also need to be able
to translate the numeral into other representations ofttfie familiar to them. This is especially
important in making sense of the procedures that take aagardf the positional numerals.

With the positional numerals, children also first encoutiter use of the written symbols
in computation. Positional numerals have evolved so thpkiied operational procedures

In Tamil Nadu, traditional schools taught multiplicati@btes of fractions, a practice which was prevalent till
perhaps the early twentieth Century (Babu, 2004)



can be constructed which consist of visually guided rostiogerating on inscriptions. In this
respect, the positional numerals are similar to algebraeamuabdy syntactic compressions akin
to those present in algebra. This simplification of procedwwomes at the cost of obscuring
the operational composition of the number. However the malaare different from algebraic
notation in the compositional form being fixed and in the thet language and culture support
the unpacking of the compositional structure. For most athat adults this is internalized
so well that the symbol ‘2736’ is paradoxically seen as bemge transparent than the full
compositional form2 x 1000 + 7 x 100 + 3 x 10 + 6. For some students of course, the
compressed positional notation is a persistent sourcdfafudiy.

To summarize, several factors combine to make the whole etsmwhore accessible to chil-
dren in comparison to other mathematical concepts. Fromidvepoint of curriculum design
it is important to understand these factors in detail alsa pgeparation for the challenges that
lie in the teaching and learning of later, more advanced episc As discussed, whole number
learning already embodies complex cognitive accomplistimevhich can function as valuable
resources to be drawn upon by the curriculum designer. theduhat we have carried out, we
have attempted to exploit the understanding of whole nusiiedouild pathways to the learning
of rational numbers and of beginning algebra, which | sha#fly indicate in the respective
concluding parts of the next two sections.

Working with Fractions

Unlike in the case of whole numbers, most children fail tovia well developed and consistent
representation of fractions. Several causes may undériddilure. One important factor is
that while whole numbers are used extensively in modermst fractions with arbitrary de-
nominators are hardly ever used. Measurement contextg faith only the decimal fractions,
which extend the base ten system used for whole numbers. IEstrically, measurement
needs have been met by using only a subset of the fractiohalif &The binary fractions used
in the British system are an example). Many cultures avoaksading with fractions by intro-
ducing new sub-units. In the present day world of commerggraof a whole (tax, interest,
discount) is almost always described in percentage. Hdresetdominant everyday contexts
do not require fractions with arbitrary denominators ay e learnt in school.

What is the rationale then for teaching and learning frastio school? The most important
rationale is that fractions give notational and concepagakss to dealing with proportionality.
Linear functions are ubiquitous and understanding sucttimms is an important goal of school
mathematics. In solving problems dealing with proportiomdationships expressed by the
linear functiony = kx, the need arises for inverting the relation to obtair- 4 or to obtain
the ratek = £, which may lead to fractions. Moreover, in such situations may obtain the
measures for: or y as fractions. Students need to deal with these differergipitises with
understanding. Problems involving the comparison of saéilso implicity use the notion of
proportionality and require similar operations.

Researchers who seek to explain the difficulty of the fractoncept usually adopt one of



two broad perspectives. The first views children’s famityawith whole numbers as hamper-
ing the learning of fractions. Procedures taken over frommdbmain of whole numbers are
applied wrongly to operations with fractions. Even the fii@t symbol is interpreted as being
composed of two whole numbers. A more recent variation afdpproach is the application of
the conceptual change perspective borrowed from scieaceitg (Vosniadou et al., 2007). In
the conceptual change framework, difficulty in learning & @encept arises from the fact that
it is in conflict with a robust conceptual structure or thetrgt is already in place. Children
frequently respond to this conflict by accomodating the nencept, or new data, within the
framework of the old concept, leading in many cases to ‘stithor ‘hybrid’ conceptions. In-
deed for children who have been learning whole numbers operiad of a few years, fractions
present new rules and relationships, which conflict withvithele number framework. Stafyli-
dou and Vosniadou (2004) present a list of important elamehthis conflict which include
differences in symbolization, ordering, the nature of thé& and the procedures for operating
with fractions.

The conceptual change approach to students’ understaofdiragtions is useful in focusing
attention on the precise differences between the whole pumnd fraction conceptual frame-
works, differences that students fail to internalize eviéergears of instruction. This approach
has so far framed its research in terms of an integrated renatuincept of rational number that is
close to the formal mathematical concept. Rational numtrengde the new conceptual frame-
work, which many students fail to absorb to varying degrétsvever this approach sidesteps
the findings that have accumulated on how students learn ke sense of fractionrsCurricu-
lum framers and teachers seek to introduce fractions in wegtsare meaningful even in the
initial encounters. It is through a series of subtle chamgegrspective, interpretation and with
the learning of new notation and new ways of using a notatiah the student begins to get a
hold on the new concept.

The second approach to understanding the difficulty stsdese with fractions is more
sensitive to the interpetative changes that students reeathke as they begin to work with
fractions. This approach seeks to explore the differentswaywhich students encounter and
make sense of fractions. One widely accepted theory is theaosstruct theory formulated
by Kieren (1980), which attributes the difficulty childreaye with learning fractions to the
fact that the fraction concept consists of several subcactstthat are cognitively distinct. The
widely favoured view is that five subconstructs of fracti@me important, of which four are
measure, ratio, quotient and operator. The fifth subcocisttbe one that students usually
encounter first, is the part-whole subconstruct, whichrikdd to all the other subconstructs
(Behr and Fuson, 1992; Charalambous and Pitta-Pantazr)2®nce although the fraction
symbol denotes one mathematical object, namely, a ratimmaber, the same symbol may be
interpreted in these different ways when we apply the notmdifferent situations. Kieren
postulated that subconstructs are mental entities thathare integrative than schemes, and
are hence further up in the theoretical hierarchy in congpario schemes. One may think of
them as a set of linked external and internal representattong with transformations on the

2See the criticism by Behr et al. (1993) that, from the teaghé@arning point of view, the notion of a rational
number as an element of an infinite quotient field is overlypdistic.



representations. Fundamental to the idea of a subcongtrtiw integration of representation

with the situations in which the representations are indokempirical studies have found that

the subconstructs may be acquired relatively indepengehthtne another (Kieren, 1993) and

indicate that the extent to which various subconstructsiaderstood may be an outcome of the
instruction students are exposed to (Charalambous aredfPattitazi, 2007).

If subconstructs do play an important role in learning, teeveral questions arise both from
the viewpoint of the adequacy of the theory and from the viwipof curriculum design. First,
are subconstructs peculiar to fractions? Can one sensébiyg tor instance that the number con-
cept also consists of different subconstructs? Possibididates for such subconstructs are the
cardinal, ordinal and labelling uses of number, which leadistinct structures and properties.
One could also point to the various interpretations of thditawh and subtraction operations in
the combine, change and compare situations, which chilmjppear to think of in distinct ways.
Analogous examples may be found in other topics as well khragtic expressions may signify
both instructions to carry out a process and the result oftfeecess. One might argue of course,
that in comparison to these examples fractions exhibit e&emampant polysemy. Alternatively
the fact that different fraction subconstructs seem difficureconcile may indicate that current
conceptualizations of fraction instruction are inadegumecisely because they fail to integrate
the different subconstructs at the conceptual level, entikthe case of other topic areas, where
the different meanings are better integrated.

From the viewpoint of the curriculum designer, the subcarestheory raises another set of
guestions. Are all subconstructs important, or can childte with only some? This issue has
only recently begun to be investigated systematically @f®g 2005). What is the sequence in
which children best learn the different subconstructs? ldovithe different subconstructs be-
come integrated into one unified concept of fraction or retlmumber? What role do different
representations play in the construction of these coneepts

Traditional curricula begin with applying the part-wholgbgonstruct in introductory frac-
tion activity through the use of the area model. Even thodnghuse of the fraction notation
to indicate ratios and the division operation is introdugethe traditional approach, it is the
part-whole interpretation that remains dominant throughioe treatment of fractions. The lim-
itations of this approach have been pointed out by sevesalrehers, including the criticism
that it does not induce students to move out of whole numbecegations (See, for example,
Kieren, 1993). Fractions become important not in the cdréxounting, but in the context
of measuring, while activities centred around the partdelsobconstruct restrict themselves to
counting and comparing the number of parts. The importahtieedraction symbol lies in the
fact that it expresses the flexible construction of unitsifi@ given unit. It uses a common no-
tation for the two fundamental processes operating in thieigoof measurement: the creation
of sub-units by equal partitioning (described as the spijtscheme by Confrey, 1994), and the
iteration of a unit. In other words, it provides an integtatetation for multiplication and for
division. Vergnaud (cited in Behr et al. 1992) has pointetitbe fruitfulness of understanding
the fraction symbol as denoting the concatenation of thdiplightion and the division oper-
ations. This idea is embodied in the operator notion of foast which has been analysed in
detail by Behr et al. (1993). In our work with middle gradedstats, we have used the op-

10



erator interpretation of fraction as an integrative cangirthat brings together and integrates
students’ experiences with other fraction constructs ayd the foundation for the powerful
use of fractions in understanding proportionality.

It is productive to compare the fraction notation with theation for whole numbers. Like
the latter, the fraction notation also embodies the contiposof the number denoted, but unlike
the notation for whole numbers, it embodies a fundamenthiguity. The fraction notation can
be read as embodying the multiplication operation — a whohalver times a unit fraction. The
unit fraction is the new unit, constructed by dividing thes@ainit: > = m x 1. The fraction
can also be read as embodying a division operatign= m < n or * = % x m, that is,
taking an'* part of m. This ambiguity arises because of the assymetrical irtéapon of the
factors in muItipIication:% as unit or as operator. (See Vergnaud (1988) for more details
this ambiguity and ensuing difficulties.) An important siapthe understanding of fractions
or rational numbers is the integration of these two inteégirens. In a teaching approach that
we have adopted students explicitly study the equivalehteeatwo interpretations of fraction
by comparing the interpretation of fractions as a measudeasna quotient. An example of
such a task is shown in Figure 1. In the figure, the student eoaspgthe quotient and measure
representations for the fractic%u The caption above the left column says ‘each child’s share’
and the one above the right column says ‘(by) unit fractidiie student has mistakenly drawn
only 7 stick figures instead of 8. (For more details see Natk &nbramaniam, forthcoming.)
In this example, the students reason by translating betweenepresentations. The control
however, is largely semantic, and arises from their undedihg of the equal sharing situation.

Wy
Eaiten
e
S
LA B

Figure 1. Combining the measure and quotient interpratatfdraction

In our approach the integration of the operator and rati@sanstructs is achieved by inter-
preting ratio in terms of the operator. Developing the ofmreonstruct relies on the fact that
students have an intuitive understanding of the multiphearelation between whole numbers.
This intuition can be realized with the resources they dlydsave only when one number is a
(small) integral multiple of the other. Moreover, studeats unaware of how to designate the
inverse multiplication relation (that is, when the targamber is a factor of the other). The
fraction notation makes this possible. Figure 2 shows howesits make sense of the forward
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and inverse multiplicative relationships. This paves tlay ior the realization that fractions
allow one to represent the multiplicative relation betwaayg two numbers. Students’ progress
in understanding the multiplier/operator notion is guidsdtheir prior knowledge of whole
numbers. Hence the form of control that is exercised heransgpily structural.

Figure 2: Fraction as operator: multiplicative relatiotvzeen numbers

We postulate that an implicit grasp of the multiplicativiat®on underlies the understanding
of ratio. In simple situations students are usually forthew in expressing a ratio in terms of
the multiplicative relation. Thus the ratio of 3 to 6 is seeb¢ the same as ratio of 4 to 8 because
in each pair, the second number is two times (‘double’) tist. flBeneralizing the multiplicative
relation between any two whole numbers using the fractidation extends students’ resources
by allowing them to represent the ratio (the multiplicatigkation) between two arbitrary whole
numbers. The application of the multiplier concept (fractas operator) in understanding ratio
and proportion problems is facilitated in our approach ®ybke of the double number line (see
Figure 3). The double number line is a graphical represiemtaf the two measure spaces that
are linearly related in a situation where proportionalibyaons. It indicates visually the ‘within
measure space’ and the ‘across measure space’ ratios sagtbsough the operator construct.
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Figure 3: Understanding proportion using the double nurtiberand the operator construct
| have indicated here briefly how opportunities to integthe different interpretations of

fractions can be provided to students. The semantic cootistidents reasoning as they learn
fractions by linking representations of fractions with coete embodiments and situation is has
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been well explored by earlier researchers. Notably, Stedfhas shown how much progress
can be made by keeping equal sharing situations at the hiefagicton learning ( Streefland,
1993). However we need a better grasp of how structural cbotithe students’ thinking and
learning processes can be facilitated. In this, the iMeitinderstanding of the multiplicative
relation between whole numbers plays a part. This allowspieeator subconstruct of fractions
to develop as an integrating interpretation, paving the feay structural understanding of the
rational number concept.

The Transition from Arithmetic to Algebra

The difference between arithmetic and algebra has occwpeshtral place in the research on
algebra learning and teaching. The conceptual change gudng, at least in this case, has
been anticipated and well explored. As researchers camectmmnize that the competence
that students have gained in arithmetic in primary schoolaaually hamper the learning of

algebra, a variety of responses have evolved to addressdb&m. Some researchers have
sought alternative conceptualizations of algebra. Othave advocated an early introduction to
algebra by ‘algebrafying’ the elementary arithmetic azuhium, that is, by introducing algebraic

thinking, and sometimes introducing rudimentary algebraitation in the primary years (see
Lins and Kaput, 2004).

Traditionally the route to algebra has been through arittméAlgebra is thought of as
encoding the general rules and properties of arithmeticadipgs such as the commutative,
associative and distributive properties, and exploitinghsencodings to obtain transformation
rules and equivalences of different symbolic expressiBngr to the transition to algebra, stu-
dents’ knowledge of arithmetic is enriched in the tradiéibaurriculum by having them work
with arithmetic expressions. Primary school arithmetroifearizes children with the binary op-
erations done singly, but arithmetic expressions encodgaence of binary operations rather
than a single binary operation. This is new to many studemdsaarks the first point of transi-
tion to algebra. Hence working with arithmetic expressionthe traditional curriculum helps
familiarize students with the order of operation convemithat ensure that each arithmetic ex-
pression, even when written without brackets, has a uniglieev This is expected to prepare
the ground for work with algebraic expressions, which yigldhmetic expressions when the
variables are substituted and hence take on unique valuss tivh conventions for order prece-
dence are followed. Thus algebraic expressions becomesemiations of functions. Since the
conventions governing algebraic expressions reflect theesaions for precedence of opera-
tions, it is expected that students who understand theseentans will also understand the
structure of an algebraic expression.

However, students do not make the expected smooth tramsdgialgebra and encounter
many hurdles. For example, students are habituated thrattiimetic to obtain a ‘closed’
answer or a single number as the result, which leads themsionaérstand notations liket «
and3zx as being equivalent. The arithmetic bias operates in tlsis bg producing a ‘closure’ in
the form of the expression, similar to obtaining a numbehasésult in arithmetic. A deeper
account of the hurdles that students encounter is provigeedearchers who draw on the work
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of Piaget and others on the development of abstract conCHpey argue that expressions such
as3 + = have multiple meanings in algebra and it is necessary tottiemn in a flexible manner
as both processes and products (Sfard, 1991; Tall et al))260r example3 + = can both be
understood as a process of adding any nhumbaraioas standing for the result of that process,
which is the number obtained as the sum. The process-praiaity is also found in the
quotient interpretation of fractions; can denote either the process of dividingobjects into

n equal shares or the result of the process, namely, each shiadents who fail to adopt the
flexible dual view of fractions may have trouble seeﬁngnd% as ‘being the same’.

Another difficulty caused by arithmetic expressions in tietato algebra learning is that
students fail to perceive the structure of arithmetic egpians. Indeed, they may interpret the
structure variously without even being aware of the request that each numerical expression
can have only one value. As one might imagine, this serionalpers understanding sym-
bolic algebra. Part of the reason lies in the fact that sttgdém not appreciate the necessity of
representing a sequence of binary operations. Problenrghmatic can be solved simply by
actually carrying out the binary operations one by one. @&dastwhere such representations
are necessary, whether in problem solving or in expressingfions (formulae) or in justifying
and proving (see Bell, 1995) already presume a facility wyiimbolic expressions that students
may still need to attain.

In an approach to algebra that we are currently developinthe®middle grades, the focus
is on working with symbolic arithmetic to draw out studentsuitions in arithmetic and to
build on them. As | argued in the discussion on whole numliaespperational composition
is already embodied in the complex place value notation fonlvers. In this approach to
algebra, the understanding students already have abogpéhnational composition of a number
is strengthened and enhanced. Students can generalizetend ¢he idea of composition and
arrive at different representations for a number. Eachesaprtation carries compositional or
relational information about the number. Thus the two esgiEns 5+7 and 9+3 may denote
the same number, but they express different relationatnmétion. Students can appreciate this
and soon develop an interest in generating expressiondehate the same number.

A key strategy here is to deflect students away from the goabofputing an expression.
Arithmetic expressions are not to be interpreted as instnus to compute but as reflecting the
operational composition of a number. For this, studentsl neeclearly distinguish the units
in an expression and how each unit contributes to the valubeokexpression. This is the
key idea that underlies what we have described as the ‘tgppr®ach’ to evaluating arithmetic
expressions (Subramaniam and Banerjee, 2004). In the sgypneach, students parse the given
expression into terms and flexibly combine terms rather #doh and subtract numbers in a
sequence dictated by precedence rules. Each term coesibuthe value of an expression:
simple positive terms increase the value, while simple tnegaerms decrease the value of
the expression, acting in a compensating manner. The rulprézedence of multiplication
is absorbed into the visual concept of a product term, thaissnguished from the simple
term. Product terms can be combined with simple terms omdy #iey are themselves reduced
to simple terms. Exceptionally they may be combined witheotbroduct terms which have
the same factor. This approach was developed using a tegekperiment methodology with
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iterative trials using different groups of students. Moedails about this approach and the
empirical results obtained may be found in Banerjee (sukeait

The approach also represents an operationalizing of themotf reification or process-
product duality that characterizes the growth of matherabkinowledge. This is entailed by
the change in perspective from computing an expressionfmraiing’ on the numbers desig-
nated to evaluating the expression by ‘combining’ termsonithe proceptual point of view
(Gray and Tall, 1994), the expression as a whole denotesieeseq of processes and also the
result obtained after applying the processes, which is dinepcited value of expression. More
importantly, here | wish to point to the proceptual naturehed elements of the expression:
each term denotes the result of an operation, and desigaateperator which modifies the
value of the expression. This ‘immanently’ proceptual viegaes students from rigid compu-
tational rules and allows them to see the elements of an ssiprein relational terms. This
prepares them for the representation of a function by a sliméxpression, and also opens the
door to understanding transformations of expressions andtitansformations affect the value
of an expression. This understanding is fundamental toithplication procedures and the
manipulation of forms that build facility with symbolic adgra.

To summarize, one of central problems that mathematicagmgl has to deal with arises
from the fact that symbolic mathematics, while being an ingo@ and essential part of mathe-
matics, presents enormous hurdles to students, who faiilgage meaningfully with symbols.
Researchers have sought to overcome this problem by exglapiproaches that enable students
to exercise control over symbolic mathematics in deepeswijuch of this research explores
largely semantic forms of control. Developing forms of stural control can be complemen-
tary to this process. Indeed, as researchers have pointé8faud, 2000) this gains increasing
importance as students grow in their mathematical undeditg. In this article, | have at-
tempted to take a longer ranging perspective of elementathi@matics that compares findings
from different topic areas spread across the school yeamn Buch a perspective, forms of
structural control emerge as important. | have also attedhfu indicate briefly how forms of
structural control on symbolic mathematics can be providedhile designing the curriculum
in the areas of fractions and beginning algebra by drawingfogents’ understanding of whole
numbers.
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