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The Interplay of Mathematical Beliefs and Behaviors: Insights from a Case Study
John Francisco, University of Massachusetts
Abstract

This research compares the mathematical beliefs of a student and his actions in a problem-solving mathematical task. The student was a participant in an NSF-funded longitudinal study
 in which students engaged regularly in challenging open-ended after-school mathematical investigations as a context for the development of particular mathematical ideas, forms of reasoning and proof making. The study uses a phenomenological design and took place in the 12th year of the longitudinal study when the student was in high school in the formal school system. The purpose of this research is to highlight the advantages of an analytical framework that examines simultaneously individuals’ views and behavior, particularly in situations that challenge the students’ beliefs. The findings challenge misconceptions regarding epistemological beliefs of students below college, and provide insights into how the framework could be further extended to provide a more comprehensive account of students’ epistemological beliefs. 

Introduction

Research on students’ beliefs about mathematics can be traced to the field of personal epistemological beliefs. The field has traditionally been concerned with describing individuals’ views about the nature of knowledge and knowing. However, more recently, it has also included, albeit not without controversy (Pintrich & Hofer, 1997), individuals’ views on learning, teaching, and even intelligence (De Corte, Eynde, & Verschaffel, 2002; Power & Dagleish, 1997; Schommer, 2002; 1995). As a result, students’ epistemological beliefs have been studied in relation to a number of other constructs. For instance, students’ beliefs have been examined in relation to the particular contexts or environments such homes and schools (Hammer & Elby, 2002), compared with similar views of teachers (Hofer, 1994; Lyons, 1990; Pirie, 1992; Roth, 1994), and studied across disciplines (Case, 1992; Sternberg, 1989) and within disciplines (Carey & Smith, 1993; Ceci, 1989 Lampert, 1990; Konold, Pollatsek, Well, Lohmeier, & Lipson, 1993). There have also been studies of students’ epistemological beliefs within particular theoretical paradigms such as constructivism and the conventional traditional approach (lectures, texts, etc…). In an exploratory study which compared the epistemological beliefs of two groups of students, Hofer (1994) concluded that the students who experienced in their learning a constructivist environment developed more sophisticated epistemological beliefs than those who experienced a conventional approach. This means that the students viewed knowledge as complex, as opposed to simple; truth as contextual or relative rather than absolute, and learners, not just experts, as active constructors of knowledge and its justification.

Nevertheless, a number of challenges remain to be addressed in the field of personal epistemological beliefs and related domains. One area of research that has remained substantially undeveloped is the simultaneous study or examination of individuals’ epistemological beliefs and their behavior or performance, particularly in situations that challenge the beliefs. Beliefs have been consistently and continuously construed as purely psychological constructs and introspective analytical techniques have been preferred over participant observation. Yet, as Schoenfeld (1989) argues, “what counts in [mathematical] problem-solving situations is students’ behavior” and not so much their professed beliefs, which often reflect no more than the students’ appropriation of a “rhetoric”– rather than “substantive insights”- about mathematics and how it should be learned. One finding from the study helps illustrate the danger: the group of high school students who participated in the study claimed that mathematics was about learning how to think. However, they also said that, on average, solving a mathematics problem should not take more than 12 minutes. This suggests that these students could be expected to give up on a mathematics problem after just 12 minutes! 

The purpose of this is study to make a contribution regarding the need for more research that examines simultaneously beliefs and mathematical behavior. The only participant in this study, Mike engaged regularly with other students in open-ended mathematical investigations, which provided a context for the study of the development of mathematical ideas, forms of reasoning and proof making in a 12-Year NSF-funded longitudinal. In the 12th year of the log-term study, Mike’s mathematical beliefs were inferred from an interview on his experiences in the study and compared with his mathematical behavior in a 3-part 3-session probability task known as the World Series Problem
 (WSP). This study focused on the extent to which Mike’s mathematical behavior was consistent with his views. The findings challenge misconceptions due to lack of research (Pintrich & Hofer, 1997; Pintrich, 2002) that students below college hold naïve epistemological beliefs, and suggest insights into how the analytical framework could be further extended to provide a more comprehensive account of students’ beliefs.
Methods

The World Series problem

The WSP probability task was administered in the 12th year of the longitudinal study. Each session lasted approximately 1 ½ hour. In the first session, Mike worked with four other participants of the longitudinal study. They used the notion of probability as a ratio to compute the probabilities. They computed the denominators as powers of 2 based on a mapping of the WSP to the Tower Problem
 where four games corresponded to towers 4-tall and win and lose situations corresponded to two colors [e.g. the series could end in five games in as many ways as the number of tower 5-tall choosing from two colors]. However, they determined the numerators by brute force, listing all possible ways the series could end on each case. They came up with P(4)=2/16, P(5)=8/32, P(7)=20/64 and P(7)=40/128 for the probabilities of the series ending in 4, 5, 6, and 7, respectively. This solution is referred to in this paper as the original solution.

In the second session, the students were asked to make sense of a different “solution” proposed by a group of graduate students who also worked on the WSP. The solution, which is referred to in this paper as the alternative solution, had the same values for the numerators as the original solution, but a common denominator of 70, obtained as the sum of all ways the series could be won. The alternative solution created a cognitive disequilibrium in all students. All students except Mike defended the original solution although could not articulate convincingly what was wrong with the alternative solution and even noticed positive points: the probabilities added to 1 and were different for series ending in six and seven games, which fit their intuition.

The third session was designed to help Mike reach closure on the WSP. He worked with Robert, who had not taken part in the first two sessions. They initially retrieved the alternative solution and repeatedly tried to convince the researcher of its validity on grounds that P(6) and P(7) had to be different. However, when Mike eventually came up with an explanation as to why P(6) and P(7), he switched back to the original solution.

Data Collection

Data for the present study consist of a 1-hour interview with Mike on his perceptions of his experiences in the longitudinal study and observations of his mathematical behavior in the WSP. The interview used a semi-structured protocol based on a phenomenological design (Creswell, 1998). There was specific goal- describing Mike’s views about mathematics as a discipline with particular practices and criteria of validity- but the interview proceeded by eliciting Mike’s reflections on his experiences. In particular, it started with an open question like, “What are your memories of the longitudinal study?” and Mike’ beliefs were inferred from his response to this and other questions on his long-term experiences in the longitudinal study. In line with the phenomenological approach, no interpretive framework was imposed on Mike (Wilson, 1977). He was given the opportunity to determine what aspects of his experiences were relevant to him and how he intended to articulate them. Overall, the design is consistent with Perry’s (1970) approach of inferring epistemological beliefs from individual’s reflections on their educational experiences.

Data Analysis

The analysis of interview data used data treatment procedures consistent with qualitative phenomenological methods (Giorgi, 1985; Moustakas, 1994). Analysis of Mike’s mathematical behavior relied on video-based analytical techniques used for studying the development of ideas, reasoning, and proof making (Powell, Francisco & Maher, 2003; 2004) and interaction (Erickson 1992). Analysis distinguished between description and interpretation and identified significant statements or behaviors as primary sources of insights. Overall, six non-linear, interlaced, and recursive steps were involved: (1) Viewing an entire data to have a sense of the data as whole, (2) Partitioning and describing the data set into major episodes, (3) Determining significant events in the major episodes, (4) Clustering significant events into themes or codes, (5) Composing insights from both data sets, and (6) comparing insights from both sets of data. Analysis of the interview data preceded analysis of the behavior. Significant events and major episodes were defined based on insights that they provided to the research question and determined through the grounded theory constant comparison coding strategy. 

Mike’s Mathematical Beliefs

Mathematics as a sense making activity

There were responses in interview that suggested the idea of mathematics as sense making activity. Asked if he thought that his mathematical experiences in the longitudinal study were relevant to real life or other disciplines, Mike called them a “type of thinking” and suggested that, as such, they were relevant to real life and other subjects:

I guess I use the type of thinking in other subjects in school. I don't know how you can apply it to life. Maybe, I have and I just don't know. Because it's not hard to recognize what style of thinking you're thinking of. I can't compare it with someone else's because I don't know what they're thinking. So, I think, yeah, I probably do use it in life, and other subjects in school. 

Mike also emphasized understanding, as opposed to memorization, when doing mathematics. Reflecting on how he might have changed over time in the longitudinal study, Mike mentioned increased ability to understand the concepts involved in the tasks: 

I think the problems we did back then and now, it feels different because, like, I know a lot more then now than I did before, and if I were to solve the same problems, it would take me, would be a lot easier. And I understand it a lot better too. Like the whole concept behind each problem.

Below, Mike further emphasizes the importance of durable understanding.

Success and failure in mathematics

As student, Mike was very thoughtful. He was a participant in a number of published studies, which sought to disseminate the results of the longitudinal study over time (Francisco & Maher, 2005; Maher, 2005). So, when asked if he thought or perceived himself as a good mathematics student, Mike might have tried to be humble when he said that he was not a good student. Yet, his response suggested how he views success in mathematics: not so much to inherent ability, but motivation and hard work: 

It’s not that I’m good in math; it’s just that I like it. And when you like something, you can do a lot more, than just if you’re smart.”

Mathematics as a discovery activity

Mike’s reflections also supported the idea of mathematical learning as a discovery activity. For example, he opposed teachers telling or showing students what to do in and favored teachers providing students with opportunities to come up with the ideas or “say it themselves.” He argued that the latter enhances the building of durable understanding: 

If a kid says it himself, then obviously, he understands it. And you get to understand things a lot better, if you're running the class. I mean obviously, the teacher understands it, but who knows if the kids do? They could just be copying it down, and a week later, they'll never remember what they did.
He also defended more opportunities for students to try their ideas or “do our thing,” instead of just copying what teachers tell or show them. He claimed that the former increased student involvement in their learning: 

Well, the Rutgers math felt different from the math we did classes, it was like the kids were running the class [sessions] and you [researchers] would ask us something and then step down and let us do our thing. When I was in [inaudible], the teacher would just like mainly just talk and you’d write things down. Students don’t have that much input in what they’re learning.

Mike also admitted that he would never use textbooks because:

First thing, like I'd probably, like, would not even give my kids books.  I would, like every day, I'd give them something new, or like even, like what we would do is just talk about this, like, geometry-related problems, and stuff like that.  I wouldn't just give them pages out of a book. That's not going to teach them anything.

Mike explained that he was not so much against using textbooks as much as he was against how they were being used in schools. He claimed that he opposed giving students “pages out of the textbook,” and ”copying down” from textbooks.” He would not use textbooks “as the main source” of learning:

I’m not saying eliminate the books, but like eliminate, like, using books during class, like copying down and all of this. But you can use the books, take some of the problems room the books, but not use them as your main source. Because, it's like the books that teach you, not the teacher

Finally, Mike was explicit in the idea of learning as a discovery activity, claiming it even enhances mathematical understanding for all students, not just the minority:

Well, kids can learn new things, because if they discover them themselves, and not if somebody tells them, I think that's a better way of learning. Like if you, if in the class, like Mr. Pentozzi, he gives us some information, but basically, he lets us discover the things that a normal teacher would just tell us.  Like we were learning about E, and he told me that when he was in school, the teacher told them, “E is this, 2.7, whatever.”  The teacher told him what it is. In our class, all we did was just explore E.  We took days at a time, and I have a good understanding of it. Like, if you were going to, I guess, a normal class, you'd have to be; like, only selected kids might understand it. But in a class where everybody's working together, everybody's a part of the teaching, and everybody, or at least the majority of kids will understand it.

Mathematics as a discovery activity

Mike also recognized the importance of group work and, in particular, the importance of students discussing or arguing about ideas when doing mathematics. However, implicit is the idea that it is part of the mathematical activity of searching for a convincing argument or proof. Mike thought that probability was domain where uncertainty is more common. For this reason he called it an iffy subject: 

Because the reason why we argue about math, because math is like, when we do about probability, probability is an “iffy” subject.  Like, sometimes, I mean the math says it's right, but do you believe it's right, and sometimes that influences your decision.  That's probably mainly why we argue. I remember the problem with the World Series Problem. We had those two different answers.

Mike’s Mathematical Behavior

Quest for Justification

During the WSP, Mike showed a tendency to not accept mathematical arguments without a convincing mathematical justification. When in the first session of the WSP the students acknowledged that they had not “mathematical backing” whether they had listed all possible ways the series could have been won, Mike invited them to explore a connection that he had discovered between a WSP and Pascal’s Triangle, as possible justification for their answers. Explaining the idea to the colleagues and researcher, Mike said that the number of ways a team could win the series in 4, 5, 6 and 7 games was equal to the numbers in the 3rd, 4th, 5th and 6th rows of the triangle, respectively [Figure 1].

I did something else.  I don’t know, I’m still trying to – you see, they [the other students] have something that works for that first one, but does it work for every?
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 Figure 1. Mike noticed that there are 1, 4, 10, and 20 different ways a team can win the series in 4, 5, 6, and 7 games, respectively.
Similarly, in the second session, the students dismissed the alternative solution even though they could not articulate convincingly what was wrong with it. Again, Mike challenged them to try to find a convincing argument first and did not yield to peer pressure. For instance, when Ankur said, “We answered a different question,” Mike responded, “We answered the same question.” When Jeff said, “Did you just listen to Ankur, or are you so, like, involved with this [alternative solution] being right that you don’t want to listen to him?” Mike said, “I was listening.” Then Jeff said, “Mike is selling out on us,” but Mike still did not change ideas.

Nevertheless, the most revealing instance of Mike’s search justification took place in the third session when he finally dismissed the alternative solution only after he was able to explain or make sense of why P(6) and P(7) were equal in the original solution. When the researcher asked, “[Now] what do you believe in?” Mike’s response clearly emphasized sense making, “Well, I guess, you know, I kind of believed this one more because then there actually was an explanation why the numbers are the same.” 

Flexibility and timing

In the third session, Mike and Robert did not always think the same way about the WSP. Yet, Mike found ways to keep the exchange of ideas going in ways that could have a positive impact on their problem solving. For example, they initially favored different approaches for computing the numerators of the probability ratio. Robert preferred a brute force strategy of listing all possible ways in which the series could be won. Mike preferred a more abstract approach involving the development of a combinatorial argument, which would provide both a formula for computing all series winning game combinations and an explanation for why no combinations had been missed. Yet, Mike did not try to persuade Robert not follow his favorite strategy. He warned Robert by saying, “There’s a lot of [sic too many] chances of how the games could go. You know?” but also urged him to try to find a pattern in the listings: “Try, try to find, like, a – you know, like – there’s a reason for that twenty, or something – just ‘cause there is.” Only when Robert said, “Oh, this is too hard,” did Mike say, “I Told, told you it was a pain” and immediately invited him to work with him on the abstract strategy:

Watch this [takes new sheet of paper]. All right. I was thinking of it in terms of choosing, all right?  So, this one is like, um, five choose four and the next one is six choose four. All right?  So, the answer to five choose four is, um, it’s five choose

Mike’s flexibility in allowing different approaches to flourish and his sense of timing in inviting Robert to join his strategy proved successful decisions. From Robert’s partially generated list of series winning game combinations the students identified a pattern, which they used to develop a recursive formula. They knew that there were two ways in which the series could end in 4 games and claimed that the number of ways in which a series could end in n games (n=5, 6, and 7) was twice
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 minus all previous ways in which the series could end. Later, they simplified the formula to 
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 after an insightful observation from Robert on the original formula.
Reconsidering Ideas

In a third session, Mike and Robert initially tried unsuccessfully to convince the researcher of the validity of the alternative solution. Each time, they were sent back to work on some question posed by the researcher. They had to consider whether the 70 events in the alternative solution were equally likely, as suggested by their numerical treatment of the problem. They also had to consider why in the original solution P(6) and P(7) could possibly be equal before using it as a basis for rejecting the original solution. Eventually, however, Mike decided to reconsider his ideas. Instead of trying to come up with increasingly more sophisticated arguments for the alternative solution, he decided to examine the original solution for its potential merits. He did it even against Robert’s reluctance. When Robert insisted that, “I thought it [the original solution] didn’t make sense,” Mike urged him to think seriously if 70 events were equally likely: “Well, I think something’s up with that [the question], because she [researcher] wouldn’t ask that.” Similarly, he urged Robert to agree to examine why P(6) and P(7) could be same:

No, let’s just think about why, why twenty and forty. Why they exactly doubled, you know? And the other ones weren’t.  And, I mean, there’s got to be a reason because –. Let’s go back to where we were before.  Where’s all my stuff? I should have written more stuff down.  Um – let’s say you figure in six games. You have how many possibilities for six games? Twenty of them. The last game could either be a win or a loss for both.  So figure – all right, watch. You’ve got three – when you get to the sixth game, if you don’t win anything, there has to be three on one side, three on the other, right?”

The ability to reconsider ideas allowed Mike to eventually come up with an explanation for why P(6) was equal to P(7), which helped him reach closure on the WSP. 
Differentiated Collaboration 

Throughout the entire third session, Mike used Robert as a springboard for his ideas. Over time, however, the interaction became less productive, particularly since Robert insisted on the alternative solution. Mike increasingly sought more exchanges with the researcher. He started to ask questions as opposed to just answering or explaining his thinking. In one of their attempts to defend the alternative solution on grounds that P(6) and P(7) were different, Mike said to researcher, “Can I ask you a question?” The Researcher said, “Talk to Robert,” but Mike asked the question anyway: “Do you think it’s harder to win it in six? Like, do you think it’s, it’s easier to have the game won in seven or six games?” The researcher sent them back to the drawing board: “Well, I think you have to think about it.” Also, just before he came up with an argument for why P(6) and P(7) were same in the original solution Mike ignored Robert’s insistence on the alternative solution and sought the researcher’s input of his argument:

I’m trying to think, too. I’m not seeing anything. Hey, get her in here. I want to tell her about how – it doubles. I want to tell her that and see if she says anything. Maybe she’ll give us an idea.

Mike’s ability to engage in differentiated collaboration with a peer, Robert, and an expert, the researcher proved not only a useful problem-solving approach, but also suggested a novel view of mathematics as a collaborative activity, which discussed below.  

Conclusions
In emphasizing mathematics as a sense making, discovery, and discursive activity, Mike places learners, [more specifically, their activity], as active participants in the construction of knowledge and determination of its validity, as opposed to regarding them as mere receivers of knowledge and truth from experts or textbooks. Such a view is consistent with the non-traditional approach to mathematical learning and teaching, which emphasizes meaning making, building of ideas, convincing arguments, and collaborative work, as opposed to mechanical procedures, memorization, and isolated mathematical activity. 

Mike did not just display powerful mathematical behavior in the WSP. He engaged in behavior that was also consistent with his views. His quest for justification, flexibility and timing in working with others, and ability to engage effectively in collective mathematical activity with a peer and an expert reflect not only useful problem-solving skills, but also forms of behavior that support his views of mathematics as a sense making, and discursive activity. Differentiated collaboration may be a form of behavior that is not consistent with his view mathematics as a discovery activity. Yet, a close analysis reveals that Mike was not trying to get the researcher to tell him if he was right or wrong as he was attempting to discuss ideas with the researcher. This suggests a view of mathematics as a collaborative activity in which both novices and experts are part of the same discursive community, but where the role of the experts is to enrich rather than determine the debate. It is interesting that, however, that differentiated collaboration was not apparent from the analysis of the interview with Mike, but rather from observations of his mathematical behavior. This suggests a more complex relation between individuals’ behaviors and their views beyond the consistency or lack of: Important dimensions of either of them can become apparent form the analysis of both as opposed to just one of them. 

Finally, Mike’s mathematical views mirror the conditions within which he was asked to engage in mathematical activities in the longitudinal study. This enhances the reliability of the study, since Mike could have chosen to speak highly of the traditional school system which he experienced in parallel with the longitudinal study. More importantly, however, it suggests that mathematical beliefs develop within particular mathematical conditions or practices. 
The results are significant: (1) they challenges the widespread belief that students below college are epistemologically naïve. In particular, the results show that not only can such students hold powerful mathematical views, but they can also display behavior that is consistent with their views.  (2) The results highlight the advantages of a simultaneous analysis of mathematical beliefs and behaviors, which provides a methodology that helps unveil important aspects of them relation between beliefs and behavior, which might go otherwise unaccounted for. (3) Finally, the result also highlight the importance of regarding view or beliefs not only as a purely cognitive constructs, but also the result of an enculturation process into particular mathematical practices, which foster particular mathematical beliefs and behaviors. In the particular context of mathematics classrooms, this means that teachers may pay attention to the kind of beliefs that they might be promoting within their classroom trough their practices.
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� The World Series Problem: In a World Series two teams play each other in at least four and at most seven games. The first team to win four games is the winner of the World Series. Assuming that the teams are equally matched, what is the probability that the World Series will be won: a) in four games b) in five games c) in six games d) in seven games?


� The Tower Problem: Your group has two colors of unifix cubes. Work together and make as many different towers four cubes tall as is possible when selecting from two colors. See if you and your partner can find a way to convince yourself and others that you have found all possible towers four cubes tall
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