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A research-based whole class teaching experiment intended to elicit frequent creative mathematical thinking and build new conceptual knowledge led to the recognising of situations that should theoretically build optimism. Optimism is an explanatory style associated with student responses to successes and failures that has previously been linked to successful problem solving. Multiple perspectives of the lesson were captured by video, and post-lesson video-stimulated student interviews in which students to reconstruct their thinking in class. These interviews also generated indicators of optimism. Optimism-building situations were identified within the interactions of one group, and questions were raised about situations that might benefit ‘not yet optimistic’ students. 
Introduction

My PhD study (Williams, 2005), of 86 students in six different classrooms in Australia and the USA, identified five students who set their own mathematical challenges and creatively overcame them to develop ‘novel’ (to the student) mathematical knowledge relevant to the topic under study. Each of these students displayed indicators of ‘optimism’ in their interviews and enacted optimism in class. An optimistic child sees successes as ‘permanent’, ‘pervasive’, and ‘personal’, and failures as ‘temporary’, ‘specific’, and ‘external’ (Seligman, 1995). Perceiving success as pervasive is attributing success to a characteristic of self  “I succeeded, I am smart”. Perceiving failure as specific involves examining failure to see what can be changed to increase the likelihood of future success (instead of perceiving the failure as relating to a characteristic of self: “I failed, I am stupid”). Students who set and overcame their own challenges developed a deeper understanding of the mathematics upon which they focused than other students who were subsequently taught this topic by the teacher (Williams, 2005). This fits with previous findings about the benefits of exploring to make meaning, rather than just learning rules and procedures (Skemp, 1976; Boaler, 1998). Successful problem solving involves the enactment of optimism (Williams, 2005). Students look for ways to overcome problems they encounter [failure as temporary] by looking for what they can alter to find a way to succeed [failure as specific]. They perceive that personal effort can lead to success. It is important to know whether optimism can be built. 

Seligman (1995) identified successes during ‘flow’ experiences (Csikszentmihalyi, 1992) as optimism building. Flow is a state of high positive affect during creative activity. Optimism building situations (flow situations) occurred where students set themselves challenges that required them to work with mathematics in unfamiliar ways to develop new understandings. Conditions for flow include spontaneously set challenges that can be overcome by working just beyond present understandings (Williams, 2002). The Engaged to Learn Model is based upon the conditions for flow and the need for optimistic activity in inclining to explore new ideas (Williams, 2000, 2006). It underpins a teaching approach used in this research that is intended to provide opportunities for students to engineer flow conditions. This approach is based on teacher faith that students will set their own challenges if tasks are appropriate. Groups communicate findings to the class at intervals then make decisions about how to proceed. As tasks are accessible through a variety of mathematical pathways of varying degrees of sophistication, students control mathematical difficulty, and level of challenge. Thus “motivation guzzlers” like anxiety and uncertain control (Martin, 2003, p. 45) decrease and greater opportunities to engage, succeed, and build optimism exist.

indicators of Optimism and optimism enactment

Dean was a student who struggled to pass mathematics, but persevered even when success was not easy to achieve. His activity is used to illustrate links between optimism and successful mathematical problem solving (Williams, 2005). His interview responses and activity in class help to elaborate the dimensions of optimism (Seligman, 1995). Dean persevered in spite of the failures he encountered, and created novel mathematical ideas when he could not execute the teacher’s required procedure (Williams, 2006). In his interview, Dean stated: 

Cause the first time I do stuff um I get a bit stressed [quiet laugh at himself] … I always don’t get it at first. 

Dean’s use of “at first” indicates he perceived failure as temporary. His perception of success as personal is illustrated in the following quote: 

[When I don’t understand] I write it down in my book and then when he’s talking [about] something that I have already known then I just look over it again

Dean was expected to use the teacher’s method to find the sums of interior angles. The class was to cut polygon into triangles, tear off interior angles, and juxtapose them to find the sum. When Dean did not succeed (because he could not juxtapose the pieces of paper correctly), the teacher demonstrated again. Rather than seeing himself as stupid for failing [failure as pervasive], Dean studied the teacher’s activity and found how the teachers’ procedures differed from his own [failure as specific]:

I didn’t know where the corners [angles] went- he [teacher] told me you put [them] facing in but … I was doing it all different- I was facing them out and up 

Even with this extra information, Dean was still unable to execute the procedure so he looked for another way to proceed [failure as temporary, success as personal]. When the teacher collected results from students’ findings in a table [Column Headings: name of polygon; number of sides; number of triangles in polygon; and sum of the angles], the teacher and class focused on the ‘sum’ column to build a numerical pattern. Dean instead focused simultaneously (and intently) on the ‘number of triangles’ column, and the ‘sum’ column and realised he could use previous knowledge: ‘each triangle has one-hundred and eighty’. He found answers by working out how many triangles and adding ‘one-hundred and eighty’ for each. This method, which was ‘novel’ to Dean, was not discussed in class. Instead of waiting helplessly when he still did not understand, Dean looked to see how he could change his approach to have more chance of success [failure as temporary, failure as specific, success as personal], and achieved success as a result. We need to study the enactment of optimism during student-engineered flow situations to find out more about such situations and how they build optimism and how this builds problem solving capacity. 

Research Questions: What types of situations are optimism-building situations? And, what are the aspects of optimism building that contribute to increased problem solving capacity? 

Research Design

To identify flow situations in a Grade 5/6 lesson, the Learners’ Perspective Study methodology (Clarke, 2006) was adapted to capture the private talk of groups (Cameras 1, 2, and 3 in Figure 1), and interim reporting by groups (Camera 4). Student reconstruction of their thinking in class, and student indicators of optimism were captured through video-stimulated interviews. The particular video used for an interview depended on group membership. Camera 1 captured Group 1 and the reporting sessions. Mixed image video with Group 2 or 4 at centre screen, and group reporting as an insert was used for those groups. Separate videos were used for Groups 3 and 5. Written work was also available during student reconstruction of class activity.
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Figure 1 Camera Configuration: whole class captured by four cameras set-up

Post-lesson video-stimulated interviews were undertaken with four students after each lesson. Students were selected from at least two of the groups. Decisions were based on their positions in relation to the cameras and interactions that occurred. In the interviews, students controlled the video remote and discussed parts of the lesson they considered important. Flow situations were identified using student reports of when new learning occurred, and positive affect and/or intensity in class or in the interview. 

Indicators of optimism were captured through questions like: “How do you learn something like that? and “How are you going in maths and how do you make that decision?” The enactment of optimism was captured on the videos, and student interview comments informed the analysis. The researcher formed the groups informed by the classroom teacher’s knowledge of the students, and video of this class working in groups during the broader study “the role of optimism during collaborative problem solving” from which this data was selected (see Williams, 2007). More detail of this process is described in Williams (submitted). The researcher and teacher team-taught with the researcher as the primary implementer of the task (see Figure 2). The activity of a group of three optimistic students (Patrick, Eliza, and Gina) focuses this paper.
 

Figure 2. The Fours Task implemented in class

The class undertook the task individually for three minutes before sharing their findings in their group in preparation for further work on the task together. To enable both visual images and language as communication tools (Ericsson & Simons, 1980), tiles containing the symbols and the 4s were provided to groups, and were available on the overhead projector to support student reporting. Camera zooms captured this activity to provide further data on student thinking and dynamic visual images available.
Analysis and Results

Three identified features of flow during mathematical problem solving are illustrated and analysed to identify how they could contribute to building problem solving capacity. These are: a) student-created flow conditions; b) outcomes of flow; and c) ‘expert others’ (Vygotsky, 1978) setting up flow opportunities. 
Student-Created Flow Conditions
Patrick used opportunities made available to him through the task, and through the reporting sessions to create flow situations. He set his own challenges that required him to experiment with mathematical ideas that were unfamiliar to him. For example, he reported to his group that he had thought about the symbols that were harder to use during individual work: “I went looking for hard one's first like decimals and stuff and times [multiplication]”. He could have chosen to use addition and subtraction first and to generate all the numbers he could using these easy operations. Instead, he decided to challenge himself by immediately moving into unknown territory and exploring types of numbers (decimals) and operations (multiplication) he was not as familiar with. Patrick’s focus on decimals and multiplication rather easier numbers and operations was recognised as challengin by other capable students in his group. Gina’s response to Patrick’s question illustrates this: 

Patrick

Can you have 13.6? 

Gina

I don't know I think you've made it really hard with the decimal.
Patrick also frequently displayed a willingness to explore unfamiliar ideas from the reports of other groups. He focused on: a) what students had started but reported being unable to complete; b) what he identified as incorrect; or c) what was reported as incorrect by groups. For example, he stated: “You know how they got it wrong- it made me think about how they could get it right”. 
Because Patrick focused outside the group’s present understandings, yet articulated challenges that were just within reach through collaboration, the group developed new understandings about the structures of sums they formulated (see next section). 

Outcomes of Flow 

Patrick’s interactions with others in his group showed he could consider several parts of a sum together as one mathematical entity rather than only operate on parts of the sum one at a time. He thought about the sum 4 + 4 - 4 + 4 displayed in tiles on the table, put his hand over the – 4 +4 at the end and moved them slightly to the side saying “we don't really need these cause these two cancel each other out it's just four plus four”. Other members of the group discussed this idea before understanding what Patrick meant. They later used zero in place of this combination in other sums. 

Similarly, Eliza used what Patrick had reported from his individual work. He had emphasised a mathematical entity of “one whole” when another group could not work out 4/4. Eliza packaged together these parts in a sum she worked on later: “Four times four is sixteen plus one [instead of 4/4] is seventeen”. 

The successful outcomes arising from Patrick manoeuvring of conditions for flow helped other group members to move outside their present understandings and set and overcome their own challenges by using mathematical structures that Patrick gained insights about during his exploratory activity. The group found some sums no longer needed to be considered as a series of operations to be carried out one by one because there were ‘packages’ that remained the same across sums.   
Expert Others Setting Up Opportunities For Flow
There were many aspects of the lesson set up by the researcher-teacher (RT) that were informed by her previous research on enabling ‘Space to Think’ (see Williams, 2005, Chapter 7). These included a task with opportunities to discover complexities, questioning to elicit more complex thinking, group compositions likely to result in students working in overlapping Zones of Proximal Development (Vygotsky, 1978) to sustain flow, lessons structured so groups shared findings with the class, and opportunities for students to access dynamic visual displays (in this case, reorganisations of tiles) during group work and on the overhead projector during reporting. An engineered feature is now illustrated: priming the reporter. 

Before each reporting session, groups had one to two minutes to ‘prime their reporter’. These reports were focused with a general comment from the RT (see Williams, 2007) but groups decided on the actual content of their reports. An illustration of a general comment made prior to a reporting session is included along with subsequent comments from the group under study during ‘priming the reporter’:

RT 
[You might report on another number you have found or] you might be thinking big picture and trying to work out some neat ways to get there fast 

Group members brainstormed about ideas they had developed as they primed Patrick. In doing so, their thinking crystallised and they were able to more clearly express what they had found:
 Patrick
We could say that if you're going to use- I don't know- if you do minus four plus four cause they cancel each other out and you can get a low number or something I don't know

 Eliza
Some time part of the sum doesn't count because things cancel each other out

Patrick
I'm not primed for it

Gina
Yes you are



Patrick
Sometimes some sums … // um they cancel each other out because

 Eliza
Yes so a part of the sum doesn't weigh- sometimes some sums they cancel each other out because so a part of the sum doesn't weigh

Patrick began by focusing on the role of the minus four plus four that he already knew cancelled out and that he could see as useful when wanting a low answer. Eliza focused on what this combination of numbers and operations did to the sum. In trying to work out what to say, they shared their different interpretations. Their discussion of the role of brackets is also included to show how their ideas crystallised during their interactions intended to develop ‘big picture’ ideas. 

Gina
Brackets make the sum work out better if this didn't have brackets it would turn out like that [points to a sum]

Patrick
Brackets can change the sum- can change the answer

Listening to and reflecting on what Gina said about brackets helped Patrick articulate the big idea they had found: the inclusion of brackets, and the order of taking into account operations to calculate in a sum can change the answer.

Discussion and Conclusions

Optimism building situations were found to include those associated with: 

· Discovering complexities within the task 

· Spontaneously pursuing complexities arising from the reports of others

· Developing novel ideas by extending novel ideas developed by others

· Generalising findings whilst priming the reporter 

In all four types of situations, the students demonstrated that not knowing was temporary and could be overcome through personal and / or collaborative effort. Being required to review what they knew in order to communicate it to others focused students on what they had found, and led to further successes as their ideas crystallised. The idea that students replicate flow situations to experience the accompanying pleasure (Csikszentmihalyi, 1992) needs to be extended. This study has illustrated that replicating flow situations may also be linked to increased perception of personal capacity to overcome challenges (confidence) conditioned by overcoming multiple challenges of ever-greater magnitude during a task. By focusing groups on what they have found during “priming the reporter”, the personal nature of success is emphasised and the pervasive nature of success may also be strengthened. Such activity could consolidate the idea that failure is temporary and can be overcome by looking for what could be changed to gain success. This could strengthen perseverance; students can sustain progressive failures over longer periods of time because their faith that they will be able to succeed has been strengthened. This study of one optimistic group has elaborated optimism-building situations, demonstrated optimistic activity enabling successful problem solving, and identified how dimensions of optimism fit with problem solving capacity. Further research is required to confirm the tentative findings. This research does not specifically address how not-yet optimistic students can start on their way to becoming optimistic. This is an important question for future research. 
References

Boaler, J. (1998). Open and closed mathematics approaches: Students experiences and understandings. Journal for Research in Mathematics Education, 29(1), 41-62.

Clarke, D. J. (2006). The LPS research design. In D. J. Clarke, C. Keitel & Y. Shimizu (Eds.). Mathematics classrooms in twelve countries: The insider's perspective. (pp. 15-36).Taipei, Sense Publications.

Cobb, P., Wood, T., Yackel, E., & McNeal, B. (1992). Characteristics of classroom mathematics traditions: An interaction analysis. American Educational Research Journal, 29(3), 573-604.

Csikszentmihalyi, M. (1992). The flow experience and its significance for human psychology. In M. Csikszentmihalyi & I. Csikszentmihalyi (Eds.), Optimal experience: Psychological studies of flow in consciousness (pp. 15-35). New York: Cambridge University Press.

Ericsson, K., & Simons, H. (1980). Verbal reports of data. Psychological Review, 87(3), 215-251.

Martin, A. J. (2003). Boys and motivation. The Australian Educational Researcher, 30(3), 43-65.

Seligman, M. (with Reivich, K., Jaycox, L., Gillham, J.). (1995). The Optimistic Child. Adelaide: Griffin Press.

Skemp, R. (1976). Relational understanding and instrumental understanding. Mathematics Teaching, 77, 20-26.

Vygotsky, L. S. (1978). Mind and society: The development of higher psychological processes. M. Cole, V. John-Steiner, S. Scribner, & E. Souberman, (Eds.), (J. Teller, Trans.). Cambridge, MA: Harvard University Press.

Williams, G. (2000). Collaborative problem solving and discovered complexity. In J. Bana & A. Chapman (Eds.), Mathematics Education Beyond 2000. Proceedings of the 23rd Annual Conference of the Mathematics Education Research Group of Australasia (Vol. 2. pp. 656-663). Fremantle: MERGA.
Williams, G. (2002). Associations between mathematically insightful collaborative behaviour and positive affect. A. Cockburn & E. Nardi (Eds.), Proceedings of the 26th conference of the International Group for the Psychology of Mathematics Education (Vol. 4, pp. 402-409). Norwich, UK: PME.

Williams, G. (2003). Associations between student pursuit of novel mathematical ideas and resilience. In L. Bragg, C. Campbell G. Herbert & J. Mousley (Eds.), Mathematical Education Research: Innovation, Networking, Opportunity  (Vol. 2, pp. 752-759). Geelong, Victoria: Deakin University.

Williams, G. (2005). Improving intellectual and affective quality in mathematics lessons: How autonomy and spontaneity enable creative and insightful thinking. Unpublished doctoral dissertation, Department of Science and Mathematics Education, University of Melbourne, Melbourne, Australia. Accessed at http://repository.unimelb.edu.au/10187/2380
Williams, G. (2006) Impetus to explore: Approaching operational deficiency optimistically. In J. Novotna, H. Moraova, M. Kratka, N. Stehlikova. Proceedings of the 30th conference of the International Group for the Psychology of Mathematics Education (Vol. 5, pp. 393-400). Prague, Czech Republic: PME.

Williams, G. (2007). Classroom teaching experiment: Eliciting creative mathematical thinking. In J. Woo, H. Lew, K. Park, & D. Seo (Eds.). Proceedings of the 31st conference of the International Group for the Psychology of Mathematics Education (Vol. 4, pp. 257-364). Seoul, Korea: PME.

Williams, G. (submitted). Group Composition: Influences of optimism and lack thereof. Paper submitted for inclusion in the Annual Conference of the International Group for Research into the Psychology of Mathematics Education, Mexico, July 2008.

 x Camera 3                 Camera 2  x   


 G3                                          G2





                                     





  G5                 G1                G4


        


  Camera 1  X 


                       





Camera 4 x  








Make each of the whole numbers 1, 2, 3, 4, … 20.


For each, you must use the digit 4 four times and as many of the listed operations and other symbols as you need:





+   +   -   -   x   /   ÷   √  .  ()   2    

















