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Recognition of representations of common geometry theorems appears to be a problem for many South African learners. An instrument was developed to identify the extent to which learners would recognize such representations. On this basis, learners’ dimension-of-possible-variation for each theorem was identified. The link between the learners’ dimensions-of-possible-variation and their ability to recognize the same theorems in more complex diagrams was investigated. It was anticipated that learners would at most be able to recognize representations within their dimensions-of-possible-variation. However, all but two of the learners showed a greater ability to recognize theorems in the complex than in more simple diagrams. Some possible reasons for this are discussed.

INTRODUCTION
The performance of South African learners in the grade 12 school leaving examination is extremely low. This problem has been linked to the nature of teaching geometry which focuses on the rote-learning of theorems and proofs, but has also been considered in the light of the widely recognized van Hiele framework. As the grade 12 exam requires proofs, albeit simple, they are on a high van Hiele level. Thus, learners operating at a lower van Hiele level would be expected to struggle with the exam. Even if they are able to engage in thinking at the proof level, success relies on their ability to decode the diagrams accompanying the questions. Thus, failure at a visual level inhibits a learner's progress in operating at the formal proof level (Van Hiele, 1986; Van Hiele–Geldof, 1984; Clements, 2002; Whiteley, 2002). 
Geometry diagrams are more than simply images; they are conceptual in their nature as well. As formulated by Fischbein (1993): “All geometrical figures represent mental constructs which possess, simultaneously, conceptual and figural properties”. This is supported by Schönborn and Anderson (in Press) who, in the context of Biochemistry, have identified 3 interacting factors affecting students’ ability to interpret diagrams. These include student’s prior conceptual knowledge of relevance to the diagram, their cognitive (or reasoning) skills they use to visualise and make sense of the diagram, and the diagram mode in which the concepts are presented. Thus, a diagram or part of a diagram can be inferred to be a representation of a concept or a theorem. Clearly, some diagrams can represent more than one concept or theorem. However, a theorem can also have more than one representation, in the sense that it can apply to a range of situations and thus can be illustrated in different ways. For instance, the diagrams in figure 1, below, all represent or illustrate the same theorem.
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A    The exterior angle of a cyclic quad is equal to the opposite interior angle   B    The radius is perpendicular to the tangent     C    The angle at the centre is twice the angle at the circumference   D     Angles in the same segment     E      The opposite angles of a cyclic quad are supplementary     F     Tan - chord theorem     G     Other    

Question 1      

Question 2      

A    Angles in the same segment     B    The opposite angles of a cyclic quad are supplementary     C    Tan - chord theorem     D    The exterior angle of a cyclic quad is equal to the opposite interior angle   E    The radius is perpendicular to the tangent     F    The angle at the centre is twice the angle at the circumference   G    Other    

°  


Figure 1:  Representations of the angle at the centre theorem.
One would expect that it would be more difficult to recognise an illustration of a theorem in a more complex diagram. The question is, how is the complexity of a 

diagram determined? Larkin and Simon (1987) are quite specific in their classification of a Geometry diagram as a diagrammatic representation for which a data structure can be defined. A data structure is a list of sentences/statements accounting for all the features of a diagram and their inferences. The Geometry diagram is diagrammatic because it consists of "a data structure in which information is indexed by two-dimensional location" (Larkin & Simon, 1987, p68), and it exists in ideal space because it is not representing any real life situation or object (ibid.). They claim that the reader of a diagram goes through three actions, namely search, recognition, and inference (where new statements are added to the data structure).
The problem with this model is that Larkin and Simon (1987) do not make clear whether the data structure is in the mind of the reader (since the reader can build the data structure by adding to it as inferences are made), or whether the data structure is merely the description of the diagram, where the extent of the reader's comprehension of the data structure is a function of the reader's expertise. As recognition of representations of theorems allows the reader to break the diagram into chunks rather than discrete elements, it seems reasonable to argue that the complexity of a diagram is determined in the interplay between reader and diagram. Nonetheless, it seems reasonable to claim that a diagram can become more complex to the reader when extra components are added.
Their research also draws our attention to the need for the completion of a search through a diagram in order to recognise representations before any inferences can take place. The more a reader of a diagram struggles to recognise the representations contained in the diagram, the longer the decision time – the cost of search (Mason, 2003) is higher. Thus, the decision time can be taken as an indicator of the complexity of a diagram for that particular reader.
To recognise a part of a diagram as the illustration or representation of a theorem, the reader must notice the components of the diagram and a relationship between them, which then must be seen as representative of a quality relating the components (compare to Mason, 2003; Pegg & Davey, 1998). According to Mason, an ability to selectively focus on some details and not others is not necessarily transferable to other similar or new situations. Larkin & Simon (1987) corroborate this and note that a person may easily recognize features in one diagram which they have difficulty recognizing in another. However, they say little about what determines when a quality relating components of a diagram is noted by the reader and the extent to which the recognition depends on the representation or not. This begs further investigation.
This research therefore set out to explore two things:
· Firstly, the extent to which learners would recognise different representations of the common theorems from their school geometry, and

· Secondly, the extent to which their ability to decode more complex diagrams, similar to those they can expect to encounter in the exam situation, depended on their ability to recognise different representations of the common theorems.

THEORETICAL FRAMEWORK
Learners who have engaged with Geometry are likely to have an example space (Mason, 2003) based on their previous encounters with geometry. An example space is the ‘archive of experiences’, from which previous encounters with geometry may be retrieved.
Mason (2003) provides an introduction of two factors describing the extent of a learners' knowledge of each concept and their ability to extend that knowledge. The first factor is called a dimension-of-possible-variation. This accounts for the complete collection of typical ways in which the concept can possibly be represented. Figure 1 illustrates the suggested dimension-of-possible variation of the theorem stating that the angle at the centre is twice the angle at the circumference.

The example space of any person doing Geometry will contain a copy of the dimension-of-possible-variation for each concept in various states of completeness. For instance, an expert will have in their experience most, if not all, of the representations that are possible. For each concept, an apprentice will have an incomplete or non-existent experience and memory of all the possible representations which can exist. As the learner gains experience and expertise, the dimension-of-possible-variation in their example space hopefully becomes more complete for each Geometric concept.

For each concept in Geometry a second factor exists. Mason calls this factor the range-of-permissible-change. When a learner has an incomplete dimension-of-possible-variation for a particular concept, this term, range-of-permissible-change, describes the extent of difference between known representations and new representations with which a learner can cope (Mason, 2003). Where representations fall outside the experience of a learner and are outside this range-of-permissible-change, the learner is unable to recognize the new case. Thus, range-of-permissible-change describes the flexibility of learners’ knowledge and the potential to accommodate new representations. A learner may for instance have the first and second representations in Figure 1 in her/his dimension-of-variation for this theorem, but not the required representation, which is the third one in the figure. If the learner cannot see this representation as related to one or both of the first representations, it was not within this learner’s range-of-permissible-change and the search will be unsuccessful. However, if the learner sees the required representation to lie between the first and second representations, it is within the range-of-permissible-change and the representation will be recognised and possibly included in the learner’s dimension-of-possible-variation.
We have already mentioned the notions of search and recognition. Briefly, we understand search to be an operation or action that "seeks to locate sets of elements that satisfy the conditions of one or more productions" (Larkin and Simon, 1987, p.69). Recognition then is the successful outcome of a search action where appropriate elements are matched to the requirements of a search action.

Using this framework, the questions guiding this research can be formulated more accurately as:

1. What do learners’ dimensions-of-possible-variation for a range of common school theorems look like?

2. How does a learner's dimension-of-possible-variation for a concept affect their visual search and recognition actions?

And we can add two more questions:

3. If a learner encounters a representation which falls within her/his range-of-permissible-change, does that affect the learner’s dimension-of-possible-variation?
4. How do we determine a learner’s dimension-of-possible-variation for a concept?

The fourth question is obviously of a methodological nature, as it is central to answering the first question. It is, therefore, to methodology we turn next.

METHODOLOGY
Two instruments were employed to address the research questions. Eighty-three learners from two local secondary schools (one boys only school and one girls only school), completed the test which was the first instrument, while 18 of the same learners were interviewed using the second instrument.
Instrument 1: A test with 29 questions

In order to work with a limited number of theorems, we restricted ourselves to the theorems within circle geometry taught in South African high schools. For each of these, a series of representations were identified which had significant differences in appearance – those for The Angle at the Centre Theorem were shown in Figure 1. A pilot study indicated that some of the original 32 diagrams were not different enough to warrant inclusion and they were discarded. On request of the participants in the pilot study, the centre of the circle in the diagrams was clearly marked.

The result was a booklet of 29 multiple questions. Each question requires the learner to match a diagram with one of 7 statements, one of which is ‘other’. The statements are typical expressions of theorems used as reasons in proofs in South African schools and examinations and refer to the circle Geometry theorems laid down by the National Curriculum Statement. To make sure that learners had to think about their choices, certain of the questions contained diagrams which are not representations of any of the circle geometry theorems. This was part of the instruction notes, and learners were asked to proceed with care.
If a learner was able to identify the theorem which could be applied to the diagram, it was taken as an indication that this representation of the theorem was within the learner’s dimension-of-possible-variation for that concept.

As some of the learners are second language English speakers, it was noted that language difficulties could lead to misrepresentations of the learners’ dimension-of-possible-variation. However, since we had selected a small and closed set of theorems which learners are likely to have encountered previously, and since all attended schools where English is the medium of instruction, it was assumed that language issues did not invalidate the instrument.
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Figure 2: Sample questions from Instrument 1

Instrument 2: Clinical interviews
Since we were interested in determining whether non-recognition at a basic level excluded recognition at a more complex level (i.e. verifying that visual recognition is a critical skill), the second test was refined with the purpose of tracking whether learners continued their deficits from the first test using only the diagrams where candidates had shown a problem in the first test. For practical reasons, these interviews were conducted a few weeks after the testing using instrument 1.
The interview began with an initial session where the learner spent time examining a selection of diagrams. These diagrams corresponded to the representations from the first instrument, where visual recognition was unsuccessful for that learner, but were more complex versions of the diagrams from the first test. As shown in Fig. 3, this was achieved by the addition of more lines to the original diagrams which meant that more than one theorem was represented in each diagram. I have included in figure 3 below a comparison of one of the diagrams as it featured in instrument 1 and then as it was adapted for instrument 2.
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Figure 3 A sample question (Number 15) as it appeared 
in Instrument 1 and then in Instrument 2

As also shown in Figure 3, the exact orientation of the diagrams in test one was preserved in the diagrams of instrument 2. This was done because orientation was deemed to be both a feature of a representation and a strategy some learners use to overcome visual difficulty. For instance, some learners are taught to rotate the page so that the representation becomes more typical of known representations. It was also a control measure built into the test so a direct link between recognition at a low level and recognition at a more complex level could be investigated, in as isolated a manner as possible.

The diagrams were presented one at a time and the learner was asked to report any relationships that they noticed. When they felt that they had exhausted all options, they were asked to move on to the next question. The interviews were audio taped and supplemented with notes by the first researcher.

Next, learners were asked to think about and express how they conducted searches in diagrams. The probes used varied from learner to learner, in an attempt to reveal peculiarities that could be investigated as possible trends in how learners conduct visual searches.

FINDINGS
Of the 29 questions in instrument 1, learners correctly identified between 10 and 29 representations. Some learners’ dimension-of-possible-variation was all inclusive for some theorems (i.e. they demonstrated an expert recognition for that theorem), while limited for other theorems. Other learners had more even gaps in their dimension-of-possible-variation across the theorems. Figure 4 and 5 show two learners’ dimension-of-possible-variation for two theorems as measured by the first instrument and second data collection instruments. The solid images represent the successful recognitions.
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Figure 4: Learner BO’s recognition maps for the angle at the centre theorem.
*broken lined representations indicate unsuccessful recognitions


Figure 5: Learner BJ’s recognition maps for the theorem that states that the radius is perpendicular to the tangent. 
It was, understandably, expected that learners would not be able to identify representations which were not part of their dimensions-of-possible-variation once they were faced with the more complex diagrams. However, this turned out only to be true for 2 of the 18 learners interviewed. Figure 6 illustrates how the learners fared in the interviews compared to their results from the test. Eleven learners managed to correctly identify a third or more of the representations they had not recognised in the first test. Three of these improved on two thirds or more of the representations. There does not appear to be any correspondence between the number of incorrectly identified representations in instrument 1 and the degree of improvement between instrument 1 and 2. Further analysis of these results will indicate which representations are more likely to be recognised in the interviews following the test, i.e., the extent to which it is possible to recognise patterns in the learners’ ranges-of-permissible-change (van Blerk et al., forthcoming).
























DISCUSSION
It appeared to us that instrument 1 was a good way in which to determine learners’ dimensions-of-possible-variation with respect to the theorems represented, and thus was an answer to the fourth research question. If that was the case, the correctly identified representations of a given theorem would form the learner’s dimension-of-possible variation of that theorem – the answer to our first research question.
However, the interview data indicated that a learner’s dimension-of-possible variation either does not remain constant or is not directly linked to the learner’s visual search and recognition (research question number two). It is clearly surprising that some learners show such an improvement in their ability to recognise representations of theorems in more complex diagrams, when they could not recognise the same representations in simpler diagrams.  A number of possible explanations exist.

One option is that instrument 1 is not able to determine learners’ dimensions-of-possible-variation, in other words that there is a methodological problem at play. So while instrument 1 appeared to be an answer to the fourth research question, this may indeed not be the case.

Another option is that the dimensions-of-possible-variation are not directly linked to specific representations; in other words, the dimension-of-possible-variation is not constant across time and context. This is an ontological problem in that our assumption that a dimension-of-possible variation exists for representations of each theorem may be flawed, and in that sense it also challenges the notion of ‘dimension-of-possible-variation’. Have we been looking for something that does not really exist?

A third option is that learners have expanded their dimensions-of-possible-variation over the few weeks between the two tests. As the learners had not, as far as I was informed, been exposed to further instruction in Geometry or reviews of previously covered material, this can only be due either to their own learning activity or to the effect of having taken part in the first part of this research. One possible explanation is that learners during the test and/or interview experience representations which fall within their range-of-permissible-change and thus their dimension-of-possible-variation is expanded. Another similar explanation is that the use of the first instrument converted unrefined experiences stored in the example spaces of the learners into usable (recognisable) representations that were accommodated into the dimension-of-possible-variation. However, this research does not allow us to answer this, and thus research question three remains open.

It would be useful to conduct a similar experiment where learners were first exposed to the more complex diagrams and then compare the results from these with the results from the test. This would give some indication of the viability of instrument 1 in determining learners’ dimensions-of-possible-variation, and it would assist in answering the question about the extent to which dimensions-of-possible-variation are invariant when learners do not have new experiences with geometry diagrams.

It is a more challenging task to find ways in which to determine what makes a representation fall within a learner’s range-of-permissible-change and when experiencing such representations will lead to an expansion of the learner’s dimension-of-possible-variation for the same concept. We look forward to seeing this explored in the near future.

RELEVANCE TO TEACHING
Although we have questioned the methodological soundness of our own instruments, we still feel that instrument 1 could be a useful formative assessment tool to many teachers, as it would make it possible for them to identify the dimensions-of-possible-variation of their learners.
The data from instrument 2 has yielded the surprising result that learners may be able to recognize representations in more complex diagrams which were not recognized in simpler diagrams. We are inclined to believe that this shows that learners expand their dimensions-of-possible-variations unconsciously, when their attention is specifically directed to link representations to their concept definitions. This is in line with constructivist learning theories, but stresses how learners continuously construct and reconstruct knowledge on the basis of all kinds of experiences, not only directed instruction. While this makes teaching a more complex task, it testifies to the complexities and miracle of learning.
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Figure 6: Scatter plot of percentage of questions incorrect in instrument 1 against percentage of those questions which were also unrecognized in instrument 2. Candidates are represented by their code.
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