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The visual aspects of teaching and learning mathematics have gained increased attention in the last three decades. As lenses for interpreting the results of empirical investigations in this field, several theories have proved useful. This paper synthesizes theoretical developments regarding visual aspects of mathematics education in terms of taxonomies of types of imagery and inscriptions. In particular, insights from Peircean semiotics are used to discuss external and internal signs, descriptive and depictive signs, polysemic and monosemic signs, and related aspects from linguistic theory that include metaphor and metonymy. Examples from recent research investigations involving the learning of trigonometry and geometry are used to illustrate the developing theory.
the need for an overarching theoretical framework
The need for a unified view of the structure and components of a theory of the role of visual representation in mathematics education has been evident for some time. Presmeg (2006a) identified the small number of publications that have addressed such a need—and possible directions that theory development might take—as follows.

Already in 1992, in his plenary address at PME-16 [the 16th conference of the International Group for the Psychology of Mathematics Education], Goldin outlined a unified model for the psychology of mathematics learning, which incorporated cognitive and affective attributes of visualization as essential components in systems of representation in mathematical problem solving processes. More specifically, also in a plenary address, Gutierrez (1996) posited a framework for visualization in the learning of 3-dimensional geometry. More recently, from a review of the extant literature, Marcou and Gagatsis (2003) developed a first approach to a taxonomy of mathematical inscriptions based on distinctions between external and internal, descriptive and depictive, polysemic and monosemic, autonomous and auxiliary representations as used in mathematical problem solving. This work is not yet fully available in English but gives promise of valuable theory development. I see some aspects of their taxonomy relating to the triadic semiotics of Peirce (1998): descriptive and depictive systems are reminiscent of symbolic and iconic signs respectively. Peirce’s indexical signs, with their emphasis on context and metaphor, might add an element to the taxonomy of these authors, who did not make a connection with semiotics. The further development of theory concerning the use of visualization in mathematics was also suggested by Kadunz and Strässer (2004), and this development could include connections with semiotics regarding gestures and other signs (Radford et al., 2003; 2005). The need for ongoing theory development is clear. (p. 226)

In identifying 13 significant questions for research on visualization in mathematics education, Presmeg (2006a, p. 227) included the following: “What is the structure and what are the components of an overarching theory of visualization in mathematics education?” 
In this paper I shall take up the suggestion to expand the initial taxonomy suggested by Marcou and Gagatsis (2003), in terms of Peirce’s triadic semiotics, illustrating categories with data drawn from an ongoing investigation of high school students’ trigonometric connections as well as other mathematical topics. It is important to note that I consider visualization to be a significant aspect of all branches of mathematics (and not merely of “obviously visual” branches such as geometry). Symbolism may in and of itself entail spatial characteristics, thereby implicating visualization.
introduction to the development of a theoretical framework

The first dichotomy in Marcou and Gagatsis’ (2003) taxonomy, that of external and internal representations (based on distinctions made by Goldin and others), is not pursued in this development of theory. The reason for omitting this distinction is that I prefer to follow Piaget and Inhelder’s (1971) claim that visual imagery (internal representation) underlies the creation of a drawing or spatial arrangement (external representation). Thus it does not seem fruitful to separate these modes of representation. The illustrations provided in this paper from trigonometric data concern almost exclusively the external mode, called inscriptions here (cf. Roth, 2004), because the term “representations” acquired some ambiguous and controversial associations in the changing paradigms of the last few decades. Thus the following is an attempt to develop and illustrate a taxonomy of inscriptions, although many of the categories might well be applied to the corresponding forms of visual imagery as well. To summarize the latter, types of visual imagery that were identified by Presmeg (1985, 2006a) were as follows:

· concrete imagery (having characteristics of a picture);

· pattern imagery (pure relationships stripped of concrete details);

· memory images of formulas;
· kinaesthetic imagery (involving physical movement);

· dynamic imagery (in which the image itself is moved or transformed). (2006a, p. 208) 

These five types of imagery were identified in the transcripts of mathematical task-based interviews with 54 high school learners over a complete year when they were in grade 12 (Presmeg, 1985). These categories are roughly comparable to Dörfler’s (1991) kinds of image schemata, which he characterized as figurative, operative, relational, and symbolic (Presmeg, 2006a). However, in this paper I shall concentrate on interpretations of inscriptions, although these interpretations might also be associated with various kinds of imagery or image schemata.
Two of Peirce’s triads

I shall begin with a brief introduction to the way that I am using the terminology of semiotics, and to two of Peirce’s ten semiotic triads.

Semiotics is the study of activity with signs (Colapietro, 1993; Whitson, 1997). But what is a sign? Although in this paper I shall follow the triadic model of Peirce (1998) with basic components that he designated as object, representamen (standing for this object in some way) and interpretant (the result of interpreting this relationship), even in Peirce’s own writings at various periods there is ambiguity in the sense in which he used the word sign. Thus it is necessary to specify how I am using the word. I shall take a sign to be the interpreted relationship between some representamen or signifier—called the sign vehicle—and an object that it represents or stands for in some way. In mathematics, the objects we talk about cannot be apprehended directly through the senses: for instance, “point”, “line”, and “plane” in Euclidean geometry refer to abstract entities that we can never see, strictly speaking, as in Sfard’s (2000) virtual reality. We apprehend these objects, “see” them, and communicate with others about them, in a mediated way through their sign vehicles, which may be drawn or written by hand or through dynamic geometry software, labeled in conventional ways, moved and manipulated for multiple purposes. We work with these sign vehicles as though we were working with their objects: in Otte’s (2006) terms, we become accustomed to seeing an A as a B. It is this interpreted relationship between a sign vehicle and its object that constitutes the sign.

Another useful trichotomy, according to Peirce (1998), is that signs may be iconic, indexical, or symbolic. These types are not inherent in the signs themselves, but depend on the interpretations of their constituent relationships between sign vehicles and objects. To illustrate by using some of Peirce’s examples, in an iconic sign, the sign vehicle and the object share a physical resemblance, e.g., a photograph of a person representing the actual person. Signs are indexical if there is some physical connection between sign vehicle and object, e.g., smoke invoking the interpretation that there is fire, or a sign-post pointing to a road. The nature of symbolic signs is that there is an element of convention in relating a particular sign vehicle to its object (e.g., algebraic symbolism). These distinctions in mathematical signs are complicated by the fact that three different people may categorize the “same” relationship between a sign vehicle and its object in such a way that it is iconic, indexical, or symbolic respectively, according to their interpretations—thus effectively generating three different signs, as is illustrated later in this paper for the case of the quadratic formula.
A TAXONOMY OF INSCRIPTIONS
In addition to their external-internal distinction regarding representations—which will not be pursued further—the initial approach of Marcou and Gagatsis (2003) included the following pairs of characteristics:

(a) descriptive—depictive;

(b) polysemic—monosemic;

(c) autonomous—auxiliary.

Each of these dichotomies is examined in terms of Peirce’s triad of iconic, indexical, and symbolic signs.

Descriptive and depictive sign vehicles

Descriptive and depictive sign vehicles would appear to correspond to words and pictures respectively, or to the symbols of mathematics roughly contrasted with the visual forms that capture its structure (bearing in mind the point made previously, that symbols have a visual element too, e.g., as illustrated in memory images of formulas). Words and symbols have an element of convention, both in their linguistic form and in the choices of mathematical symbolism, thus the relations of these descriptive sign vehicles to their mathematical objects may be interpreted as symbolic. In contrast, depictive visual forms are iconic because they bear a physical resemblance to the structure of the mathematical objects they are representing. However, Peirce’s triad indicates that there is a third form—not taken into account by Marcou and Gagatsis in their classification—that of indexical signs. The interpretation of the relation of the sign vehicle with its mathematical object is neither conventional nor iconically structural in this case, but depends on the context (see the following example). This characterization yields a broad theoretical classification of symbolic (descriptive), iconic (depictive), and indexical sign vehicles. However, in practice the distinctions are more subtle because they depend on the interpretations of the learner—and therefore the distinctions may be more useful to a researcher or teacher for the purpose of identifying the subtlety of a learner’s mathematical conceptions if differences in interpretation are taken into account.

As an example, let us examine the quadratic formula in terms of this triad. The roots of the equation ax2+bx+c = 0 are given by the well known formula
               ______
x = -b ± √b2- 4ac .
 
   2a

Because symbols are used, the interpreted relationship of this inscription with its mathematical object may be characterized as symbolic, involving convention. However, depending on the way the inscription is interpreted, the sign could also be characterized as iconic or indexical. The formula involves spatial shape. In my original research study of visualization in high school mathematics (Presmeg, 1985), many of the students interviewed reported spontaneously that they remembered this formula by an image of its shape, an iconic property. However, the formula is also commonly interpreted as a pointer (cf. a direction sign on a road): it is a directive to perform the action of substituting values for the variables a, b, and c in order to solve the equation. In this sense the formula is indexical. Thus whether the inscription of the formula is classified as iconic, indexical or symbolic depends on the interpretation of the sign—a theme that is elaborated in the following sections.
Metaphor and metonymy

The literary forms known as metaphor and metonymy are useful in providing a finer grain of classification of iconic, indexical, and symbolic signs in mathematics education. Each has a specific structure. Metaphor implicitly compares two domains of experience, giving meaning to one of these domains (the target domain) by reference to structural or practical similarities in the other (the source domain). The target and source domains are sometimes called the tenor and the vehicle of the metaphor respectively (Presmeg, 1998). There are always some elements that are common to the two domains (called the ground) and some elements that are different (the tension). The constituent relationships are depicted in figure 1. In mathematics, metaphoric relationships are often iconic, e.g., in trigonometry, “triangles in the unit circle are a bow tie” is a useful metaphor to help learners apprehend the constituent relationships and their shape (in a teaching unit following Brown, 2005).
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Figure 1: Structure of metaphor.
The structure of metonymy is different from that of metaphor. There are two forms, namely, metonymy proper and synechdoche, both of which are used frequently in mathematics (Presmeg, 1998). Because context is important in interpretation of metonymy, these forms are indexical. Metonymy proper uses one sign vehicle to stand for another, taking the context into account (figure 2). 
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Figure 2: Structure of metonymy, using Lakoff’s (1987) example.
Synechdoche uses part of a sign to stand for the whole, or the whole to stand for a part. For example, a drawing of a triangle is used to stand for a general triangle, i.e., an element of the class is used to stand for the whole class of triangles (figure 3). 
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Figure 3: Structure of synechdoche: triangle example.
These literary forms have the potential to provide a finer grain in unpacking the structure of iconic, indexical, and symbolic signs in mathematics education research.
Polysemic and monosemic sign vehicles

Polysemy and monosemy comprised the next category in the preliminary classification of representations by Marcou and Gagatsis (2003). However, there is a third, possibility, that of homonymy. I would like first to clarify the distinction between polysemy and homonymy. Lakoff (1987) provided useful examples to illustrate the difference between these terms, as follows.

The bank of a river and the bank in which money is kept are examples of homonyms, because although the same word is used there is no connection between the objects represented by these sign vehicles. The same sign vehicle—the word “bank”—refers to two different and unrelated objects.

“I work for the newspaper” and “The early newspaper is already being delivered” exemplify polysemy, because there is a relationship between the news organization and the newspaper that it produces. The two objects underlying the same sign vehicle—the word “newspaper”—in these two sentences, are related by the fact that the newspaper organization produces the paper, i.e., the objects are related and their sign vehicle produces different but related interpretants.
In a semiotic analysis of mathematical ideas it is likely that polysemy will be involved, as in the three related interpretants for the quadratic formula in the previous section. However, there are also cases in which the same sign vehicle is used for unrelated mathematical objects. Vinner and Dreyfus (1989) described the compartmentalization that results when the same sign vehicle is interpreted by an individual as standing for two different and more or less unrelated mathematical objects, which they termed the concept definition and the concept image. Thus the theoretical formulation should be open to the possibility of homonymy. 
Again, whether or not sign vehicles are monosemic, polysemic, or an example of homonymy, will depend crucially on the interpretant constructed by an individual. Because of differing interpretants, mathematical sign vehicles are seldom monosemic. However, if teachers do not recognize that they are polysemic, and take them to be monosemic, confusion may ensue for the learner. Working in three countries (Cyprus, Italy, and Greece), Gagatsis and Elia (2003) showed clearly that the number line is used by children in polysemic ways in conducting arithmetic operations. Other examples, from more advanced mathematical content, are the symbols Σ and ∫, which may be apprehended in at least two different ways: they may be taken as mere conventional symbols for a sum and an integral respectively; or they may be understood as indices pointing to the need to perform the operations of finding a sum or integrating. Within these interpretations, there may be further polysemic nuances of meaning. The interpretation could be merely procedural and instrumental—carrying out an algorithm—or it could be conceptual and relational (Skemp, 1976) if the underlying structure is apprehended. Moschkovich, Schoenfeld, & Arcavi (1993) described two fundamentally different perspectives for the concept of a mathematical function, which they identified as a process perspective and an object perspective. The nature of the former was characterized as algorithmic, involving a process of algebraic substitution, whereas the latter could be seen as a more holistic apprehension of a function in its entirety, including its iconic relationships. The fundamentally different natures of these two perspectives indicate the polysemy of these interpretations, both of which are occasioned by the notion of function, i.e., the same sign vehicle.
Autonomous and auxiliary sign vehicles

On the one hand, although sign vehicles such as Σ and ∫ are polysemic, they may be regarded as defining particular mathematical concepts in their own right, i.e., they are autonomous rather than auxiliary. On the other hand, when diagrams are drawn in attempting to make sense of a mathematical problem in which no diagram is given, such diagrams are auxiliary if the problem could have been solved without them. All of the possible diagrams in response to the 24 questions in Presmeg’s (1985) “Mathematical Processing Instrument” (MPI) are of this nature. The instrument measures high school students’ and teachers’ preference for using visualization, rather than ability to do so. (Someone with high visual or spatial ability may nevertheless choose to do these problems purely algebraically.) Use of a diagram, or merely a “picture in the mind”, according to self-report on an accompanying questionnaire, results in scoring for a visual solution, and the total “visuality” score enables individuals to be placed on a continuum for preference for use of visualization (Presmeg, 1985, 1986, 1997). The results of use of this instrument confirm Krutetskii’s (1976) claim that visualization is distinct from the use of logical reasoning in mathematics, which defines mathematical ability. According to his writings, visualization is often useful, but it is not essential to high achievement in mathematics. In fact, in some cases visualization may hinder mathematical thinking (Krutetskii). In Presmeg’s (1992, 1997) research, all of the difficulties experienced by the 54 “visualizers” in her study could in one way or another be related to problems of generalization: visual sign vehicles are specific, but they need to be interpreted as standing for general mathematical objects. In a two-dimensional plane, Krutetskii’s model could be characterized as placing verbal/logical skills on the continuum of the x-axis and use of visual/spatial aspects on the continuum of the y-axis. According to Presmeg’s instrument, individual scores may fall into categories in all four quadrants of this plane. In this way, the auxiliary types of sign vehicles may influence the style of mathematical thinking, and the ways they are used may determine its efficacy.
examples from a trigonometry investigation

Some of the results of a collaborative investigation of the classroom learning of trigonometry (with Susan Brown, following on from her dissertation research in 2005) were reported elsewhere (Brown, 2006; Presmeg, 2006b). The original research of Brown (2005) identified different ways that students interpreted the conversions involved in moving from trigonometric definitions using right triangles, to those in the coordinate plane, to the use of a unit circle, and finally to the graphs of the sine and cosine functions. Brown did not use a semiotic framework in this study. However, in spring of 2006, Presmeg investigated some aspects of students’ learning in a trigonometric course taught by Brown, and analysed data from a series of interviews with four students in the class, using a semiotic lens. Space permits only a brief summary, but the data provide evidence of students interpreting sign vehicles iconically, indexically and symbolically. The presence of polysemy was strongly evident, as were metaphors (both those introduced by the teacher, and idiosyncratic metaphors) and metonymies.
For instance, the definitions of the trigonometric relationships in a right triangle were understood both iconically (depictive use) in terms of the diagram, and symbolically (descriptive use) because students had memorized them using the mnemonic SOH CAH TOA. Polysemy was evident particularly in moving from the triangle definitions to those on the coordinate plane. For some learners, the gap between “the sine of θ” as a sign vehicle for the triangle definition, and as a sign vehicle for the relationships in a unit circle or in a coordinate plane, provided huge problems in synchronizing their polysemic interpretations. In this case, the bow-tie metaphor introduced by the teacher turned out to be a powerful aid.
Within the structure of the coordinate plane, the same sign vehicle, presented iconically as a point P (x, y) on the unit circle in the second quadrant, was interpreted polysemically by different students and in different tasks in all of the following ways:
with a focus on the numerical values of the coordinates x and y;

in terms of horizontal and vertical distances;

dynamically in terms of movements from the origin;

holistically using the structure of the plane according to positive and negative numerical values.
In the preliminary analysis of the whole data corpus, the following aspects were identified as significant. (The numbers in parenthesis indicate how many of the four students interviewed provided evidence for the phenomenon.)

Compartmentalization and prototypes (4).

Aspects of generalization and logic: the need for a concrete case (3);







a mathematical cast of mind (1).

Compression, unification, and encapsulation (1).

Metaphors:
those taught by the teacher (3);




those constructed spontaneously and idiosyncratically (3).

Sliding interpretations of notation (2).
Gestures as sign vehicles (2).

Spontaneous visual sign vehicles: 
icon helpful (3);







icon unhelpful (1).

The power of falsification (3).

Use of a tool as a sign vehicle (1).

There is evidence from the data to support the conclusion that all of the above aspects are significant in individual students’ learning of trigonometry. The structure of the theoretical framework outlined in this paper has the potential to introduce a finer grain in a second round of data analysis, which is ongoing. In analysing the data further, there is the possibility that the theoretical lens itself may need modification. Each theory is developed with a particular purpose in mind; the purpose of the theory developed in this paper is to capture in summary form notions that have been useful in this researcher’s analysis of data in investigations of the strengths and pitfalls of visualization in mathematics education. A different purpose would of necessity require modification of the theoretical lens, or use of a different lens.
In summary, the theoretical formulation described in this paper identified the following components as a lens for research of aspects of visualization in mathematics education.
a) Sign vehicles that are interpreted iconically, indexically, or symbolically (embracing the descriptive-depictive dichotomy of Marcou and Gagatsis, 2003).

b) Metaphor, and metonymy, which may in turn be classified as metonymy proper or synechdoche.

c) Homonymy, polysemy, and monosemy.

d) Autonomous and auxiliary sign vehicles.


It is likely that a basic theoretical framework such as the one described in this paper could provide starting points for interpreting phenomena of mathematical visualization in many areas of teaching and learning mathematics, and at many levels. My early research on visualization at the high school level (Presmeg, 1985) involved the teaching and learning of topics from algebra, Euclidean geometry, analytical geometry, trigonometry, vectors, and calculus. It remains to be seen whether the ideas put forward in this paper are useful in the issues and concerns of the Topic Study Group on visualization. I am certain that the theory will continue to evolve, and the need for modification in different research studies will be ongoing. These ideas are all open to further empirical investigation.
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